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Star-Disk System

credit: FAS
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Assumptions, Approximations and Consequences

Weak Ionisation: A fluid consisting of a majority neutral
particles and a minority of charged particles

collisions are dominated by neutrals
ρ ∼ ρ1

v ∼ v1

Pressure, inertia and accelerative forces due to charged
fluids are negligible
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Assumptions, Approximations and Consequences

Full Ionisation: A fluid consisting entirely of charged particles

electrons −e, positive ions +Ze ⇒ ne = Znion

me � mion

ρ = ρe + ρion

ρv = ρeve + ρionvion

Pressure, inertia and accelerative forces due to charged
fluids must now be included
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Testing the Code

Testing by comparison against a steady solution

Start with multifluid magnetohydrodynamics (MHD)
equations
Assume time-independence ∂

∂t −→ 0

Assume one-dimensions ∂
∂y , ∂

∂z −→ 0
Solve the steady state equations and compare
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MHD multifluid equations for the charged fluids

Conservation of mass −→ Continuity equation

∂ρi

∂t
+∇ · (ρivi) = 0

(ρi and vi mass density and velocity of charged species i)

For time independence in one dimensions, this reduces to:

∂

∂x
(ρivi) = 0 ⇒ ρi(vi)x = constant ≡ Qi
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MHD multifluid equations for the charged fluids

Momentum equation

αiρi

(
E +

1
c

vi × B
)

= ∇pi − fij + ρi
Divi

Dt

where

fij ≡ ρiρjKij(vj − vi)

and the Lagrangian derivative is defined as

Di

Dt
≡ ∂

∂t
+ (vi · ∇)



Star-Disk system Testing the code Results

MHD multifluid equations for the charged fluids

αiρi

(
E +

1
c

vi × B
)

= ∇pi − fij + ρi
Divi

Dt

Write
∇pe ≡

∂

∂x
pe ı̂ +

∂

∂y
pe ̂ +

∂

∂z
pek̂ ≈ ∂

∂x
pe ı̂

Examine electron momentum equation, using me negligibly
small, in y - and z-directions only:

Ey = −1
c

((ve)zBx − (ve)xBz)−
ρionKe,ion

αe
((vion)y − (ve)y )

Ez = −1
c

((ve)xBy − (ve)yBx)−
ρionKe,ion

αe
((vion)z − (ve)z)
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MHD multifluid equations for the overall fluid

Conservation of mass −→ Continuity equation

∂ρ

∂t
+∇ · (ρv) = 0

For time independence in one dimensions, this reduces to:

∂

∂x
(ρv) = 0 ⇒ ρ(v)x = constant ≡ Q
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MHD multifluid equations for the overall fluid

Momentum equation for charged particles:

αiρi

(
E +

1
c

vi × B
)

= ∇pi − fij + ρi
Divi

Dt

Use charge neutrality and current density

N∑
i

αiρi = 0 J ≡
N∑
i

αiρivi

and
fe,ion = −fion,e

and sum over i to get:

1
c

J× B = ∇p +
N∑
i

ρi
Divi

Dt
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Lagrangian Derivative

N=2∑
i=1

ρi
Di

Dt
vi =

N=2∑
i=1

ρi
∂

∂t
vi +

N=2∑
i=1

ρi(vi · ∇)vi

after a LOT of algebra

= ρ
D
Dt

v− 1
αeαion

(J · ∇)

(
J
ρ

)
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MHD multifluid equations for the overall fluid

Momentum equation for overall fluid

∂ρv
∂t

=
1
c

J× B−∇ · (ρvv)−∇p +
1

αeαion
(J · ∇)

(
J
ρ

)
Reduce this equation to time-independence and
one-dimensions.
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MHD multifluid equations for the overall fluid

Examine the term (J · ∇)
(

J
ρ

)
Use

J ≡ 4π

c
∇× B =

4π

c
∂

∂x
(0,−Bz , By )

and so

(J · ∇)
J
ρ
≈

 ∂

∂x
(0,−Bz , By ) ·

 ∂
∂x
0
0




Jx
ρ
Jx
ρ
Jx
ρ

 = 0
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MHD multifluid equations for the overall fluid

Finally

∂ρv
∂t

=
1
c

J× B−∇ · (ρvv)−∇p +
1

αeαion
(J · ∇)

(
J
ρ

)
using the p = a2ρ, becomes:

0 =
∂

∂x

 −1
2 |B|

2

BxBy
BxBz

− ∂

∂x
ρ(v)x

 (v)x
(v)y
(v)z

− ∂

∂x

 a2ρ
0
0


or

Cx = Q(v)x + a2ρ +
1
2
|B|2

Cy = Q(v)y − BxBy

Cz = Q(v)z − BxBz
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Solving our steady state equations

To solve the steady state equations:

Use the magnetic field B at each point in space to solve for
our 12 variables

ρ, vx , vy , vz , ρe, (ve)x , (ve)y , (ve)z , ρion, (vion)x , (vion)y , (vion)z

Then evolve the magnetic field through space using the
induction equation

The first two variables to be solved are:

(v)y =
Cy + BxBy

Q
, and (v)z =

Cz + BxBz

Q
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Solving our steady state equations

ρ =
Cx − 1

2 |B|
2 ±

√
(Cx − 1

2 |B|2)2 − 4Q2a2

2a2

and so
(v)x =

Q
ρ

Having found these we can get

ρe =
αion

αion − αe
ρ, and ρion =

αe

αe − αion
ρ

and
(ve)x =

Qe

ρe
, and (vion)x =

Qion

ρion
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Solving our steady state equations

8 variables have been calculated
4 remain

Use ρv =
∑

i ρivi to get

ρ(v)y = ρe(ve)y + ρion(vion)y

ρ(v)z = ρe(ve)z + ρion(vion)z

and recall

Ey = −1
c

((ve)zBx − (ve)xBz)−
ρionKe,ion

αe
((vion)y − (ve)y )

Ez = −1
c

((ve)xBy − (ve)yBx)−
ρionKe,ion

αe
((vion)z − (ve)z)
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Induction equation

The 12 variables have now been solved.

Next, evolve the magnetic field using the induction equation.

For a fully ionised plasma, the Generalised Ohm’s law is

E = −1
c

v× B +
B

αeρeβe
J− 1

c
1

αeρe
(J× B)− 1

eN
∇p

and integrating gives us the fully ionised Induction Equation

∂B
∂t

+∇×M = ∇×
(

c2

4π
R(∇× B)− 1

eN
∇p

)
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Pressure term

Examine the term ∇× 1
eN∇p.

Recall N ≡ ne + nion and ne = Znion by charge neutrality.

Then N ∝ ρ. Also, p ∝ ρ.

Then

∇×
(

1
eN
∇p

)
∝ ∇×

(
1
ρ
∇ρ

)
∝ ∇×∇(ln ρ) = 0
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Induction equation

So the induction equation for a fully ionised plasma

∂B
∂t

+∇×M = ∇×
(

c2

4π
R(∇× B)− 1

eN
∇p

)
becomes, in a time-independent and one-dimensional system,

∂

∂x
M =

∂

∂x

(
c2

4π
R

∂

∂x
B

)
which gives us

M−MR =
c2

4π
R

∂

∂x
B

to complete the solution of the steady state equations.
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.. and ...

Thank You!
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