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SNRs are originated from the death of a star in 
a Supernova Explosion
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Pulsar Wind Nebulae

PWNe are hot bubbles  of relativistic 
particles and magnetic field emitting 
non-thermal radiation.            

Originated by the interaction of the 
ultra-relativistic magnetized pulsar 
wind with the expanding SNR  (or 
with the ISM) 

Galactic accelerators. The only place 
where we can study the properties of 
relativistic shocks (as in GRBs and 
AGNs 

Allow us to investigate the dynamics 
of relativistic outflows

PWN

SNR PULSAR
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78 INTERACTION WITH THE ENVIRONMENT

broadband non-thermal spectrum, extending from radio to X-ray and TeV energies, and a high degree of linear
polarization. The Radio spectrum is well fitted by a power-law, and the same holds for the X-ray part, which
however has a much steeped spectrum. ANRV352-AA46-05 ARI 15 July 2008 10:36
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Figure 2
The integrated
spectrum of the Crab
synchrotron nebula,
from Atoyan &
Aharonian (1996),
assembled from
sources cited in that
paper. The electron
energies shown
correspond to peak
synchrotron emission
assuming a magnetic
field of 300 µG. Most
of the emission from
the Crab is emitted
between the optical
and X-ray bands. The
highest energy �-rays
are due to inverse
Compton radiation.

pulsar (∼1.8×1049ergs) still resident within the synchrotron nebula. Averaged over the volume of
the synchrotron nebula, this energy density corresponds to a pressure of ∼7.2 × 10−9 dyne cm−2,
very close to the canonical value assuming equipartition and B ∼ 300 µG (Trimble 1968).

The overall spectrum of the Crab Nebula peaks in the range between 1014–1018 Hz in the
optical through the X-ray part of the spectrum (see Figure 2, from Atoyan & Aharonian 1996).
Assuming a magnetic field of 300 µG, this radiation is associated with emission from electrons with
energies between a few hundred GeV and a few tens of TeV. The very highest energy emission
from the Crab above frequencies of ∼1023 Hz is thought to be due to inverse Compton radiation
(Atoyan & Aharonian 1996). The bump around 1013 Hz in the far infrared part of the spectrum is
the result of thermal emission from dust in the nebula. This dust, which condensed from material
ejected in the explosion, is heated to a temperature of about 80 K (Marsden et al. 1984).

Figure 3 shows a color composite image of the Crab synchrotron nebula. An X-ray image
of the Crab obtained with Chandra is shown in blue. An optical continuum image is shown in
green. Red shows a radio image of the Crab obtained with the VLA. The first thing that is
immediately apparent in these images is the difference in spatial extent of the Crab synchrotron
nebula when viewed at different wavelengths. The nebula is smallest in size when viewed at
high energies, and grows progressively larger when viewed at lower energies. This basic trend is
relatively easy to understand. High-energy particles injected into the nebula at the wind shock
experience both synchrotron burn off and energy loss owing to adiabatic expansion as they move
outward through the nebula. Even so, faint X rays are still seen close to the boundary of the nebula
(Hester et al. 1995; Seward, Tucker & Fesen 2006), indicating that the real situation is more
complex.

The synchrotron nebula shows a wealth of fine-scale structure that can be extraordinarily
dynamic, varying appreciably on timescales of days. The standard nomenclature for these features
comes from Scargle (1969), who identified a number of arcuate features or wisps located along and
generally perpendicular to a line going from the SE to the NW through the pulsar. (By convention,
features in the Crab synchrotron nebula are referred to as wisps, while the term filament is reserved
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Figure 5.1: Left panel: images of the Crab Nebula in different bands. In optical the green filaments are a thermal
lime emission, while the light blue is non-thermal synchrotron. Right panel: spectrum of the Crab Nebula from
Radio to MeV.

These characteristics are common to the class of PWNe: a flat spectral index in the radio band, ⇠ 0 � 0.3 which
steepens in the X-ray to 2.3 � 3.3; a highly linearly polarized flux; an increasing brightness towards the center.

Interestingly the typical X-ray luminosity of the Crab Nebula is about 10% of the spin-down luminosity of the
pulsar, suggesting that it is indeed the pulsar itself to power the continuous emission from these objects.

Several PWNe are known today in different stages of evolution. They have also been found around older pulsars
whose supernova remnants have disappeared, including millisecond radio pulsars. There are also systems where
the pulsar, due to teh kick velocity received at birth, has emerged from the SNR and is interacting direcly with the
ISM, giving rise to cometary shaped nebulae.

5.1.2 PWNe Models

As we saw in Chapter 3 and Sec. 3.8 the pulsar wind is highly relativistic, while the typical expansion speeds of
SNRs, are of the order of a few thousands km s�1. Even if a PSR was to trasfer all of its rotational energy to the

 Low energy break
 High energy break

 MeV cutoff

 Injection break   Synchr. cooling  Acceler. cutoff

The most efficient non-thermal accelerator.

Hester 2008
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PWNe & Synchrotron
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Synchrotron was recognized for the first time in astrophysics by 

Woltjer in 1958 from the 
high optical polarization 
measured by Oort in the 

Crab nebula

Optical however suffers from 
large foreground effects 
from dust (in induces also 

circular polarization)
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Injection
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Acceleration of particle pair plasma- 
ions from the surface:


Initial Lorentz factor ~ 100

Cold wind (Sync. losses)

!8

The pulsar magnetosphere

R ~ 10 km

P ~ 0.001-1 sec


B ~ 108-12 G

Strong unscreened electric field

Pair cascade
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The PSR wind
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Force-free (Contopulos et al 1999, Gruzinov 2005, Spitkovsky 2006, Timokhin 2006, ....) 
RMHD (Bogovalov 2001, Komissarov 2006, Bucciantini et al. 2006)

Outside the Light Cylinder 
the field become 

progressively more toroidal

Bt/Br  = R/RLC 
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The striped wind
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Magnetic inclination give rise to a 
striped wind
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Energetics - Termination Shock
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74 INTERACTION WITH THE ENVIRONMENT

SNR ejecta, the expansion speed Vpwn would be:

MejV
2
pwn ' Erot =

INS

2
⌦

2
o

(4.10)

where Mej is the ejecta mass, INS the NS moment of inertia and ⌦o the spin-frequency at birth. For a typical PSR
with INS ⇡ 10

45 g cm2, born with a period of ⇠ 0.01 s ) ⌦o ' 600 s�1, inside a SNR with ⇠ 10M� of ejecta,
one has:

Vpwn ' 10
8

✓
10M�
Mej

◆1/2 ✓
⌦o

600

◆
(4.11)

much smaller than the speed of light, and slightly smaller than typical SNR expansion speeds. This implies that the
pulsar wind cannot force the surrounding medium to expand at the speed of light. Instead it will be the surrounding
medium to force the pulsar wind to slow down. This interaction leads to the formation of a shock known as
termination shock (TS). The PWN is the subsonic bubble formed by the wind downstream of the termination
shock. A simple estimate for the location of the termination shock can be obtained by equating the pressure inside
the PWN to the ram pressure of the wind. Neglecting the wind anisotropy, one has:
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where Epwn is the total energy in the nebula (for a relativistic subsonic fluid Ppwn = Epwn/3), tpwn is the age of
the nebula, Rpwn is its radius and we have assumed that the expansion speed is Vpwn ⇡ Rpwn/tpwn. Given the
typical expansion speeds derived above, one has that RTS ⇡ Rpwn/20. Note also that the TS will expand outward
at a speed comparable to the expansion speed of the nebula. In the Crab Nebula we observe in X-ray a dark central
region, which obviously does not contain emitting material, and which is thought to represent the internal cavity
occupied by the relativistic wind upstream of the TS.

To model the flow properties downstream of theTS one needs to solve first the shock jump conditions. The typical
radius of the TS is much larger than the Light Cylinder (LC), and one can assume that the magnetic field is purely
toroidal, and perpendicular to the wind flow velocity. Let us assume for simplicity a spherical TS (this is not strictly
correct because of the energy flux anisotropy in the PSR wind). The wind will impact the shock perpendicularly to
the shock surface.

Given its large radius, in comparison to the LC the shock can be treated as plane parallel, while given its slow
speed with respect to the speed of light, it can be treated as stationary.

4.2.2.1 Shock Jump Conditions At a stationary plane parallel shock, the relativistic conservation laws for the
mass, momentum, energy, and magnetic field flux are:

�u⇢uc = �d⇢dvd (4.13)
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A shock must form
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Energetics
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Figure 4.3: Jump conditions at the Termination Shock. Downstream value of the velocity (blue line) normalized
to the speed of light, pressure (green line), and magnetic energy density (red line) normalized to the upstream wind
ram pressure, as a function of the magnetization parameter.

4.2.2.2 Nebular Flow It is evident that if the wind is still strongly magnetized upstream of the shock, the shock
is weak and it is not efficient in slowing down the flow. This is known as � paradox. As we saw in Chapter ??
the pulsar outflows is expected to be still magnetically dominated at large radii, in ideal MHD. However, the
confinement by the SNR requires a small velocity achievable only with a small magnetization. Several solutions
have been proposed, ranging from dissipation of the excess magnetic field in the wind, in the nebula or at the shock
itself.

Let us assume that a shock forms. The downstream flow will be subsonic, and such that the rest mass density
plays a negligible role in the flow dynamics. The typical timescale over which the pulsar wind evolves is of the
order of the spin-down timescale, thousands of years, while the typical sound crossing time in the PWN, given
the relativistic regime, is of the order of a light travel time, a few years. On the other hand the sound crossing
time is much longer than the pulsar spin- period. This implies that the nebula will relax instantaneously to secular
variations of the wind properties, and will be insensitive to variations at the magnetospheric pulsar timescale. Then
it is reasonable to assume that the PWN is in a steady state equilibrium with the injection condition at the TS. If
one assumes the flow to be purely radial, the equation for the conservation of the particles numbers (the rest mass)
reads:
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1548 SIRONI & SPITKOVSKY Vol. 698

Figure 21. Comparison of downstream particle spectra at time ωpt = 9000 among different geometries of the upstream background magnetic field: (a) for fixed
magnetic obliquity θ = 15◦, magnetic field lying either in the simulation plane (black) or in a plane perpendicular to the simulation plane (red); (b) for fixed magnetic
obliquity θ = 30◦, 2D simulations with either in-plane (black) or out-of-plane (red) magnetic field and a 3D run (green).
(A color version of this figure is available in the online journal.)

Figure 22. Time evolution of downstream particle spectra for different obliquities, across the boundary θcrit ≈ 34◦ between subluminal and superluminal shocks:
θ = 28◦ (violet), 30◦ (red), 31◦ (black), 32◦ (blue), 35◦ (green), and 45◦ (yellow). The subpanels (a)–(c) in the last panel show at time ωpt = 9000 the power-law
slope of the suprathermal tail and the fraction of particles and energy stored in the tail, as a function of the obliquity angle θ . The thin blue line in the bottom right
panel shows the particle spectrum for θ = 32◦ at ωpt = 13,500.
(A color version of this figure is available in the online journal.)

ωpt = 13500 (the thin blue line in the bottom right panel of
Figure 22) corresponds to the onset of efficient SDA. In re-
sponse to the increased acceleration efficiency, the peak of the
low-energy Maxwellian shifts to lower temperatures.

Since the positive feedback required for the onset of efficient
SDA relies on upstream waves triggered by the returning par-
ticles, we expect that in superluminal shocks, where particles
are not able to return upstream along the magnetic field, accel-

 Perpendicular relativistic shock - Superluminal

 Maxwellian at low 
energies

 Evidence for non-thermal tail only for subluminal shock
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Figure 21. Comparison of downstream particle spectra at time ωpt = 9000 among different geometries of the upstream background magnetic field: (a) for fixed
magnetic obliquity θ = 15◦, magnetic field lying either in the simulation plane (black) or in a plane perpendicular to the simulation plane (red); (b) for fixed magnetic
obliquity θ = 30◦, 2D simulations with either in-plane (black) or out-of-plane (red) magnetic field and a 3D run (green).
(A color version of this figure is available in the online journal.)

Figure 22. Time evolution of downstream particle spectra for different obliquities, across the boundary θcrit ≈ 34◦ between subluminal and superluminal shocks:
θ = 28◦ (violet), 30◦ (red), 31◦ (black), 32◦ (blue), 35◦ (green), and 45◦ (yellow). The subpanels (a)–(c) in the last panel show at time ωpt = 9000 the power-law
slope of the suprathermal tail and the fraction of particles and energy stored in the tail, as a function of the obliquity angle θ . The thin blue line in the bottom right
panel shows the particle spectrum for θ = 32◦ at ωpt = 13,500.
(A color version of this figure is available in the online journal.)

ωpt = 13500 (the thin blue line in the bottom right panel of
Figure 22) corresponds to the onset of efficient SDA. In re-
sponse to the increased acceleration efficiency, the peak of the
low-energy Maxwellian shifts to lower temperatures.

Since the positive feedback required for the onset of efficient
SDA relies on upstream waves triggered by the returning par-
ticles, we expect that in superluminal shocks, where particles
are not able to return upstream along the magnetic field, accel-

Spitkovsky 2006
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Fig. 3.— Internal structure of the flow at !pt = 3750, for � = 640 c/!p, � = 10, and ↵ = 0.1, zooming in on a region around the shock,
as delimited by the vertical dashed red lines in Fig. 2(a). The hydrodynamic shock is located at x ' 1000 c/!p, and the fast MHD shock
at x ' 2600 c/!p. The following quantities are plotted: (a) 2D plot in the simulation plane of the particle number density, in units of the
upstream value, with contours showing the magnetic field lines; (b) 2D plot of the magnetic energy fraction ✏B ⌘ B2/8⇡�0mnc0c2; (c)
2D plot of the di↵erence ✏B � ✏E , where the electric energy fraction is ✏E ⌘ E2/8⇡�0mnc0c2; (d) 2D plot of the mean kinetic energy per
particle, in units of the bulk energy at injection; (e)-(f) particle energy spectra, at di↵erent locations across the flow, respectively outside
(panel (e)) or inside (panel (f)) of current sheets. The color of each spectrum matches the color of the corresponding arrow at the bottom
of panel (d), showing where the spectrum is computed. The dotted line in panel (e) is a Maxwellian with the same average energy as the
downstream particles; the dashed lines in panels (e) and (f) indicate a power-law distribution with slope p = 1.4.

We point out that the picture described above rep-
resents accurately the long-term behavior of the shock.
In particular, the distance between the fast and the hy-
drodynamic shock (' 1600 c/!p in Figs. 2 and 3) stays
approximately constant in time (see Appendix B). The
hydrodynamic shock moves with �sh ' 1/3, and the fast
MHD shock remains far enough ahead of the main shock
such that to guarantee that reconnection islands will fill
the space between neighboring current sheets, by the
time the flow enters the hydrodynamic shock. For a fixed
reconnection rate, this implies that the distance between

the fast and the hydrodynamic shock will scale linearly
with the stripe wavelength (as will the size of reconnec-
tion islands just ahead of the main shock), a prediction
that we have directly verified in our simulations.
Finally, we refer to Appendix A for a detailed discus-

sion of the di↵erences between our 2D results and the
1D simulations presented by Pétri & Lyubarsky (2007).
As apparent in Fig. 3, the process of island coales-
cence, which is essential for the formation of the hy-
drodynamic shock, can be captured correctly only with
multi-dimensional simulations. Indeed, for the parame-

3

Fig. 1.— Upper panel: poloidal structure of the striped pulsar
wind, according to the solution by Bogovalov (1999). The arrows
denote the pulsar rotational axis (along ⌦, vertical) and magnetic
axis (along µ, inclined). Within the equatorial wedge bounded by
the dashed lines, the wind consists of toroidal stripes of alternating
polarity (see the reversals of B'), separated by current sheets (dot-
ted lines). At latitudes higher than the inclination angle between ⌦
and µ (i.e., beyond the dashed lines), the field does not alternate.
Lower panel: simulation geometry. For 2D runs, the simulation
domain is in the xy plane, oriented as shown in the upper panel
(so, x̂ = �r̂ and ŷ = �'̂). The incoming flow propagates along
�x̂, and the shock moves away from the reflecting wall (located
at x = 0) toward +x̂. The magnetic field lies in the simulation
plane along the y direction, and its polarity alternates with wave-
length � (red stripe for By = +B0, blue for By = �B0). A net
stripe-averaged field hByi� > 0 is set up by choosing red stripes
wider than the blue stripes. For the pulsar wind sketched above,
hByi� > 0 is realized below the equator.

Fig. 1). Current sheets, where the magnetic field van-
ishes, are identified by the condition ⇣ ' 0, and their
half-thickness is � = ��/2⇡ ⌧ �. Across each current
sheet, the field reverses its sign from +B0 to �B0 (or vice
versa), where B0 is the field strength in the region outside
the current sheets, which we shall call “cold wind.” In
the following, we parameterize the field strength via the
so-called magnetization parameter � ⌘ B2

0/4⇡�0mnc0c2,
taken to be much larger than unity. Here, m is the elec-
tron (or positron) mass and nc0 is the density of parti-
cles in the cold wind. By defining the relativistic skin
depth in the cold wind c/!p ⌘

p
�0mc2/4⇡e2nc0, and

the relativistic Larmor radius rL ⌘ �0mc2/eB0, we can
rewrite the magnetization parameter as � = (c/!p)2/r2L.
Finally, the parameter ↵ (�1 < ↵ < 1) is a measure
of the net field (i.e., averaged over one wavelength �),
such that hByi�/B0 = ↵/(2 � |↵|). Although the mag-
netic field intensity in the cold wind is always B0, the
wavelength-averaged field is not necessarily zero, because
two neighboring stripes generally have di↵erent widths
(see Fig. 1). In the pulsar wind, one expects hByi� = 0
(which corresponds to ↵ = 0) only in the equatorial plane
(see upper panel in Fig. 1). We remark that a net field
hByi� 6= 0 does not play the role of a guide field, which
in our geometry would correspond to a uniform compo-

nent of magnetic field in the z direction. No significant
guide field is expected at the termination shock of pulsar
winds, and the physics of shock-driven reconnection in
the presence of a guide field will be discussed elsewhere.
In the cold wind, each computational cell is initial-

ized with two electrons and two positrons, with a small
thermal spread ⇥c ⌘ kTc/mc2 = 10�4. We have also
performed limited experiments with a larger number of
particles per cell (up to 32 per species), obtaining es-
sentially the same results. Such a background of cold
particles is initialized also within the current sheets, but
with the addition of a hot component whose density pro-
file is nh = nh0/ cosh

2 ⇣. Here nh0 ⌘ ⌘ nc0 is the den-
sity of hot particles at the center of the current sheet.
The temperature of this hot component is determined
by pressure balance between the gaseous part (inside the
current sheet) and the magnetic part (in the cold wind),
which yields a thermal spread ⇥h ⌘ kTh/mc2 = �/2⌘
for a 3D relativistic Maxwellian. Finally, the varia-
tion of magnetic field across a current sheet needs to
be sustained by a current flowing along ẑ. In the wind
frame, electrons and positrons in the current sheet should
be drifting in opposite directions with the same speed
�h =

p
�/(⌘�0) (c/!p)/�. In summary, to initialize

the distribution of hot electrons (and positrons) in the
frame of the simulations, we need to make two succes-
sive Lorentz boosts: first, from their proper frame to
the wind frame, where electrons and positrons counter-
stream along ẑ with velocity ±�h; then, from the wind
frame to the simulation frame, where the wind propa-
gates along �x̂ with Lorentz factor �0.2

In our study, we adopt �0 = 15 as our fiducial bulk
Lorentz factor. As discussed in §4, we actually explore a
wide range of Lorentz factors, from �0 = 3 to �0 = 375,
and find basically the same results, modulo an overall
shift in the energy scale. We vary the stripe wavelength
by almost two orders of magnitude, from � = 20 c/!p to
� = 1280 c/!p, and we discuss its e↵ects on the structure
of the shock and the process of shock-driven reconnec-
tion in §4.1. The dependence on the wind magnetization,
though always in the regime of highly magnetized flows
(� � 1), is presented in §4.2, where we vary � from 10
to 100. Di↵erent values of the stripe-averaged magnetic
field are investigated in §4.3, where we vary the param-
eter ↵ = 2hByi�/(B0 + |hByi�|) between 0.0 and 0.95.
For pulsar winds, large values of |↵| would be expected
at high latitudes above the midplane, whereas ↵ = 0
along the equator (see upper panel in Fig. 1).
The structure of the current sheet is completely de-

termined once we fix the value of the density excess
⌘ = nh0/nc0, and of the sheet half-thickness � = ��/2⇡.
We choose ⌘ = 3, motivated by analytical studies of
pulsar winds (Lyubarsky & Kirk 2001). However, we
find that our results do not appreciably depend on the
value of ⌘ (we have also tried with ⌘ = 1.5 and ⌘ = 6),
provided that the contribution of current sheets to the
upstream particle flux stays negligible (i.e., ⌘� ⌧ 1).
Regarding the sheet half-thickness, we typically employ
� = c/!p (for each choice of �, this determines the value
of � = 2⇡�/�), but we have verified that our results are
not very sensitive to this parameter (we have tried up to

2 In the range of parameters we explore, we find that �h ⌧ 1,
so the first Lorentz boost can be safely neglected.
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Fig. 5.— Downstream particle spectrum at !pt = 3000 for dif-
ferent stripe wavelengths �, in a flow with � = 10 and ↵ = 0.1. We
vary the stripe wavelength from � = 20 c/!p up to � = 1280 c/!p.
The dotted red line is a Maxwellian with the same average en-
ergy as the spectrum colored in red (which refers to � = 20 c/!p);
the dashed black line indicates a power-law distribution with slope
p = 1.5. In the subpanel, the black line shows the average Lorentz
factor of downstream particles h�i as a function of the stripe wave-
length � (axis on the left side). In the same subpanel, the red line
presents the dependence of �max/�min on � (axis on the right side).
Here, �min is defined as the location where �dN/d� peaks (i.e.,
where most of the particles reside), whereas �max is the Lorentz
factor where �2dN/d� peaks (i.e., where most of the energy lies).

of h�i measured in our simulations (black line in the sub-
panel of Fig. 5) is approximately constant with respect to
�, and is consistent with such expectation.9 Clearly, this
is in contrast with the 1D model of Pétri & Lyubarsky
(2007), which would predict negligible field dissipation if
� & 130 c/!p (for ⇠1 = 8 and � = 10).
Even though the mean kinetic energy per particle does

not appreciably vary with �, the shape of the spectrum
does change, with a clear tendency for broader spectra
at longer stripe wavelengths. As shown by the red line in
the subpanel of Fig. 5, the ratio �max/�min increases with
wavelength from �max/�min ' 1 (at � = 20 c/!p) up to
�max/�min ' 20 (at � = 1280 c/!p). Longer wavelengths
yield smaller values of �min (see main plot), which then
imply larger values of �max, given the relation in eq. (2).
This trend can be easily understood by considering the

structure of the flow for di↵erent stripe wavelengths. As
described in §3.1, the hydrodynamic shock is located at
the point where reconnection islands grow large enough
to fill the entire space in between neighboring current
sheets. Since the distance between sheets is proportional
to �, the same scaling should hold for the size of re-
connection islands, just upstream of the hydrodynamic
shock.10 Shorter wavelengths will then result in more

9 The trend of smaller values of h�i/�0 with decreasing � (black
line in the subpanel of Fig. 5) is due to the fact that the fractional
contribution of current sheets (with fixed thickness 2� ' 2 c/!p)
to the upstream flow is larger for smaller �. When averaged over
one stripe wavelength, this results in a lower upstream energy per
particle for smaller � (including both magnetic and kinetic contri-
butions), which is then reflected in the post-shock value of h�i/�0.

10 In the remaining of this section, by “reconnection islands” we
will be referring only to the islands in the current sheet just ahead
of the hydrodynamic shock, where the shape of the downstream

numerous islands of smaller size, whereas fewer but big-
ger islands will be present for longer � (see Fig. 3). Since
an X-point exists in between each pair of neighboring
islands (belonging to the same current sheet), the num-
ber of X-points per unit length (along the current sheet)
will be larger for smaller �. For short wavelengths, most
of the incoming particles will likely pass in the vicin-
ity of one of the numerous X-points, as the flow crosses
the hydrodynamic shock. The energy evolution of one
particle will then be similar to that of any other parti-
cle, with its Lorentz factor increasing from � ' �0 up
to � ' �0(� + 1), as the particle gains energy from the
annihilating fields. This explains why for short stripe
wavelengths (� = 20 c/!p, red curve in Fig. 5) the par-
ticle spectrum is so narrow, and similar to a Maxwellian
distribution (red dotted curve). In summary, for short
stripe wavelengths, all particles are equally close to an
X-point, so they gain comparable amounts of energy.
On the other hand, for long wavelengths, the energy

evolution of di↵erent particles can be extremely diverse,
as discussed in §3.2. Particles that stay away from X-
points are likely to remain cold, and retain the energy
� ' �0 they started with. On the contrary, particles that
pass through an X-point can gain a significant amount
of energy. With increasing stripe wavelength, more par-
ticles will belong to the former group, and fewer to the
latter, since the number of X-points decreases. This ex-
plains why the peaks in the spectra of Fig. 5, which track
the downstream Lorentz factor of the “typical” particle,
shift to lower energies with increasing stripe wavelength.
For the same reason, the best-fitting power law becomes
softer, with spectral slope increasing from p ' 1.0 to
p ' 1.5 (indicated as a black dashed line in Fig. 5). In
response to a lower �min and a steeper slope, the up-
per cuto↵ of the spectrum shifts to higher energies, as
predicted by eq. (2). This is just a consequence of the
longer time available for acceleration, at larger stripe
wavelengths. As discussed in §3.2, particles injected at
X-points are continuously accelerated by the reconnec-
tion electric field, while they drift from the X-point into
the closest island. Since the spacing between neighboring
islands (in the same current sheet) increases with stripe
wavelength, the injected particles will be able to stay in
the acceleration region for longer times (and so, to reach
higher energies), if � is larger.
As we discuss in §4.2, the threshold between short

and long wavelengths depends on the wind magnetiza-
tion. Here, by “short �” we generically mean all cases in
which the spectrum is narrow, similar to a Maxwellian.
In contrast, the cases with “long �” have broad power-
law spectra with slope 1 < p < 2. We find that the con-
dition proposed for full dissipation by Pétri & Lyubarsky
(2007), namely that � c/!p

/
p
� . 4 ⇠1/5, works fairly

well to discriminate between short and long wavelengths.
For ⇠1 = 8, such criterion would predict Maxwellian-like
spectra for � . 20 c/!p (if � = 10), � . 45 c/!p (if
� = 50), and � . 65 c/!p (if � = 100), which is indeed
what we observe in our simulations. In retrospect, this is
not surprising. In fact, the condition � c/!p

/
p
� . 4 ⇠1/5

comes from requiring that the downstream sheet thick-
ness be larger than the separation of neighboring sheets.
In this limit, no distinction should persist between the

particle spectrum is established, as demonstrated by Fig. 3(f).
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plasma within (versus outside) the current sheets, i.e., all
particles should share the same energy evolution. This
obviously results in a Maxwellian distribution.
Finally, we point out that the minor bump emerging

at high energies in the spectra of Fig. 5 (most notably
for wavelengths � . 160 c/!p) is populated by parti-
cles that are energized via the shock-drift mechanism
(SDA) at the hydrodynamic shock. Such particles gain
energy from the stripe-averaged motional electric field
hEzi� ' hByi�, while they gyrate around the shock.
Since hEzi� � 0 for our simulation setup, shock-drift
accelerated positrons should preferentially have ��z > 0,
whereas the opposite should hold for electrons. The few
high-��z positrons seen at x ' 1100 c/!p in panel (f) of
Fig. 2 are indeed accelerated via the SDA mechanism.
They gyrate around the shock a few times, before being
advected downstream by the stripe-averaged magnetic
field. Given the limited number of acceleration cycles,
the SDA component in the spectra of Fig. 5 does not ex-
tend in time to higher energies. So, SDA is not a promis-
ing candidate to produce broad power-law tails.
The e�ciency of injection into the SDA process is

higher for shorter stripe wavelengths, as Fig. 5 suggests.
As seen from the pre-shock frame, a particle coming
from the downstream side can be accelerated via SDA
in the upstream stripe-averaged field only if it can sam-
ple the full wavelength of the striped wind during its
upstream residence time. Since particles returning up-
stream are caught up by the shock after having trav-
elled a distance rL,u/�0 (here, rL,u is the particle Lar-
mor radius measured in the upstream frame), we require
�0(�/2) . rL,u/�0 for e�cient SDA. If � = ⇠2h�i ' ⇠2�0�
is the Lorentz factor of particles at the high-energy end
of the distribution (⇠2 = 1 � 10, depending on �), the
previous condition can be rewritten as � c/!p

/
p
� . 2 ⇠2.

For fixed magnetization, the criterion for e�cient SDA is
more easily satisfied at short stripe wavelengths, which
explains why the normalization of the high-energy bump
in Fig. 5 increases for smaller �.
We remark that, apart from the factor ⇠2, which could

in principle depend (though weakly) on � and �, the cri-
terion for e�cient SDA involves the same combination
of wind magnetization and stripe wavelength (namely,
� c/!p

/
p
�) as the condition discussed at the beginning

of this section, which regulates how closely the parti-
cle spectrum resembles a Maxwellian distribution (see
also Pétri & Lyubarsky 2007). Since � c/!p

is the wind
wavelength normalized to the skin depth of the pre-shock
fluid, and since the average particle energy increases by
a factor of ' � across the shock as a result of field dissi-
pation, then � c/!p

/
p
� is just the wind wavelength mea-

sured in units of the post-shock plasma skin depth (apart
from factors of order unity). In §4.2, we further com-
ment on the importance on the parameter � c/!p

/
p
� in

regulating the physics of the shock and the shape of the
downstream particle spectrum.

4.2. Dependence on the Wind Magnetization

In this section, we investigate the dependence of our re-
sults on the magnetization of the wind. Fig. 6 shows how
the downstream spectrum changes with �, keeping fixed
the stripe wavelength � = 160 c/!p, the stripe-averaged
field hByi� ' 0.05 (corresponding to ↵ = 0.1), and the

Fig. 6.— Downstream particle spectrum at !pt = 3000 for dif-
ferent magnetizations �, in a flow with � = 160 c/!p and ↵ = 0.1.
We vary the wind magnetization from � = 10 to � = 100. In the
subpanel, the black line shows the average Lorentz factor h�i of
downstream particles as a function of � (axis on the left side). The
value of h�i is normalized to the total energy per particle (kinetic +
electromagnetic) in the pre-shock flow, i.e., �0�. In the same sub-
panel, the red line presents the dependence of the spectral width
�max/�min on � (axis on the right side).

bulk Lorentz factor �0 = 15. We explore a wide range of
magnetizations, from � = 10 up to � = 100.
We find that e�cient annihilation of magnetic fields by

shock-driven reconnection, and transfer of magnetic en-
ergy to the particles, occur irrespective of the wind mag-
netization. As shown by the black line in the subpanel of
Fig. 6, the average Lorentz factor of downstream parti-
cles approaches in all cases the value h�i ' �0� expected
for complete field dissipation. As the wind magnetization
increases, the spectrum shifts to higher Lorentz factors
(just because h�i / �) and it changes in shape, with the
part at low energies getting de-populated at the expense
of the high-energy component. As a result, the particle
spectrum, which could be fitted as a broad power law
of index p ' 1.2 for � = 10 (blue curve), approaches a
Maxwellian-like distribution for � = 100 (red curve). As
a consequence, the ratio �max/�min, a proxy for the width
of the spectrum, becomes smaller for increasing � (red
line in the subpanel of Fig. 6, with axis on the right).
This is the same trend observed when decreasing �

at fixed �, as discussed in §4.1. In the limit of very high
magnetizations, for fixed wavelength (or very short �, for
fixed �), the downstream energy spectrum approaches a
Maxwellian distribution, when � c/!p

/
p
� . 4 ⇠1/5 (here,

⇠1 = 6� 10). For � = 20 c/!p, 40 c/!p, and 80 c/!p, we
have verified that the value of � above which the spec-
trum resembles a Maxwellian is in good agreement with
this criterion. For � = 160 c/!p, we would expect a
Maxwellian distribution only for � & 300 (if ⇠1 = 8),
beyond the range of magnetizations we explore. How-
ever, the trend toward a single-component distribution
(as � increases) is already clear within the limited range
of magnetizations investigated in Fig. 6.
The dominance of the high-energy component at large

magnetizations can be understood in terms of the basic
properties of the flow. In experiments with fixed � and
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objects, the 1D radial model provides a reliable estimate both for
the radial extent of the nebula and for the volume occupied by the
relativistic fluid.

4 PA RT I C L E E VO L U T I O N

Once the evolution of the nebula is known, one can compute the
evolution of the particle distribution function.

The energy of a particle is evolved according to

dE(t)
dt

= − Ṙ(t)
R(t)

E(t) − 4σt

3m2c3
E2(t)

!
B(t)2

8π
+ U (t)

"
, (9)

where B(t) and U(t) are the magnetic field and the background
photon energy density in the nebula, respectively, σ T is the Thomp-
son cross-section and m is the particle mass. The magnetic field
in the nebula is computed assuming that the ratio of magnetic to
total energy in the nebula ηM is constant in time (0 < ηM < 1),
while the total energy is computed considering the PSR injection
and the adiabatic losses of the 1D model as described in Section 3.
The background photon energy density includes different contribu-
tions: cosmic microwave background (CMB) and starlight, which
are constant in time, and SYN emission, which is computed, instead,
together with the nebular evolution. We have verified that IC losses
are in general negligible with respect to SYN losses, and SYN–IC
is important only in young compact objects, where the magnetic
field is stronger and the SYN emissivity higher.

Given a particle injected at time t0 with energy E0, one can solve
equation (9) to derive the energy E(t, t0, E0) of the particle at time
t. An analytic solution of equation (9) is not, in general, available,
neither is its inverse, and the energy evolution has to be computed
numerically. Once the evolution of the energy is known, then it is
possible to compute the evolution of the particle spectrum according
to

N (E, t) =
# ∞

E

Ṅ (E0, t0)
∂t0

∂E
(E, E0, t)dE0 , (10)

where Ṅ(E) is the particle injection rate per unit energy interval.
Given the very short SYN lifetime of the particles at the high-

energy end of the spectrum, we use a Lagrangian scheme in energy
space. The energy space is originally divided into energy bins whose
extrema are given by Ei(t). These evolve according to equation (9).
When a bin moves to energies lower than 50 keV, it is removed
from the sample. New bins are continuously added at the high-
energy end of the distribution function, as the old ones evolve to
lower energies. The time-step is then dictated by the requirement
of sufficient energy resolution in the high-energy portion of the
spectrum.

The total number of particles inside the ith bin, at each time, is
then computed by integrating numerically the following equation:

Ni(Ei+1/2(t), t)

= Ni(Ei+1/2(t0), t0) +
# t

t0

dt ′
# Ei+1(t ′)

Ei (t ′)
dE Ṅ (E, t ′) , (11)

where t0 is the initial time at which injection in the bin begins. This
approach guarantees conservation of particle number.

In principle, the functional form of Ṅ (E, t) can be arbitrarily
chosen.

For the pairs, we assume a broken power law. Given that injection
is due to the PSR wind, and that the only energy scale available in
the wind is the PSR voltage, ϵv = e$, we have decided to use a

scale-free model for a broken power law:

Ṅ (E, t) = C0(t)

$
(E/ϵc)−γ1 for ϵm < E < ϵc

(E/ϵc)−γ2 for ϵc < E < ϵv

(12)

where γ1 < 2 < γ2, ϵc is the peak of the injected energy distribution
EṄ (E, t) and ϵm is the low-energy cut-off, usually found to be small
compared to ϵc. The scale-free approximation implies that the ratios
νe = ϵm/ϵv and µe = ϵc/ϵv, are constant in time. µe and νe are in
principle free parameters of the model, and their value is obtained
from a fit to the data. However, the condition ϵc ≪ ϵv translates into
a requirement that µe ≪ 1.

Once µe and νe are fixed, C0(t) is given by energy conservation.
We have

ηeL(t) =
# ϵv

ϵm

Ṅ (E, t)EdE ≈ γ2 − γ1

(γ2 − 2)(2 − γ1)
C0(t)ϵ2

c (13)

with ηe being the fraction of the PSR luminosity injected into pairs,
and we have assumed ϵm ≪ ϵc and ϵc ≪ ϵv. The particle number
flux in the wind is

Ṅ (t) =
# ϵv

ϵm

Ṅ (E, t)dE ≈ C0(t)ϵc

γ1 − 1

!
ϵc

ϵm

"γ1−1

, (14)

and the average energy/particle in the spectrum of equation (12) is,
for ϵm ≪ ϵc ≪ ϵv,

⟨E⟩ = ηeL(t)
Ṅ (t)

≈γwmec
2

≈ (γ2 − γ1)(γ1 − 1)
(γ2 − 2)(2 − γ1)

ϵc

!
ϵm

ϵc

"γ1−1

. (15)

In expression (15), we have identified the average energy/pair in
the spectrum with the upstream flow energy/pair, but we have not
specifically used the shock jump conditions. This is because, as we
will discuss in Section 7, the distribution of equation (12) implies
some additional mechanism for energy redistribution, which may
or may not be directly connected to the TS. From equation (15), it
is clear how it is possible to estimate the PSR multiplicity through
a fit of the model to the PWN emission.

If the wind is characterized by a single value of the Lorentz
factor, then γwmec

2 ≃ ϵc, ηeL(t) = mec
2γwṄ (t). However, the

approximation of a single Lorentz factor might not be correct; in
this case the ratio ϵm/ϵc cannot be a priori determined, but is found
from requiring a fit to the entire spectrum. In particular, once an
upper limit for ϵm is derived from fitting the low-frequency radio
emission, this can be used to infer the particle number flux and to
estimate the average Lorentz factor.

We consider the possibility that a minority by number of high-
energy particles in the equatorial return current (either positrons,
ions or electrons, depending on the return current sign) are part
of the PSR wind and carry a fraction ηp of the energy flux. Fo-
cusing on the case when ions are the implied particles, one might
look for signature of their presence. For simplicity, we consider
them injected with a monoenergetic spectrum centred at an energy
γwmpc

2 (equivalent to assuming that they are moving at the same
Lorentz factor as the pairs injected at ϵc). Ions are affected by differ-
ent loss mechanisms compared to pairs: while radiation losses are
negligible, p–p scattering and diffusion outside the nebula might
be important. Following the approach of Amato, Guetta & Blasi
(2003), we assume that both diffusion and p–p scattering remove
particles from the distribution function. Due to these effects, the
number of ions of energy E between time t and t + dt changes by

N (E(t + dt), t + dt) = N (E(t), t) e−dt(1/τpp+1/τdif ) (16)

C⃝ 2010 The Authors. Journal compilation C⃝ 2010 RAS, MNRAS 410, 381–398
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Table 1. Values of the parameters used in the modelling.

Parameter Symbol Crab 3C 58 B1509−58 Kes 75

SN explosion energy (1051 erg) ESN 1 1 7 2.1
Mass of the ejecta (M⊙) Mej 9.5 3.2 4.0 16.4
ISM density (cm−3) ρ0 0.1 0.01 0.001 2
Ejecta density index α 0 1 1 0
Initial PSR luminosity (1038 erg s−1) L0 35 0.73 49 1.66
Spin-down time (yr) τ 730 3280 114 226
Braking index β 2.33 2 2.087 2.12
Age (yr) t 950 2100 1570 650
Fraction of L that goes into pairs ηe 0.8 0.75 0.7 0.95
Low-energy injection index γ1 1.5 1.2 1.2 1.7
High-energy injection index γ2 2.35 2.82 2.14 2.3
Peak energy ratio µe 1.54 × 10−5 6.25 × 10−6 3.33 × 10−6 10−4

Minimum energy ratio νe 1.1 × 10−8 8.7 × 10−8 2.8 × 10−8 2 × 10−7

Break energy (eV) ϵc 4 × 1011 5 × 1010 1.5 × 1010 4 × 1011

Fraction of magnetic energy ηM 0.11 0.5 0.53 0.005
Fraction of L that goes into ions ηp 0 0 0 0

energy of 1051 erg, in order to reproduce the proper size of the
nebula a mass Mej = 9.5 M⊙ is needed, very close to the most
recent estimate by MacAlpine & Satterfield (2008). The lack of any
clearly detected SNR shell prevents any reliable estimate of the ISM
density, and we simply assume a fiducial value of 0.1 cm−3.

The PSR and SNR parameters are listed in Table 1, together
with the parameters that describe the particle energy distribution at
injection. The low-energy spectral index γ1 is fixed according to
the radio data, while the high-energy index γ2 is chosen in order
to minimize the X-ray residuals. We want to stress here that the
X-ray emission is concentrated in the central region of the PWN
and it is strongly affected by the details of the flow dynamics just
downstream of the TS (Del Zanna et al. 2004, 2006). It is unrealistic
to expect that a simplified one-zone model can provide an accurate
description of the high-energy spectrum. A one-zone model can at
most provide an indication of the best power-law index that can fit
the data, but more realistic multidimensional models are necessary
to address the emission properties in the X-ray band. Two features
are interesting to notice: (1) γ2 is higher than the value of 2.23 typical
of relativistic Fermi shock acceleration with isotropic scattering in
the fluid frame and (2) there are indications that a single power law
cannot reproduce the complete set of X-ray data points.

Several features are present at high energies, but it is not clear if
they are intrinsic [a suggestion in this sense has been put forward by
Volpi et al. (2008), where they present a multidimensional model
of the emission that shows similar features], if they are simply
due to calibration issues among different instruments or even for
one instrument at different energies, or if they are due to temporal
variability of the emission properties (Bucciantini 2008).

The present model can reproduce the SYN part of the spectrum
within few per cent accuracy (greater discrepancies being present at
high energies as discussed above). At present, our particle distribu-
tion function does not include any smooth high-energy cut-off, the
reason being the very short lifetime of high-energy particles that
prevents efficient numerical integration of their evolution. How-
ever, a good match with the data can be obtained by introducing a
posteriori an exponential cut-off in the particle energy distribution.
This reflects in a cut-off in the emission spectrum at a frequency
of around ∼1022 Hz. Our model requires that 80 per cent of the
PSR spin-down luminosity goes into accelerated pairs. This does
not leave much energy to be carried by higher energy particles (i.e.
ions; Amato et al. 2003). In principle, the presence of ions might

have observable consequences in the TeV band; however, even as-
suming that the remaining 20 per cent of the spin-down energy is
all carried by ions, their contribution to the gamma-ray emission
turns out to be negligible. On the other hand, if the return current is
made by a high-energy lepton beam (Arons, in preparation), there
might be radiative consequences of this latter scenario that have not
been investigated, however, again, they are not expected to give any
appreciable contribution to gamma rays.

TeV emission is due to IC scattering by the pairs, for which the
main target is the nebular SYN emission in this case. We estimate
a magnetic field B ≃ 200 µG, slightly lower than previous esti-
mates (Aharonian et al. 2004; Hester 2008). Overall the broad-band
spectrum is very well reproduced, with the largest discrepancies
limited to the EGRET data points around 10 MeV. These points
have large uncertainties and are likely affected by calibration issues
(Abdo et al. 2009). Indeed, recent Fermi data (Abdo et al. 2010a)
are consistent with our model curve (Fig. 1).

Figure 1. The Crab nebula integrated emission spectrum. Data points are
from Baldwin (1971), Baars (1972), Mezger et al. (1986), Bandiera et al.
(2002), Veron-Cetty & Woltjer (1993), Hennessy et al. (1992), Kuiper et al.
(2001), Aharonian et al. (2004), Albert et al. (2008) and Abdo et al. (2010a)
(triangles are EGRET points and squares are Fermi points). The solid line is
the total luminosity, dashed line is the IC-CMB and dotted line is IC–SYN.

C⃝ 2010 The Authors. Journal compilation C⃝ 2010 RAS, MNRAS 410, 381–398
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Jet-torus structure: Chandra X-ray 

Crab Nebula (Weisskopf et al., 2000; Hester et al., 2002) 
Vela pulsar (Helfand et al., 2001; Pavlov et al., 2003)
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A case for MHD
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 Why an MHD 
description?

 Larmor radii  << nebular radius (advective regime) 
 Energy losses are negligible (radio particles 
dominate) 
 Almost pure pair plasma (no dispersive-plasma 
effects) 
 Interested in long evolutionary timescales

 MHD is “simple”

Particles are accelerated with high efficiency 
Short time-scale variation at very high energies
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PWNe MHD theory 

Theoretical model for PWNe - quasi steady-state 
Expansion speed << sound speed
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 The wind terminates with a strong MHD shock 
• Particles are accelerated at TS 
• Relativistic MHD flow in the PWN region 
• Synchrotron losses inside the nebula  
• Wind parameters derived by comparison 

with observations:
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Jet-torus structure: theory
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The torus could be explained with a higher equatorial energy flux as 
expected by the PSR wind models

The torus is much brighter on the front side - strong doppler boosting  
v~ 0.5c

€ 

γ >>1⇒ ρqE + j × B ≈ 0

There is not collimated outflows in 
the PSR wind to make the jet

The jet is due to post-shock 
collimation

Hoop stress Jet-Plume
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TS structure and flow pattern

σ=0.003The wind anisotropy shapes the TS structure. Downstream 
flow  - equatorial collimation due to the TS shape: 

A: ultrarelativistic pulsar wind 
B: subsonic equatorial outflow 
C: supersonic equatorial funnel 
D: super-fastmagnetosonic flow 
a: termination shock front 
b: rim shock 
c: fastmagnetosonic surface
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Dynamics is 2D
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• Initial magnetic field with a narrow equatorial neutral sheet 
• Dissipation in a striped wind
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Synchrotron Dopple Boosting

!28

624 L. Del Zanna et al.: Simulated synchrotron emission from pulsar wind nebulae

The local emission coefficient j′ν (radiated power per unit fre-
quency, volume and solid angle), for given observation fre-
quency ν′ and direction n′, is obtained by integrating the product
of Eqs. (10) and (8) over the whole range of local particle ener-
gies:

j′ν(ν
′, n′) =

∫
P(ν′, ϵ) f (ϵ)dϵ. (13)

Note that, since radiation from ultra-relativistic particles is
strongly beamed in their instantaneous direction of motion
(within a cone of angle 1/ϵ ≪ 1), only those particles with
pitch angle coinciding with the angle between B′ and n′ (thus
B′⊥ = |B′ × n′|) contribute to the emission along the line of sight
in Eq. (13).

The above integral can be calculated by replacing the energy
with the variable x = ν′/ν′c ∝ ϵ−2. In order to take advantage
of the known properties of the function F(x) we further simplify
Eq. (8) to a standard power law form

f (ϵ) =
Kp

4π
p

mc2 ϵ
−(2α+1), ϵ < ϵ∞, (14)

in which we have assumed that Kp is constant, the dependency
on the term (p /p 0)1/4 is weak, and synchrotron burn-off can be
modeled with a sharp cut-off at ϵ∞. This last additional assump-
tion is again a good approximation provided 2α − 1 >∼ 0. The
result is

j′ν(ν
′, n′) = Cp |B′ × n′|α+1ν′−α, (15)

where all spatially independent terms have been gathered in the
constant

C=

√
3

16π
α+5/3
α + 1

Γ

(
α+5/3

2

)
Γ

(
α+1/3

2

)
e3

m2c4

(
3e

2πmc

)α
Kp , (16)

in which the property Γ(ξ + 1) = ξΓ(ξ) of the Euler gamma
function Γ(ξ) has been used.

In order to obtain the emissivity in the observer’s fixed frame
of reference, relativistic corrections must be taken into account.
It is well known that both the frequency and the emission coeffi-
cient itself transform via the Doppler boosting factor

D =
1

γ (1 − β · n)
, (17)

as ν = Dν′ and jν = D2 j′ν, where β = !/c. The resulting emission
coefficient is finally written as

jν(ν, n) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

Cp |B′ × n′|α+1Dα+2ν−α, ν∞ ≥ ν

0, ν∞ < ν.
(18)

The cut-off frequency for synchrotron burn-off is

ν∞ ≡ Dν′c(ϵ∞) = D
3e

4πmc
|B′ × n′|ϵ2∞, (19)

where Doppler shift has been considered and where ϵ∞ is pro-
vided directly by the numerical scheme via integration of Eq. (9).

The terms B′ in Eq. (6), needed to evolve ϵ∞, and |B′ ×n′| in
Eqs. (18), (19), are defined through quantities in the comoving
frame. Application of the composition rule for relativistic veloc-
ities to the observer direction versor n yields

n′ = D
[
n+

(
γ2

γ + 1
β · n− γ

)
β

]
, (20)

while Lorentz transformations of Maxwell’s equations in the
(ideal) MHD case E + β ×B = 0 provide

B′ =
1
γ

[
B +

γ2

γ + 1
(β · B)β

]
. (21)

After some straightforward algebra, the required quantities can
be written as

B′ =
1
γ

√
B2 + γ2(β · B)2, (22)

and

|B′ × n′| = 1
γ

√
B2 − D2(B · n)2 + 2γD(B · n)(β · B), (23)

in which everything on the right-hand-side is now measured in
the observer’s frame.

2.3. Surface brightness and polarization maps

To compare the synthetic synchrotron emission obtained by nu-
merical simulations with real images, the first step certainly re-
quires the production of surface brightness maps. Let us consider
a Cartesian observer’s reference frame in which X lies along the
line of sight n and Y and Z are in the plane of the sky (say with
Z indicating the North). By switching from the local coordinate
system, which may present special symmetries, to the observer’s
system (X, Y, Z) (taking into account the angles of inclination
of the emitting object), surface brightness (or specific intensity)
maps are obtained as

Iν(ν, Y, Z) =
∫ ∞

−∞
jν(ν, X, Y, Z) dX. (24)

A powerful additional diagnostic tool may be provided by po-
larization measurements, where available. Synchrotron emission
from relativistic particles is known to be linearly polarized, with
a high degree of polarization, and Stokes parameters Uν and Qν
(Vν = 0) can be calculated from numerical simulations by mea-
suring the local polarization position angle χ, that is the angle of
the emitted electric field vector e in the plane of the sky, mea-
sured clockwise from the Z axis. Synthetic maps of the Stokes
parameters are thus built as

Qν(ν, Y, Z) =
α + 1
α + 5/3

∫ ∞

−∞
jν(ν, X, Y, Z) cos 2χ dX, (25)

Uν(ν, Y, Z) =
α + 1
α + 5/3

∫ ∞

−∞
jν(ν, X, Y, Z) sin 2χ dX, (26)

where the additional factor comes from the intrinsic properties of
synchrotron emission (see Rybicki & Lightman 1979). Related
to the Stokes parameters above is the degree of (linear) polariza-
tion, or polarization fraction, defined as

Πν =

√
Q2
ν + U2

ν

Iν
· (27)

In order to calculate χ, relativistic effects like position angle
swing must be taken into account (Blandford & Königl 1979;
Björnsson 1982; Lyutikov et al. 2003). In the comoving frame,
the emitted electric field of the linearly polarized radiation is nor-
mal to both the local magnetic field B′ and the line of sight n′,
thus e′ ∝ n′ × B′, and the radiated magnetic field is therefore

Truncated power-law distribution
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The local emission coefficient j′ν (radiated power per unit fre-
quency, volume and solid angle), for given observation fre-
quency ν′ and direction n′, is obtained by integrating the product
of Eqs. (10) and (8) over the whole range of local particle ener-
gies:

j′ν(ν
′, n′) =

∫
P(ν′, ϵ) f (ϵ)dϵ. (13)

Note that, since radiation from ultra-relativistic particles is
strongly beamed in their instantaneous direction of motion
(within a cone of angle 1/ϵ ≪ 1), only those particles with
pitch angle coinciding with the angle between B′ and n′ (thus
B′⊥ = |B′ × n′|) contribute to the emission along the line of sight
in Eq. (13).

The above integral can be calculated by replacing the energy
with the variable x = ν′/ν′c ∝ ϵ−2. In order to take advantage
of the known properties of the function F(x) we further simplify
Eq. (8) to a standard power law form

f (ϵ) =
Kp

4π
p

mc2 ϵ
−(2α+1), ϵ < ϵ∞, (14)

in which we have assumed that Kp is constant, the dependency
on the term (p /p 0)1/4 is weak, and synchrotron burn-off can be
modeled with a sharp cut-off at ϵ∞. This last additional assump-
tion is again a good approximation provided 2α − 1 >∼ 0. The
result is

j′ν(ν
′, n′) = Cp |B′ × n′|α+1ν′−α, (15)

where all spatially independent terms have been gathered in the
constant
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in which the property Γ(ξ + 1) = ξΓ(ξ) of the Euler gamma
function Γ(ξ) has been used.

In order to obtain the emissivity in the observer’s fixed frame
of reference, relativistic corrections must be taken into account.
It is well known that both the frequency and the emission coeffi-
cient itself transform via the Doppler boosting factor

D =
1

γ (1 − β · n)
, (17)

as ν = Dν′ and jν = D2 j′ν, where β = !/c. The resulting emission
coefficient is finally written as

jν(ν, n) =

⎧⎪⎪⎪⎨
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Cp |B′ × n′|α+1Dα+2ν−α, ν∞ ≥ ν

0, ν∞ < ν.
(18)

The cut-off frequency for synchrotron burn-off is

ν∞ ≡ Dν′c(ϵ∞) = D
3e

4πmc
|B′ × n′|ϵ2∞, (19)

where Doppler shift has been considered and where ϵ∞ is pro-
vided directly by the numerical scheme via integration of Eq. (9).

The terms B′ in Eq. (6), needed to evolve ϵ∞, and |B′ ×n′| in
Eqs. (18), (19), are defined through quantities in the comoving
frame. Application of the composition rule for relativistic veloc-
ities to the observer direction versor n yields

n′ = D
[
n+

(
γ2

γ + 1
β · n− γ

)
β

]
, (20)

while Lorentz transformations of Maxwell’s equations in the
(ideal) MHD case E + β ×B = 0 provide

B′ =
1
γ

[
B +

γ2

γ + 1
(β · B)β

]
. (21)

After some straightforward algebra, the required quantities can
be written as

B′ =
1
γ

√
B2 + γ2(β · B)2, (22)

and

|B′ × n′| = 1
γ

√
B2 − D2(B · n)2 + 2γD(B · n)(β · B), (23)

in which everything on the right-hand-side is now measured in
the observer’s frame.

2.3. Surface brightness and polarization maps

To compare the synthetic synchrotron emission obtained by nu-
merical simulations with real images, the first step certainly re-
quires the production of surface brightness maps. Let us consider
a Cartesian observer’s reference frame in which X lies along the
line of sight n and Y and Z are in the plane of the sky (say with
Z indicating the North). By switching from the local coordinate
system, which may present special symmetries, to the observer’s
system (X, Y, Z) (taking into account the angles of inclination
of the emitting object), surface brightness (or specific intensity)
maps are obtained as

Iν(ν, Y, Z) =
∫ ∞

−∞
jν(ν, X, Y, Z) dX. (24)

A powerful additional diagnostic tool may be provided by po-
larization measurements, where available. Synchrotron emission
from relativistic particles is known to be linearly polarized, with
a high degree of polarization, and Stokes parameters Uν and Qν
(Vν = 0) can be calculated from numerical simulations by mea-
suring the local polarization position angle χ, that is the angle of
the emitted electric field vector e in the plane of the sky, mea-
sured clockwise from the Z axis. Synthetic maps of the Stokes
parameters are thus built as

Qν(ν, Y, Z) =
α + 1
α + 5/3
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jν(ν, X, Y, Z) cos 2χ dX, (25)

Uν(ν, Y, Z) =
α + 1
α + 5/3
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jν(ν, X, Y, Z) sin 2χ dX, (26)

where the additional factor comes from the intrinsic properties of
synchrotron emission (see Rybicki & Lightman 1979). Related
to the Stokes parameters above is the degree of (linear) polariza-
tion, or polarization fraction, defined as

Πν =
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Q2
ν + U2

ν

Iν
· (27)

In order to calculate χ, relativistic effects like position angle
swing must be taken into account (Blandford & Königl 1979;
Björnsson 1982; Lyutikov et al. 2003). In the comoving frame,
the emitted electric field of the linearly polarized radiation is nor-
mal to both the local magnetic field B′ and the line of sight n′,
thus e′ ∝ n′ × B′, and the radiated magnetic field is therefore

Comoving emissivity
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The local emission coefficient j′ν (radiated power per unit fre-
quency, volume and solid angle), for given observation fre-
quency ν′ and direction n′, is obtained by integrating the product
of Eqs. (10) and (8) over the whole range of local particle ener-
gies:

j′ν(ν
′, n′) =

∫
P(ν′, ϵ) f (ϵ)dϵ. (13)

Note that, since radiation from ultra-relativistic particles is
strongly beamed in their instantaneous direction of motion
(within a cone of angle 1/ϵ ≪ 1), only those particles with
pitch angle coinciding with the angle between B′ and n′ (thus
B′⊥ = |B′ × n′|) contribute to the emission along the line of sight
in Eq. (13).

The above integral can be calculated by replacing the energy
with the variable x = ν′/ν′c ∝ ϵ−2. In order to take advantage
of the known properties of the function F(x) we further simplify
Eq. (8) to a standard power law form

f (ϵ) =
Kp

4π
p

mc2 ϵ
−(2α+1), ϵ < ϵ∞, (14)

in which we have assumed that Kp is constant, the dependency
on the term (p /p 0)1/4 is weak, and synchrotron burn-off can be
modeled with a sharp cut-off at ϵ∞. This last additional assump-
tion is again a good approximation provided 2α − 1 >∼ 0. The
result is

j′ν(ν
′, n′) = Cp |B′ × n′|α+1ν′−α, (15)

where all spatially independent terms have been gathered in the
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in which the property Γ(ξ + 1) = ξΓ(ξ) of the Euler gamma
function Γ(ξ) has been used.

In order to obtain the emissivity in the observer’s fixed frame
of reference, relativistic corrections must be taken into account.
It is well known that both the frequency and the emission coeffi-
cient itself transform via the Doppler boosting factor

D =
1

γ (1 − β · n)
, (17)

as ν = Dν′ and jν = D2 j′ν, where β = !/c. The resulting emission
coefficient is finally written as

jν(ν, n) =

⎧⎪⎪⎪⎨
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Cp |B′ × n′|α+1Dα+2ν−α, ν∞ ≥ ν

0, ν∞ < ν.
(18)

The cut-off frequency for synchrotron burn-off is

ν∞ ≡ Dν′c(ϵ∞) = D
3e

4πmc
|B′ × n′|ϵ2∞, (19)

where Doppler shift has been considered and where ϵ∞ is pro-
vided directly by the numerical scheme via integration of Eq. (9).

The terms B′ in Eq. (6), needed to evolve ϵ∞, and |B′ ×n′| in
Eqs. (18), (19), are defined through quantities in the comoving
frame. Application of the composition rule for relativistic veloc-
ities to the observer direction versor n yields

n′ = D
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, (20)

while Lorentz transformations of Maxwell’s equations in the
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B′ =
1
γ

[
B +

γ2

γ + 1
(β · B)β

]
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in which everything on the right-hand-side is now measured in
the observer’s frame.

2.3. Surface brightness and polarization maps

To compare the synthetic synchrotron emission obtained by nu-
merical simulations with real images, the first step certainly re-
quires the production of surface brightness maps. Let us consider
a Cartesian observer’s reference frame in which X lies along the
line of sight n and Y and Z are in the plane of the sky (say with
Z indicating the North). By switching from the local coordinate
system, which may present special symmetries, to the observer’s
system (X, Y, Z) (taking into account the angles of inclination
of the emitting object), surface brightness (or specific intensity)
maps are obtained as

Iν(ν, Y, Z) =
∫ ∞
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jν(ν, X, Y, Z) dX. (24)

A powerful additional diagnostic tool may be provided by po-
larization measurements, where available. Synchrotron emission
from relativistic particles is known to be linearly polarized, with
a high degree of polarization, and Stokes parameters Uν and Qν
(Vν = 0) can be calculated from numerical simulations by mea-
suring the local polarization position angle χ, that is the angle of
the emitted electric field vector e in the plane of the sky, mea-
sured clockwise from the Z axis. Synthetic maps of the Stokes
parameters are thus built as
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α + 1
α + 5/3
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jν(ν, X, Y, Z) cos 2χ dX, (25)
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α + 1
α + 5/3
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jν(ν, X, Y, Z) sin 2χ dX, (26)

where the additional factor comes from the intrinsic properties of
synchrotron emission (see Rybicki & Lightman 1979). Related
to the Stokes parameters above is the degree of (linear) polariza-
tion, or polarization fraction, defined as

Πν =

√
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· (27)

In order to calculate χ, relativistic effects like position angle
swing must be taken into account (Blandford & Königl 1979;
Björnsson 1982; Lyutikov et al. 2003). In the comoving frame,
the emitted electric field of the linearly polarized radiation is nor-
mal to both the local magnetic field B′ and the line of sight n′,
thus e′ ∝ n′ × B′, and the radiated magnetic field is therefore
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To compare the synthetic synchrotron emission obtained by nu-
merical simulations with real images, the first step certainly re-
quires the production of surface brightness maps. Let us consider
a Cartesian observer’s reference frame in which X lies along the
line of sight n and Y and Z are in the plane of the sky (say with
Z indicating the North). By switching from the local coordinate
system, which may present special symmetries, to the observer’s
system (X, Y, Z) (taking into account the angles of inclination
of the emitting object), surface brightness (or specific intensity)
maps are obtained as

Iν(ν, Y, Z) =
∫ ∞

−∞
jν(ν, X, Y, Z) dX. (24)

A powerful additional diagnostic tool may be provided by po-
larization measurements, where available. Synchrotron emission
from relativistic particles is known to be linearly polarized, with
a high degree of polarization, and Stokes parameters Uν and Qν
(Vν = 0) can be calculated from numerical simulations by mea-
suring the local polarization position angle χ, that is the angle of
the emitted electric field vector e in the plane of the sky, mea-
sured clockwise from the Z axis. Synthetic maps of the Stokes
parameters are thus built as

Qν(ν, Y, Z) =
α + 1
α + 5/3

∫ ∞

−∞
jν(ν, X, Y, Z) cos 2χ dX, (25)

Uν(ν, Y, Z) =
α + 1
α + 5/3

∫ ∞

−∞
jν(ν, X, Y, Z) sin 2χ dX, (26)

where the additional factor comes from the intrinsic properties of
synchrotron emission (see Rybicki & Lightman 1979). Related
to the Stokes parameters above is the degree of (linear) polariza-
tion, or polarization fraction, defined as

Πν =

√
Q2
ν + U2

ν

Iν
· (27)

In order to calculate χ, relativistic effects like position angle
swing must be taken into account (Blandford & Königl 1979;
Björnsson 1982; Lyutikov et al. 2003). In the comoving frame,
the emitted electric field of the linearly polarized radiation is nor-
mal to both the local magnetic field B′ and the line of sight n′,
thus e′ ∝ n′ × B′, and the radiated magnetic field is therefore
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The local emission coefficient j′ν (radiated power per unit fre-
quency, volume and solid angle), for given observation fre-
quency ν′ and direction n′, is obtained by integrating the product
of Eqs. (10) and (8) over the whole range of local particle ener-
gies:

j′ν(ν
′, n′) =

∫
P(ν′, ϵ) f (ϵ)dϵ. (13)

Note that, since radiation from ultra-relativistic particles is
strongly beamed in their instantaneous direction of motion
(within a cone of angle 1/ϵ ≪ 1), only those particles with
pitch angle coinciding with the angle between B′ and n′ (thus
B′⊥ = |B′ × n′|) contribute to the emission along the line of sight
in Eq. (13).

The above integral can be calculated by replacing the energy
with the variable x = ν′/ν′c ∝ ϵ−2. In order to take advantage
of the known properties of the function F(x) we further simplify
Eq. (8) to a standard power law form

f (ϵ) =
Kp

4π
p

mc2 ϵ
−(2α+1), ϵ < ϵ∞, (14)

in which we have assumed that Kp is constant, the dependency
on the term (p /p 0)1/4 is weak, and synchrotron burn-off can be
modeled with a sharp cut-off at ϵ∞. This last additional assump-
tion is again a good approximation provided 2α − 1 >∼ 0. The
result is

j′ν(ν
′, n′) = Cp |B′ × n′|α+1ν′−α, (15)

where all spatially independent terms have been gathered in the
constant

C=
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in which the property Γ(ξ + 1) = ξΓ(ξ) of the Euler gamma
function Γ(ξ) has been used.

In order to obtain the emissivity in the observer’s fixed frame
of reference, relativistic corrections must be taken into account.
It is well known that both the frequency and the emission coeffi-
cient itself transform via the Doppler boosting factor

D =
1

γ (1 − β · n)
, (17)

as ν = Dν′ and jν = D2 j′ν, where β = !/c. The resulting emission
coefficient is finally written as

jν(ν, n) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
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(18)

The cut-off frequency for synchrotron burn-off is

ν∞ ≡ Dν′c(ϵ∞) = D
3e

4πmc
|B′ × n′|ϵ2∞, (19)

where Doppler shift has been considered and where ϵ∞ is pro-
vided directly by the numerical scheme via integration of Eq. (9).

The terms B′ in Eq. (6), needed to evolve ϵ∞, and |B′ ×n′| in
Eqs. (18), (19), are defined through quantities in the comoving
frame. Application of the composition rule for relativistic veloc-
ities to the observer direction versor n yields

n′ = D
[
n+

(
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γ + 1
β · n− γ

)
β

]
, (20)

while Lorentz transformations of Maxwell’s equations in the
(ideal) MHD case E + β ×B = 0 provide
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]
. (21)

After some straightforward algebra, the required quantities can
be written as

B′ =
1
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B2 + γ2(β · B)2, (22)

and

|B′ × n′| = 1
γ

√
B2 − D2(B · n)2 + 2γD(B · n)(β · B), (23)

in which everything on the right-hand-side is now measured in
the observer’s frame.

2.3. Surface brightness and polarization maps

To compare the synthetic synchrotron emission obtained by nu-
merical simulations with real images, the first step certainly re-
quires the production of surface brightness maps. Let us consider
a Cartesian observer’s reference frame in which X lies along the
line of sight n and Y and Z are in the plane of the sky (say with
Z indicating the North). By switching from the local coordinate
system, which may present special symmetries, to the observer’s
system (X, Y, Z) (taking into account the angles of inclination
of the emitting object), surface brightness (or specific intensity)
maps are obtained as

Iν(ν, Y, Z) =
∫ ∞

−∞
jν(ν, X, Y, Z) dX. (24)

A powerful additional diagnostic tool may be provided by po-
larization measurements, where available. Synchrotron emission
from relativistic particles is known to be linearly polarized, with
a high degree of polarization, and Stokes parameters Uν and Qν
(Vν = 0) can be calculated from numerical simulations by mea-
suring the local polarization position angle χ, that is the angle of
the emitted electric field vector e in the plane of the sky, mea-
sured clockwise from the Z axis. Synthetic maps of the Stokes
parameters are thus built as

Qν(ν, Y, Z) =
α + 1
α + 5/3

∫ ∞

−∞
jν(ν, X, Y, Z) cos 2χ dX, (25)

Uν(ν, Y, Z) =
α + 1
α + 5/3

∫ ∞

−∞
jν(ν, X, Y, Z) sin 2χ dX, (26)

where the additional factor comes from the intrinsic properties of
synchrotron emission (see Rybicki & Lightman 1979). Related
to the Stokes parameters above is the degree of (linear) polariza-
tion, or polarization fraction, defined as

Πν =

√
Q2
ν + U2

ν

Iν
· (27)

In order to calculate χ, relativistic effects like position angle
swing must be taken into account (Blandford & Königl 1979;
Björnsson 1982; Lyutikov et al. 2003). In the comoving frame,
the emitted electric field of the linearly polarized radiation is nor-
mal to both the local magnetic field B′ and the line of sight n′,
thus e′ ∝ n′ × B′, and the radiated magnetic field is therefore
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The local emission coefficient j′ν (radiated power per unit fre-
quency, volume and solid angle), for given observation fre-
quency ν′ and direction n′, is obtained by integrating the product
of Eqs. (10) and (8) over the whole range of local particle ener-
gies:

j′ν(ν
′, n′) =

∫
P(ν′, ϵ) f (ϵ)dϵ. (13)

Note that, since radiation from ultra-relativistic particles is
strongly beamed in their instantaneous direction of motion
(within a cone of angle 1/ϵ ≪ 1), only those particles with
pitch angle coinciding with the angle between B′ and n′ (thus
B′⊥ = |B′ × n′|) contribute to the emission along the line of sight
in Eq. (13).

The above integral can be calculated by replacing the energy
with the variable x = ν′/ν′c ∝ ϵ−2. In order to take advantage
of the known properties of the function F(x) we further simplify
Eq. (8) to a standard power law form

f (ϵ) =
Kp

4π
p

mc2 ϵ
−(2α+1), ϵ < ϵ∞, (14)

in which we have assumed that Kp is constant, the dependency
on the term (p /p 0)1/4 is weak, and synchrotron burn-off can be
modeled with a sharp cut-off at ϵ∞. This last additional assump-
tion is again a good approximation provided 2α − 1 >∼ 0. The
result is

j′ν(ν
′, n′) = Cp |B′ × n′|α+1ν′−α, (15)

where all spatially independent terms have been gathered in the
constant
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in which the property Γ(ξ + 1) = ξΓ(ξ) of the Euler gamma
function Γ(ξ) has been used.

In order to obtain the emissivity in the observer’s fixed frame
of reference, relativistic corrections must be taken into account.
It is well known that both the frequency and the emission coeffi-
cient itself transform via the Doppler boosting factor

D =
1

γ (1 − β · n)
, (17)

as ν = Dν′ and jν = D2 j′ν, where β = !/c. The resulting emission
coefficient is finally written as

jν(ν, n) =

⎧⎪⎪⎪⎨
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Cp |B′ × n′|α+1Dα+2ν−α, ν∞ ≥ ν

0, ν∞ < ν.
(18)

The cut-off frequency for synchrotron burn-off is

ν∞ ≡ Dν′c(ϵ∞) = D
3e

4πmc
|B′ × n′|ϵ2∞, (19)

where Doppler shift has been considered and where ϵ∞ is pro-
vided directly by the numerical scheme via integration of Eq. (9).

The terms B′ in Eq. (6), needed to evolve ϵ∞, and |B′ ×n′| in
Eqs. (18), (19), are defined through quantities in the comoving
frame. Application of the composition rule for relativistic veloc-
ities to the observer direction versor n yields

n′ = D
[
n+

(
γ2

γ + 1
β · n− γ

)
β

]
, (20)

while Lorentz transformations of Maxwell’s equations in the
(ideal) MHD case E + β ×B = 0 provide

B′ =
1
γ

[
B +

γ2

γ + 1
(β · B)β

]
. (21)

After some straightforward algebra, the required quantities can
be written as

B′ =
1
γ

√
B2 + γ2(β · B)2, (22)

and

|B′ × n′| = 1
γ

√
B2 − D2(B · n)2 + 2γD(B · n)(β · B), (23)

in which everything on the right-hand-side is now measured in
the observer’s frame.

2.3. Surface brightness and polarization maps

To compare the synthetic synchrotron emission obtained by nu-
merical simulations with real images, the first step certainly re-
quires the production of surface brightness maps. Let us consider
a Cartesian observer’s reference frame in which X lies along the
line of sight n and Y and Z are in the plane of the sky (say with
Z indicating the North). By switching from the local coordinate
system, which may present special symmetries, to the observer’s
system (X, Y, Z) (taking into account the angles of inclination
of the emitting object), surface brightness (or specific intensity)
maps are obtained as

Iν(ν, Y, Z) =
∫ ∞

−∞
jν(ν, X, Y, Z) dX. (24)

A powerful additional diagnostic tool may be provided by po-
larization measurements, where available. Synchrotron emission
from relativistic particles is known to be linearly polarized, with
a high degree of polarization, and Stokes parameters Uν and Qν
(Vν = 0) can be calculated from numerical simulations by mea-
suring the local polarization position angle χ, that is the angle of
the emitted electric field vector e in the plane of the sky, mea-
sured clockwise from the Z axis. Synthetic maps of the Stokes
parameters are thus built as

Qν(ν, Y, Z) =
α + 1
α + 5/3

∫ ∞

−∞
jν(ν, X, Y, Z) cos 2χ dX, (25)

Uν(ν, Y, Z) =
α + 1
α + 5/3

∫ ∞

−∞
jν(ν, X, Y, Z) sin 2χ dX, (26)

where the additional factor comes from the intrinsic properties of
synchrotron emission (see Rybicki & Lightman 1979). Related
to the Stokes parameters above is the degree of (linear) polariza-
tion, or polarization fraction, defined as

Πν =

√
Q2
ν + U2

ν

Iν
· (27)

In order to calculate χ, relativistic effects like position angle
swing must be taken into account (Blandford & Königl 1979;
Björnsson 1982; Lyutikov et al. 2003). In the comoving frame,
the emitted electric field of the linearly polarized radiation is nor-
mal to both the local magnetic field B′ and the line of sight n′,
thus e′ ∝ n′ × B′, and the radiated magnetic field is therefore
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The local emission coefficient j′ν (radiated power per unit fre-
quency, volume and solid angle), for given observation fre-
quency ν′ and direction n′, is obtained by integrating the product
of Eqs. (10) and (8) over the whole range of local particle ener-
gies:

j′ν(ν
′, n′) =

∫
P(ν′, ϵ) f (ϵ)dϵ. (13)

Note that, since radiation from ultra-relativistic particles is
strongly beamed in their instantaneous direction of motion
(within a cone of angle 1/ϵ ≪ 1), only those particles with
pitch angle coinciding with the angle between B′ and n′ (thus
B′⊥ = |B′ × n′|) contribute to the emission along the line of sight
in Eq. (13).

The above integral can be calculated by replacing the energy
with the variable x = ν′/ν′c ∝ ϵ−2. In order to take advantage
of the known properties of the function F(x) we further simplify
Eq. (8) to a standard power law form

f (ϵ) =
Kp

4π
p

mc2 ϵ
−(2α+1), ϵ < ϵ∞, (14)

in which we have assumed that Kp is constant, the dependency
on the term (p /p 0)1/4 is weak, and synchrotron burn-off can be
modeled with a sharp cut-off at ϵ∞. This last additional assump-
tion is again a good approximation provided 2α − 1 >∼ 0. The
result is

j′ν(ν
′, n′) = Cp |B′ × n′|α+1ν′−α, (15)

where all spatially independent terms have been gathered in the
constant
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in which the property Γ(ξ + 1) = ξΓ(ξ) of the Euler gamma
function Γ(ξ) has been used.

In order to obtain the emissivity in the observer’s fixed frame
of reference, relativistic corrections must be taken into account.
It is well known that both the frequency and the emission coeffi-
cient itself transform via the Doppler boosting factor

D =
1

γ (1 − β · n)
, (17)

as ν = Dν′ and jν = D2 j′ν, where β = !/c. The resulting emission
coefficient is finally written as

jν(ν, n) =

⎧⎪⎪⎪⎨
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Cp |B′ × n′|α+1Dα+2ν−α, ν∞ ≥ ν

0, ν∞ < ν.
(18)

The cut-off frequency for synchrotron burn-off is

ν∞ ≡ Dν′c(ϵ∞) = D
3e

4πmc
|B′ × n′|ϵ2∞, (19)

where Doppler shift has been considered and where ϵ∞ is pro-
vided directly by the numerical scheme via integration of Eq. (9).

The terms B′ in Eq. (6), needed to evolve ϵ∞, and |B′ ×n′| in
Eqs. (18), (19), are defined through quantities in the comoving
frame. Application of the composition rule for relativistic veloc-
ities to the observer direction versor n yields

n′ = D
[
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(
γ2

γ + 1
β · n− γ

)
β

]
, (20)

while Lorentz transformations of Maxwell’s equations in the
(ideal) MHD case E + β ×B = 0 provide

B′ =
1
γ

[
B +
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γ + 1
(β · B)β

]
. (21)

After some straightforward algebra, the required quantities can
be written as

B′ =
1
γ

√
B2 + γ2(β · B)2, (22)

and

|B′ × n′| = 1
γ

√
B2 − D2(B · n)2 + 2γD(B · n)(β · B), (23)

in which everything on the right-hand-side is now measured in
the observer’s frame.

2.3. Surface brightness and polarization maps

To compare the synthetic synchrotron emission obtained by nu-
merical simulations with real images, the first step certainly re-
quires the production of surface brightness maps. Let us consider
a Cartesian observer’s reference frame in which X lies along the
line of sight n and Y and Z are in the plane of the sky (say with
Z indicating the North). By switching from the local coordinate
system, which may present special symmetries, to the observer’s
system (X, Y, Z) (taking into account the angles of inclination
of the emitting object), surface brightness (or specific intensity)
maps are obtained as

Iν(ν, Y, Z) =
∫ ∞

−∞
jν(ν, X, Y, Z) dX. (24)

A powerful additional diagnostic tool may be provided by po-
larization measurements, where available. Synchrotron emission
from relativistic particles is known to be linearly polarized, with
a high degree of polarization, and Stokes parameters Uν and Qν
(Vν = 0) can be calculated from numerical simulations by mea-
suring the local polarization position angle χ, that is the angle of
the emitted electric field vector e in the plane of the sky, mea-
sured clockwise from the Z axis. Synthetic maps of the Stokes
parameters are thus built as

Qν(ν, Y, Z) =
α + 1
α + 5/3

∫ ∞

−∞
jν(ν, X, Y, Z) cos 2χ dX, (25)

Uν(ν, Y, Z) =
α + 1
α + 5/3

∫ ∞

−∞
jν(ν, X, Y, Z) sin 2χ dX, (26)

where the additional factor comes from the intrinsic properties of
synchrotron emission (see Rybicki & Lightman 1979). Related
to the Stokes parameters above is the degree of (linear) polariza-
tion, or polarization fraction, defined as

Πν =

√
Q2
ν + U2

ν

Iν
· (27)

In order to calculate χ, relativistic effects like position angle
swing must be taken into account (Blandford & Königl 1979;
Björnsson 1982; Lyutikov et al. 2003). In the comoving frame,
the emitted electric field of the linearly polarized radiation is nor-
mal to both the local magnetic field B′ and the line of sight n′,
thus e′ ∝ n′ × B′, and the radiated magnetic field is therefore
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The local emission coefficient j′ν (radiated power per unit fre-
quency, volume and solid angle), for given observation fre-
quency ν′ and direction n′, is obtained by integrating the product
of Eqs. (10) and (8) over the whole range of local particle ener-
gies:

j′ν(ν
′, n′) =

∫
P(ν′, ϵ) f (ϵ)dϵ. (13)

Note that, since radiation from ultra-relativistic particles is
strongly beamed in their instantaneous direction of motion
(within a cone of angle 1/ϵ ≪ 1), only those particles with
pitch angle coinciding with the angle between B′ and n′ (thus
B′⊥ = |B′ × n′|) contribute to the emission along the line of sight
in Eq. (13).

The above integral can be calculated by replacing the energy
with the variable x = ν′/ν′c ∝ ϵ−2. In order to take advantage
of the known properties of the function F(x) we further simplify
Eq. (8) to a standard power law form

f (ϵ) =
Kp

4π
p

mc2 ϵ
−(2α+1), ϵ < ϵ∞, (14)

in which we have assumed that Kp is constant, the dependency
on the term (p /p 0)1/4 is weak, and synchrotron burn-off can be
modeled with a sharp cut-off at ϵ∞. This last additional assump-
tion is again a good approximation provided 2α − 1 >∼ 0. The
result is

j′ν(ν
′, n′) = Cp |B′ × n′|α+1ν′−α, (15)

where all spatially independent terms have been gathered in the
constant
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in which the property Γ(ξ + 1) = ξΓ(ξ) of the Euler gamma
function Γ(ξ) has been used.

In order to obtain the emissivity in the observer’s fixed frame
of reference, relativistic corrections must be taken into account.
It is well known that both the frequency and the emission coeffi-
cient itself transform via the Doppler boosting factor

D =
1

γ (1 − β · n)
, (17)

as ν = Dν′ and jν = D2 j′ν, where β = !/c. The resulting emission
coefficient is finally written as

jν(ν, n) =

⎧⎪⎪⎪⎨
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Cp |B′ × n′|α+1Dα+2ν−α, ν∞ ≥ ν

0, ν∞ < ν.
(18)

The cut-off frequency for synchrotron burn-off is

ν∞ ≡ Dν′c(ϵ∞) = D
3e

4πmc
|B′ × n′|ϵ2∞, (19)

where Doppler shift has been considered and where ϵ∞ is pro-
vided directly by the numerical scheme via integration of Eq. (9).

The terms B′ in Eq. (6), needed to evolve ϵ∞, and |B′ ×n′| in
Eqs. (18), (19), are defined through quantities in the comoving
frame. Application of the composition rule for relativistic veloc-
ities to the observer direction versor n yields

n′ = D
[
n+

(
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γ + 1
β · n− γ

)
β

]
, (20)

while Lorentz transformations of Maxwell’s equations in the
(ideal) MHD case E + β ×B = 0 provide

B′ =
1
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B +

γ2

γ + 1
(β · B)β
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. (21)

After some straightforward algebra, the required quantities can
be written as

B′ =
1
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B2 + γ2(β · B)2, (22)

and

|B′ × n′| = 1
γ

√
B2 − D2(B · n)2 + 2γD(B · n)(β · B), (23)

in which everything on the right-hand-side is now measured in
the observer’s frame.

2.3. Surface brightness and polarization maps

To compare the synthetic synchrotron emission obtained by nu-
merical simulations with real images, the first step certainly re-
quires the production of surface brightness maps. Let us consider
a Cartesian observer’s reference frame in which X lies along the
line of sight n and Y and Z are in the plane of the sky (say with
Z indicating the North). By switching from the local coordinate
system, which may present special symmetries, to the observer’s
system (X, Y, Z) (taking into account the angles of inclination
of the emitting object), surface brightness (or specific intensity)
maps are obtained as

Iν(ν, Y, Z) =
∫ ∞

−∞
jν(ν, X, Y, Z) dX. (24)

A powerful additional diagnostic tool may be provided by po-
larization measurements, where available. Synchrotron emission
from relativistic particles is known to be linearly polarized, with
a high degree of polarization, and Stokes parameters Uν and Qν
(Vν = 0) can be calculated from numerical simulations by mea-
suring the local polarization position angle χ, that is the angle of
the emitted electric field vector e in the plane of the sky, mea-
sured clockwise from the Z axis. Synthetic maps of the Stokes
parameters are thus built as

Qν(ν, Y, Z) =
α + 1
α + 5/3

∫ ∞

−∞
jν(ν, X, Y, Z) cos 2χ dX, (25)

Uν(ν, Y, Z) =
α + 1
α + 5/3

∫ ∞

−∞
jν(ν, X, Y, Z) sin 2χ dX, (26)

where the additional factor comes from the intrinsic properties of
synchrotron emission (see Rybicki & Lightman 1979). Related
to the Stokes parameters above is the degree of (linear) polariza-
tion, or polarization fraction, defined as

Πν =

√
Q2
ν + U2

ν

Iν
· (27)

In order to calculate χ, relativistic effects like position angle
swing must be taken into account (Blandford & Königl 1979;
Björnsson 1982; Lyutikov et al. 2003). In the comoving frame,
the emitted electric field of the linearly polarized radiation is nor-
mal to both the local magnetic field B′ and the line of sight n′,
thus e′ ∝ n′ × B′, and the radiated magnetic field is therefore
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The local emission coefficient j′ν (radiated power per unit fre-
quency, volume and solid angle), for given observation fre-
quency ν′ and direction n′, is obtained by integrating the product
of Eqs. (10) and (8) over the whole range of local particle ener-
gies:

j′ν(ν
′, n′) =

∫
P(ν′, ϵ) f (ϵ)dϵ. (13)

Note that, since radiation from ultra-relativistic particles is
strongly beamed in their instantaneous direction of motion
(within a cone of angle 1/ϵ ≪ 1), only those particles with
pitch angle coinciding with the angle between B′ and n′ (thus
B′⊥ = |B′ × n′|) contribute to the emission along the line of sight
in Eq. (13).

The above integral can be calculated by replacing the energy
with the variable x = ν′/ν′c ∝ ϵ−2. In order to take advantage
of the known properties of the function F(x) we further simplify
Eq. (8) to a standard power law form

f (ϵ) =
Kp

4π
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mc2 ϵ
−(2α+1), ϵ < ϵ∞, (14)

in which we have assumed that Kp is constant, the dependency
on the term (p /p 0)1/4 is weak, and synchrotron burn-off can be
modeled with a sharp cut-off at ϵ∞. This last additional assump-
tion is again a good approximation provided 2α − 1 >∼ 0. The
result is

j′ν(ν
′, n′) = Cp |B′ × n′|α+1ν′−α, (15)

where all spatially independent terms have been gathered in the
constant

C=

√
3

16π
α+5/3
α + 1

Γ

(
α+5/3

2

)
Γ

(
α+1/3

2

)
e3

m2c4

(
3e

2πmc

)α
Kp , (16)

in which the property Γ(ξ + 1) = ξΓ(ξ) of the Euler gamma
function Γ(ξ) has been used.

In order to obtain the emissivity in the observer’s fixed frame
of reference, relativistic corrections must be taken into account.
It is well known that both the frequency and the emission coeffi-
cient itself transform via the Doppler boosting factor

D =
1

γ (1 − β · n)
, (17)

as ν = Dν′ and jν = D2 j′ν, where β = !/c. The resulting emission
coefficient is finally written as

jν(ν, n) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

Cp |B′ × n′|α+1Dα+2ν−α, ν∞ ≥ ν

0, ν∞ < ν.
(18)

The cut-off frequency for synchrotron burn-off is

ν∞ ≡ Dν′c(ϵ∞) = D
3e

4πmc
|B′ × n′|ϵ2∞, (19)

where Doppler shift has been considered and where ϵ∞ is pro-
vided directly by the numerical scheme via integration of Eq. (9).

The terms B′ in Eq. (6), needed to evolve ϵ∞, and |B′ ×n′| in
Eqs. (18), (19), are defined through quantities in the comoving
frame. Application of the composition rule for relativistic veloc-
ities to the observer direction versor n yields

n′ = D
[
n+

(
γ2

γ + 1
β · n− γ

)
β

]
, (20)

while Lorentz transformations of Maxwell’s equations in the
(ideal) MHD case E + β ×B = 0 provide

B′ =
1
γ

[
B +

γ2

γ + 1
(β · B)β

]
. (21)

After some straightforward algebra, the required quantities can
be written as

B′ =
1
γ

√
B2 + γ2(β · B)2, (22)

and

|B′ × n′| = 1
γ

√
B2 − D2(B · n)2 + 2γD(B · n)(β · B), (23)

in which everything on the right-hand-side is now measured in
the observer’s frame.

2.3. Surface brightness and polarization maps

To compare the synthetic synchrotron emission obtained by nu-
merical simulations with real images, the first step certainly re-
quires the production of surface brightness maps. Let us consider
a Cartesian observer’s reference frame in which X lies along the
line of sight n and Y and Z are in the plane of the sky (say with
Z indicating the North). By switching from the local coordinate
system, which may present special symmetries, to the observer’s
system (X, Y, Z) (taking into account the angles of inclination
of the emitting object), surface brightness (or specific intensity)
maps are obtained as

Iν(ν, Y, Z) =
∫ ∞

−∞
jν(ν, X, Y, Z) dX. (24)

A powerful additional diagnostic tool may be provided by po-
larization measurements, where available. Synchrotron emission
from relativistic particles is known to be linearly polarized, with
a high degree of polarization, and Stokes parameters Uν and Qν
(Vν = 0) can be calculated from numerical simulations by mea-
suring the local polarization position angle χ, that is the angle of
the emitted electric field vector e in the plane of the sky, mea-
sured clockwise from the Z axis. Synthetic maps of the Stokes
parameters are thus built as

Qν(ν, Y, Z) =
α + 1
α + 5/3

∫ ∞

−∞
jν(ν, X, Y, Z) cos 2χ dX, (25)

Uν(ν, Y, Z) =
α + 1
α + 5/3

∫ ∞

−∞
jν(ν, X, Y, Z) sin 2χ dX, (26)

where the additional factor comes from the intrinsic properties of
synchrotron emission (see Rybicki & Lightman 1979). Related
to the Stokes parameters above is the degree of (linear) polariza-
tion, or polarization fraction, defined as

Πν =

√
Q2
ν + U2

ν

Iν
· (27)

In order to calculate χ, relativistic effects like position angle
swing must be taken into account (Blandford & Königl 1979;
Björnsson 1982; Lyutikov et al. 2003). In the comoving frame,
the emitted electric field of the linearly polarized radiation is nor-
mal to both the local magnetic field B′ and the line of sight n′,
thus e′ ∝ n′ × B′, and the radiated magnetic field is therefore
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The local emission coefficient j′ν (radiated power per unit fre-
quency, volume and solid angle), for given observation fre-
quency ν′ and direction n′, is obtained by integrating the product
of Eqs. (10) and (8) over the whole range of local particle ener-
gies:

j′ν(ν
′, n′) =

∫
P(ν′, ϵ) f (ϵ)dϵ. (13)

Note that, since radiation from ultra-relativistic particles is
strongly beamed in their instantaneous direction of motion
(within a cone of angle 1/ϵ ≪ 1), only those particles with
pitch angle coinciding with the angle between B′ and n′ (thus
B′⊥ = |B′ × n′|) contribute to the emission along the line of sight
in Eq. (13).

The above integral can be calculated by replacing the energy
with the variable x = ν′/ν′c ∝ ϵ−2. In order to take advantage
of the known properties of the function F(x) we further simplify
Eq. (8) to a standard power law form

f (ϵ) =
Kp

4π
p

mc2 ϵ
−(2α+1), ϵ < ϵ∞, (14)

in which we have assumed that Kp is constant, the dependency
on the term (p /p 0)1/4 is weak, and synchrotron burn-off can be
modeled with a sharp cut-off at ϵ∞. This last additional assump-
tion is again a good approximation provided 2α − 1 >∼ 0. The
result is

j′ν(ν
′, n′) = Cp |B′ × n′|α+1ν′−α, (15)

where all spatially independent terms have been gathered in the
constant

C=
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in which the property Γ(ξ + 1) = ξΓ(ξ) of the Euler gamma
function Γ(ξ) has been used.

In order to obtain the emissivity in the observer’s fixed frame
of reference, relativistic corrections must be taken into account.
It is well known that both the frequency and the emission coeffi-
cient itself transform via the Doppler boosting factor

D =
1

γ (1 − β · n)
, (17)

as ν = Dν′ and jν = D2 j′ν, where β = !/c. The resulting emission
coefficient is finally written as

jν(ν, n) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

Cp |B′ × n′|α+1Dα+2ν−α, ν∞ ≥ ν

0, ν∞ < ν.
(18)

The cut-off frequency for synchrotron burn-off is

ν∞ ≡ Dν′c(ϵ∞) = D
3e

4πmc
|B′ × n′|ϵ2∞, (19)

where Doppler shift has been considered and where ϵ∞ is pro-
vided directly by the numerical scheme via integration of Eq. (9).

The terms B′ in Eq. (6), needed to evolve ϵ∞, and |B′ ×n′| in
Eqs. (18), (19), are defined through quantities in the comoving
frame. Application of the composition rule for relativistic veloc-
ities to the observer direction versor n yields

n′ = D
[
n+

(
γ2

γ + 1
β · n− γ

)
β

]
, (20)

while Lorentz transformations of Maxwell’s equations in the
(ideal) MHD case E + β ×B = 0 provide

B′ =
1
γ

[
B +

γ2

γ + 1
(β · B)β

]
. (21)

After some straightforward algebra, the required quantities can
be written as

B′ =
1
γ

√
B2 + γ2(β · B)2, (22)

and

|B′ × n′| = 1
γ

√
B2 − D2(B · n)2 + 2γD(B · n)(β · B), (23)

in which everything on the right-hand-side is now measured in
the observer’s frame.

2.3. Surface brightness and polarization maps

To compare the synthetic synchrotron emission obtained by nu-
merical simulations with real images, the first step certainly re-
quires the production of surface brightness maps. Let us consider
a Cartesian observer’s reference frame in which X lies along the
line of sight n and Y and Z are in the plane of the sky (say with
Z indicating the North). By switching from the local coordinate
system, which may present special symmetries, to the observer’s
system (X, Y, Z) (taking into account the angles of inclination
of the emitting object), surface brightness (or specific intensity)
maps are obtained as

Iν(ν, Y, Z) =
∫ ∞

−∞
jν(ν, X, Y, Z) dX. (24)

A powerful additional diagnostic tool may be provided by po-
larization measurements, where available. Synchrotron emission
from relativistic particles is known to be linearly polarized, with
a high degree of polarization, and Stokes parameters Uν and Qν
(Vν = 0) can be calculated from numerical simulations by mea-
suring the local polarization position angle χ, that is the angle of
the emitted electric field vector e in the plane of the sky, mea-
sured clockwise from the Z axis. Synthetic maps of the Stokes
parameters are thus built as

Qν(ν, Y, Z) =
α + 1
α + 5/3

∫ ∞

−∞
jν(ν, X, Y, Z) cos 2χ dX, (25)

Uν(ν, Y, Z) =
α + 1
α + 5/3

∫ ∞

−∞
jν(ν, X, Y, Z) sin 2χ dX, (26)

where the additional factor comes from the intrinsic properties of
synchrotron emission (see Rybicki & Lightman 1979). Related
to the Stokes parameters above is the degree of (linear) polariza-
tion, or polarization fraction, defined as

Πν =

√
Q2
ν + U2

ν

Iν
· (27)

In order to calculate χ, relativistic effects like position angle
swing must be taken into account (Blandford & Königl 1979;
Björnsson 1982; Lyutikov et al. 2003). In the comoving frame,
the emitted electric field of the linearly polarized radiation is nor-
mal to both the local magnetic field B′ and the line of sight n′,
thus e′ ∝ n′ × B′, and the radiated magnetic field is therefore

Integration along the line of sight
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b′ = n′ × e′. Lorentz transformations give the electric field in the
observer frame as

e = γ
!
e′ − γ

γ + 1
(e′ · β)β − β × b′

"
, (28)

and by using Eqs. (20) and (21) we can express the required elec-
tromagnetic fields in terms of quantities defined in the observer
frame. After some calculations, the simple formula derived by
Lyutikov et al. (2003) is retrieved:

e ∝ n × q, q = B + n × (β × B). (29)

Notice that e lies in the plane of the sky, as expected, and that
q correctly reduces to B for non-relativistic fluid bulk motions.
We are now ready to derive the position angle χ in terms of the
components of q in the plane of the sky, which are

qY = (1 − βX)BY + βY BX, qZ = (1 − βX)BZ + βZ BX. (30)

The functions of the position angle appearing in Eqs. (25), (26)
may be written in terms of these as:

cos 2χ =
q2

Y − q2
Z

q2
Y + q2

Z

, sin 2χ = − 2qYqZ

q2
Y + q2

Z

· (31)

2.4. Spectral index maps and integrated spectra

In order to complete our set of diagnostic tools based on the
synthetic synchrotron emission obtained from numerical simu-
lations, we now turn to spectral properties. An interesting pos-
sibility is provided by maps of spectral index. This quantity is
defined as

αν(ν1, ν2, Y, Z) = − log[Iν(ν2, Y, Z)/Iν(ν1, Y, Z)]
log(ν2/ν1)

, (32)

for any given interval in frequency [ν1, ν2]. In general, due to
synchrotron radiative losses, this quantity is expected to in-
crease, thus the spectrum is expected to steepen, when moving
away from the source of ultra-relativistic particles (spectral soft-
ening).

Finally, integrated spectra (or net fluxes) are obtained by av-
eraging the specific intensity over the solid angle covered by the
source in the plane of the sky, which may be calculated as

Fν(ν) =
1
d2

# #
Iν(ν, Y, Z) dYdZ, (33)

where d is the distance of the astronomical object under consid-
eration.

Notice that both the above quantities related to spectral fea-
tures have a meaning only if synchrotron burn-off is modeled in
some way by the numerical simulation.

3. Pulsar wind model and initial settings

As anticipated in the Introduction, let us now apply our set
of diagnostic tools to the modeling of the inner structure of
PWNe. Axisymmetric 2-D simulations of the interaction of an
ultra-relativistic magnetized pulsar wind with supernova ejecta
expanding in the static interstellar medium were described in
Del Zanna et al. (2004), to which the reader is referred for all
the modeling details and for the results. Here we will calcu-
late the synchrotron emission from the results of new simula-
tions, obtained by using very similar settings. The numerical
code employed is described in Del Zanna & Bucciantini (2002),

Del Zanna et al. (2003), and Londrillo & Del Zanna (2004). It is
a shock-capturing code solving the ideal relativistic MHD equa-
tions in conservative form, to which Eq. (9) has been added. Note
that the effects of synchrotron radiative losses on the fluid to-
tal energy evolution are not taken into account. Radiative losses
would become important if the particles radiated away a consid-
erable fraction of the pulsar energy input to the nebula. However,
the radiated power is estimated to be of order 10% of the in-
stantaneous pulsar input in the case of the Crab Nebula, and
generally much smaller than this in the case of other PWNe, so
the condition of adiabaticity should generally be considered as a
good approximation.

Let us briefly summarize the initial conditions and the pul-
sar wind model in particular. The numerical box is made up of
400 cells in the radial direction, between r = 0.1 ly and r = 10 ly
(a logarithmic grid with 200 cells per decade is used to enhance
resolution in the inner region), and 100 cells in the latitudinal
direction, with polar angle θ defined in the first quadrant only
(symmetry conditions are applied at the equator θ = π/2). Within
an arbitrary radius of 0.2 ly we impose initially the wind condi-
tions, while the expanding ejecta, with linearly increasing ra-
dial velocity, occupy the region up to 1 ly. The (constant) wind
luminosity is taken to be L0 = 5 × 1038 erg s− 1, the energy
of the supernova explosion turned into kinetic energy of the
ejecta Eej = 1051 erg, and the total mass of the ejected mate-
rial Mej = 3 M⊙ . For similar settings and a description on the
(1-D) evolution of the PWN /SNR system see van der Swaluw
et al. (2001) and Bucciantini et al. (2003). The chosen values
were seen to provide an overall evolution compatible with that of
the Crab Nebula. Furthermore, the magnetic field B is assumed
to retain just the toroidal component, as in Kennel & Coroniti
(1984a), while the velocity ! is assumed to be always poloidal,
so that some of the relativistic corrections in Sect. 2.2 are sim-
plified since β · B = 0.

The latitudinal dependence of the wind energy flux is pro-
vided by the following choice for the wind bulk Lorentz factor

γ(θ) = γ0

$
α0 + (1 − α0) sin2 θ

%
, (34)

where γ0 = 100 is the equatorial value and α0 = 0.1 the
anisotropy parameter. Velocity is assumed to be in the radial di-
rection alone at t = 0. The residual magnetic field at large dis-
tances from the pulsar’s light cylinder is thought to be mainly
toroidal with a dependence B ∼ sin θ/r (split monopole models:
Michel 1973) inside the wind. By prescribing such a field and an
isotropic mass flux, the energy flux for a cold ultra-relativistic
wind may be then written as

F(r, θ) = F0

& r0

r

'2 $
α0 + (1 − α0 + σ) sin2 θ

%
, (35)

where σ is the wind magnetization parameter, namely the ra-
tio of magnetic to kinetic energy fluxes computed at the equator
(Kennel & Coroniti 1984a), and F0 is the equatorial kinetic en-
ergy flux at the reference radius r0, to be derived in terms of L0,
α0, and σ by integrating Eq. (35) over a spherical surface of
radius r.

The value of σ is typically expected to be a small number
in order to match the predicted and observed nebular emission
(Kennel & Coroniti 1984b: σ = 3 × 10− 3 for the Crab Nebula),
thus one is left with the problem of how to convert a Poynting
flux dominated outflow near the pulsar to a kinetically dominated
wind before the termination shock (the so-called sigma paradox)
(see e.g. Arons 2004). One of the solutions proposed invokes
the presence a striped wind region around the equator, due to
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b′ = n′ × e′. Lorentz transformations give the electric field in the
observer frame as

e = γ
!
e′ − γ

γ + 1
(e′ · β)β − β × b′

"
, (28)

and by using Eqs. (20) and (21) we can express the required elec-
tromagnetic fields in terms of quantities defined in the observer
frame. After some calculations, the simple formula derived by
Lyutikov et al. (2003) is retrieved:

e ∝ n × q, q = B + n × (β × B). (29)

Notice that e lies in the plane of the sky, as expected, and that
q correctly reduces to B for non-relativistic fluid bulk motions.
We are now ready to derive the position angle χ in terms of the
components of q in the plane of the sky, which are

qY = (1 − βX)BY + βY BX, qZ = (1 − βX)BZ + βZ BX. (30)

The functions of the position angle appearing in Eqs. (25), (26)
may be written in terms of these as:

cos 2χ =
q2

Y − q2
Z

q2
Y + q2

Z

, sin 2χ = − 2qYqZ

q2
Y + q2

Z

· (31)

2.4. Spectral index maps and integrated spectra

In order to complete our set of diagnostic tools based on the
synthetic synchrotron emission obtained from numerical simu-
lations, we now turn to spectral properties. An interesting pos-
sibility is provided by maps of spectral index. This quantity is
defined as

αν(ν1, ν2, Y, Z) = − log[Iν(ν2, Y, Z)/Iν(ν1, Y, Z)]
log(ν2/ν1)

, (32)

for any given interval in frequency [ν1, ν2]. In general, due to
synchrotron radiative losses, this quantity is expected to in-
crease, thus the spectrum is expected to steepen, when moving
away from the source of ultra-relativistic particles (spectral soft-
ening).

Finally, integrated spectra (or net fluxes) are obtained by av-
eraging the specific intensity over the solid angle covered by the
source in the plane of the sky, which may be calculated as

Fν(ν) =
1
d2

# #
Iν(ν, Y, Z) dYdZ, (33)

where d is the distance of the astronomical object under consid-
eration.

Notice that both the above quantities related to spectral fea-
tures have a meaning only if synchrotron burn-off is modeled in
some way by the numerical simulation.

3. Pulsar wind model and initial settings

As anticipated in the Introduction, let us now apply our set
of diagnostic tools to the modeling of the inner structure of
PWNe. Axisymmetric 2-D simulations of the interaction of an
ultra-relativistic magnetized pulsar wind with supernova ejecta
expanding in the static interstellar medium were described in
Del Zanna et al. (2004), to which the reader is referred for all
the modeling details and for the results. Here we will calcu-
late the synchrotron emission from the results of new simula-
tions, obtained by using very similar settings. The numerical
code employed is described in Del Zanna & Bucciantini (2002),

Del Zanna et al. (2003), and Londrillo & Del Zanna (2004). It is
a shock-capturing code solving the ideal relativistic MHD equa-
tions in conservative form, to which Eq. (9) has been added. Note
that the effects of synchrotron radiative losses on the fluid to-
tal energy evolution are not taken into account. Radiative losses
would become important if the particles radiated away a consid-
erable fraction of the pulsar energy input to the nebula. However,
the radiated power is estimated to be of order 10% of the in-
stantaneous pulsar input in the case of the Crab Nebula, and
generally much smaller than this in the case of other PWNe, so
the condition of adiabaticity should generally be considered as a
good approximation.

Let us briefly summarize the initial conditions and the pul-
sar wind model in particular. The numerical box is made up of
400 cells in the radial direction, between r = 0.1 ly and r = 10 ly
(a logarithmic grid with 200 cells per decade is used to enhance
resolution in the inner region), and 100 cells in the latitudinal
direction, with polar angle θ defined in the first quadrant only
(symmetry conditions are applied at the equator θ = π/2). Within
an arbitrary radius of 0.2 ly we impose initially the wind condi-
tions, while the expanding ejecta, with linearly increasing ra-
dial velocity, occupy the region up to 1 ly. The (constant) wind
luminosity is taken to be L0 = 5 × 1038 erg s− 1, the energy
of the supernova explosion turned into kinetic energy of the
ejecta Eej = 1051 erg, and the total mass of the ejected mate-
rial Mej = 3 M⊙ . For similar settings and a description on the
(1-D) evolution of the PWN /SNR system see van der Swaluw
et al. (2001) and Bucciantini et al. (2003). The chosen values
were seen to provide an overall evolution compatible with that of
the Crab Nebula. Furthermore, the magnetic field B is assumed
to retain just the toroidal component, as in Kennel & Coroniti
(1984a), while the velocity ! is assumed to be always poloidal,
so that some of the relativistic corrections in Sect. 2.2 are sim-
plified since β · B = 0.

The latitudinal dependence of the wind energy flux is pro-
vided by the following choice for the wind bulk Lorentz factor

γ(θ) = γ0

$
α0 + (1 − α0) sin2 θ

%
, (34)

where γ0 = 100 is the equatorial value and α0 = 0.1 the
anisotropy parameter. Velocity is assumed to be in the radial di-
rection alone at t = 0. The residual magnetic field at large dis-
tances from the pulsar’s light cylinder is thought to be mainly
toroidal with a dependence B ∼ sin θ/r (split monopole models:
Michel 1973) inside the wind. By prescribing such a field and an
isotropic mass flux, the energy flux for a cold ultra-relativistic
wind may be then written as

F(r, θ) = F0

& r0

r

'2 $
α0 + (1 − α0 + σ) sin2 θ

%
, (35)

where σ is the wind magnetization parameter, namely the ra-
tio of magnetic to kinetic energy fluxes computed at the equator
(Kennel & Coroniti 1984a), and F0 is the equatorial kinetic en-
ergy flux at the reference radius r0, to be derived in terms of L0,
α0, and σ by integrating Eq. (35) over a spherical surface of
radius r.

The value of σ is typically expected to be a small number
in order to match the predicted and observed nebular emission
(Kennel & Coroniti 1984b: σ = 3 × 10− 3 for the Crab Nebula),
thus one is left with the problem of how to convert a Poynting
flux dominated outflow near the pulsar to a kinetically dominated
wind before the termination shock (the so-called sigma paradox)
(see e.g. Arons 2004). One of the solutions proposed invokes
the presence a striped wind region around the equator, due to
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b′ = n′ × e′. Lorentz transformations give the electric field in the
observer frame as

e = γ
!
e′ − γ

γ + 1
(e′ · β)β − β × b′

"
, (28)

and by using Eqs. (20) and (21) we can express the required elec-
tromagnetic fields in terms of quantities defined in the observer
frame. After some calculations, the simple formula derived by
Lyutikov et al. (2003) is retrieved:

e ∝ n × q, q = B + n × (β × B). (29)

Notice that e lies in the plane of the sky, as expected, and that
q correctly reduces to B for non-relativistic fluid bulk motions.
We are now ready to derive the position angle χ in terms of the
components of q in the plane of the sky, which are

qY = (1 − βX)BY + βY BX, qZ = (1 − βX)BZ + βZ BX. (30)

The functions of the position angle appearing in Eqs. (25), (26)
may be written in terms of these as:

cos 2χ =
q2

Y − q2
Z

q2
Y + q2

Z

, sin 2χ = − 2qYqZ

q2
Y + q2

Z

· (31)

2.4. Spectral index maps and integrated spectra

In order to complete our set of diagnostic tools based on the
synthetic synchrotron emission obtained from numerical simu-
lations, we now turn to spectral properties. An interesting pos-
sibility is provided by maps of spectral index. This quantity is
defined as

αν(ν1, ν2, Y, Z) = − log[Iν(ν2, Y, Z)/Iν(ν1, Y, Z)]
log(ν2/ν1)

, (32)

for any given interval in frequency [ν1, ν2]. In general, due to
synchrotron radiative losses, this quantity is expected to in-
crease, thus the spectrum is expected to steepen, when moving
away from the source of ultra-relativistic particles (spectral soft-
ening).

Finally, integrated spectra (or net fluxes) are obtained by av-
eraging the specific intensity over the solid angle covered by the
source in the plane of the sky, which may be calculated as

Fν(ν) =
1
d2

# #
Iν(ν, Y, Z) dYdZ, (33)

where d is the distance of the astronomical object under consid-
eration.

Notice that both the above quantities related to spectral fea-
tures have a meaning only if synchrotron burn-off is modeled in
some way by the numerical simulation.

3. Pulsar wind model and initial settings

As anticipated in the Introduction, let us now apply our set
of diagnostic tools to the modeling of the inner structure of
PWNe. Axisymmetric 2-D simulations of the interaction of an
ultra-relativistic magnetized pulsar wind with supernova ejecta
expanding in the static interstellar medium were described in
Del Zanna et al. (2004), to which the reader is referred for all
the modeling details and for the results. Here we will calcu-
late the synchrotron emission from the results of new simula-
tions, obtained by using very similar settings. The numerical
code employed is described in Del Zanna & Bucciantini (2002),

Del Zanna et al. (2003), and Londrillo & Del Zanna (2004). It is
a shock-capturing code solving the ideal relativistic MHD equa-
tions in conservative form, to which Eq. (9) has been added. Note
that the effects of synchrotron radiative losses on the fluid to-
tal energy evolution are not taken into account. Radiative losses
would become important if the particles radiated away a consid-
erable fraction of the pulsar energy input to the nebula. However,
the radiated power is estimated to be of order 10% of the in-
stantaneous pulsar input in the case of the Crab Nebula, and
generally much smaller than this in the case of other PWNe, so
the condition of adiabaticity should generally be considered as a
good approximation.

Let us briefly summarize the initial conditions and the pul-
sar wind model in particular. The numerical box is made up of
400 cells in the radial direction, between r = 0.1 ly and r = 10 ly
(a logarithmic grid with 200 cells per decade is used to enhance
resolution in the inner region), and 100 cells in the latitudinal
direction, with polar angle θ defined in the first quadrant only
(symmetry conditions are applied at the equator θ = π/2). Within
an arbitrary radius of 0.2 ly we impose initially the wind condi-
tions, while the expanding ejecta, with linearly increasing ra-
dial velocity, occupy the region up to 1 ly. The (constant) wind
luminosity is taken to be L0 = 5 × 1038 erg s− 1, the energy
of the supernova explosion turned into kinetic energy of the
ejecta Eej = 1051 erg, and the total mass of the ejected mate-
rial Mej = 3 M⊙ . For similar settings and a description on the
(1-D) evolution of the PWN /SNR system see van der Swaluw
et al. (2001) and Bucciantini et al. (2003). The chosen values
were seen to provide an overall evolution compatible with that of
the Crab Nebula. Furthermore, the magnetic field B is assumed
to retain just the toroidal component, as in Kennel & Coroniti
(1984a), while the velocity ! is assumed to be always poloidal,
so that some of the relativistic corrections in Sect. 2.2 are sim-
plified since β · B = 0.

The latitudinal dependence of the wind energy flux is pro-
vided by the following choice for the wind bulk Lorentz factor

γ(θ) = γ0

$
α0 + (1 − α0) sin2 θ

%
, (34)

where γ0 = 100 is the equatorial value and α0 = 0.1 the
anisotropy parameter. Velocity is assumed to be in the radial di-
rection alone at t = 0. The residual magnetic field at large dis-
tances from the pulsar’s light cylinder is thought to be mainly
toroidal with a dependence B ∼ sin θ/r (split monopole models:
Michel 1973) inside the wind. By prescribing such a field and an
isotropic mass flux, the energy flux for a cold ultra-relativistic
wind may be then written as

F(r, θ) = F0

& r0

r

'2 $
α0 + (1 − α0 + σ) sin2 θ

%
, (35)

where σ is the wind magnetization parameter, namely the ra-
tio of magnetic to kinetic energy fluxes computed at the equator
(Kennel & Coroniti 1984a), and F0 is the equatorial kinetic en-
ergy flux at the reference radius r0, to be derived in terms of L0,
α0, and σ by integrating Eq. (35) over a spherical surface of
radius r.

The value of σ is typically expected to be a small number
in order to match the predicted and observed nebular emission
(Kennel & Coroniti 1984b: σ = 3 × 10− 3 for the Crab Nebula),
thus one is left with the problem of how to convert a Poynting
flux dominated outflow near the pulsar to a kinetically dominated
wind before the termination shock (the so-called sigma paradox)
(see e.g. Arons 2004). One of the solutions proposed invokes
the presence a striped wind region around the equator, due to

Electric field

PA
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Main torus

Inner ring (wisps structure)

Knot

Back side of the inner ring

Each feature traces an emitting region

Knot

Ring

Torus
Hester et al. 1995 Komissarov & Lyubarky 2004
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Wisp moving outward 
Year long limit cycle 
Variability in the knot 
Bubble in the jet v~ 0.6 c 

Slane 05, DeLaney 06

Variability in the knot structure 
Jet feature moving at 0.6 c 
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Instability of the shear layers 
creates eddies at the rim 

shock 

Eddies are advected outward 
and a toroidal pressure wave 

is launched 

There is no wave reflection 
from the boundary 

Waves reflected on the axis 
modulate the TS shape 

The equatorial channel is 
kink unstable
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Outgoing wave pattern 

Large luminosity variations 

Features slow down as they 
move outward 

Variability observed both in the 
knot and in the sprite 

Pressure waves produce 
variability in the axial 

emissivity 

Large striped wind are favored 
to produce a bright torus
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Wisps of the Crab Nebula 5

Figure 4. The left panel shows the fragment of time-series data for the comoving magnetic field (in arbitrary units) at the reference cell
with coordinates r = 1.75 lyr, � = 87�. Time is measured from the start of sampling. The middle panel shows the structure function of
this time-series. The right panel shows the real part of its wavelet transform using the Morlet mother wavelet; the dashed line corresponds
to the cone of influence.

shock. Thus, the variations of the termination shock struc-
ture and the variability of the flow in the nebula feed on
each other and at this stage it is quite impossible to distin-
guish between the cause and the e�ect (this is analogous to
the famous “hen and egg” problem ). This behaviour of the
PW termination shock is reminiscent of that of the accre-
tion shock in problems involving supersonic accretion (e.g.
Blondin et al. 2003; Buras et al. 2006; Scheck et al. 2008) and
suggests the possibility of common origin. The characteristic
time scale of the large scale variations is around 1-2 years.
This makes sense as the length scale of the termination shock
is about one light year and the speed of magnetosonic waves
is close to the speed of light.

In contrast to the PW, the equatorial symmetry in the
PWN is completely broken and often the fluid elements
blown by the wind into the southern hemi-sphere (in Fig.2
they are coloured in blue) end up in the northern hemi-
sphere, and the other way around. Similarly strong break-
downs of equatorial symmetry have been observed in the
simulations of stellar collapse (e.g. Scheck et al. 2008; Komis-
sarov 2009). This seems to be a general rule for the problems
where the shocked plasma is confined to a finite or slowly
expanding volume.

As expected, and in agreement with previous simula-
tions, the predominant motion near the equatorial plane is
an outflow. The typical speed of this outflow inside the in-
ner 2 lyr is around 0.6c. The outflow is highly inhomogeneous
with regions of strong magnetic field following regions of rel-
atively weak field. Such, strong variations in magnetic field
strength lead to strong variations of synchrotron emissivity
and ultimately to the phenomenon of expanding wisps (see
Figure 3). Further out, but well before reaching the super-
nova shell the outflow slows down and mixes with the rest
of the PWN.

Above the equatorial plane a backflow with superim-
posed vortexes can also be seen. This seems to be the rea-
son for the contracting wisps occasionally observed in these
simulations. Closer to the symmetry axis, with r < 0.5 lyr,
another backflow is seen. Like in the previous simulations,
this flow originates from the highly-magnetized layers of re-

cently shocked plasma of the pulsar wind. The strong mag-
netic hoop stress in these layers stops the outflow and turns
it back towards the axis. The resultant axial compression
drives the polar jets in a fashion reminiscent of the tooth-
paste flow. The axial pinch is rather nonuniform and the
flow structure at the jet base is highly variable. One can in-
terpret this variability as the development of the “sausage”
instability enhanced by the fact that the backflow is already
highly inhomogeneous and the instability is in the non-linear
regime from the start. The converging magnetosonic com-
pression waves, which originate in the dynamically active
region around the equatorial outflow, also contribute to this
process. In the synthetic synchrotron maps this region often
shows relatively compact and bright variable features (see
Figure 3) which look similar to the Crab’s “sprite” (Hester
et al. 2002).

The variability of the Crab Nebula emission was inves-
tigated by Hester et al. (2002) via subtraction of two images
separated by approximately 109 days. In particular, an out-
ward moving wisp appears on the resultant image as a dark
wisp followed by a bright one. In Fig.3 we apply the same
technique to our synthetic optical images. The dynamics of
simulated wisps is remarkably similar to the that of the real
ones. In agreement with the observations, the typical appar-
ent speed of the wisps is � 0.5c within the inner � 2 lyr (In
the mapping procedure we ignore the time-delay e�ect.).
Further out the apparent speed of the wisps significantly
decreases and we often observe wisp mergers like those de-
scribed in Hester et al. (2002). Such behaviour agrees with
the interpretation of wisps as magnetic inhomogeneities ad-
vected by a nonuniform decelerating subsonic flow.

Having observed the wisp production in our RMHD
simulations, we then quantitatively analysed the nature of
the nebula variability in order to establish whether the shock
dynamics and associated synchrotron emission show any pe-
riodicity, and if not, to determine the statistical nature of
the fluctuations. A number of time-series were constructed
by measuring fluid parameters at the point with coordinates
(r, �) = (1.75 lyr, 87�) after each local time-step. The left
panel of Fig.4 shows part of such time series for the co-

c� 0000 RAS, MNRAS 000, 000–000

Wilson-Hodge et al. 2010

– 17 –

Fig. 5.— Composite Crab light curve for RXTE/PCA (15-50 keV - black diamonds),

Swift/BAT (14-50 keV - red filled circles), Fermi/GBM (15-50 keV - open blue squares),

INTEGRAL/ISGRI (18-40 and 40-100 keV - green triangles and purple asterisks, respec-

tively.) Each data set has been normalized to its mean rate in the time interval MJD

54690-54790. All error bars include only statistical errors.

 ~2yr timescale

HE emission traces the 
shock dynamics
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Figure 2. All plots show the azimuthal component of magnetic field in CGS units and clearly illustrate the non-linear dynamics of the termination shock.
The left-hand panel shows a stage at which the termination shock is fully inflated (t = 912.3 yr). The middle panel shows the northern shock structure being
distorted (t = 926.6 yr). The right-hand panel shows the shock complex to be highly compressed (t = 933.1 yr).

In contrast to the PW, the equatorial symmetry in the PWN is
completely broken and often the fluid elements blown by the wind
into the Southern hemisphere (in Fig. 2 they are coloured in blue)
end up in the Northern hemisphere, and the other way around.
Similarly strong breakdowns of equatorial symmetry have been
observed in the simulations of stellar collapse (e.g. Scheck et al.
2008; Komissarov 2009). This seems to be a general rule for the
problems where the shocked plasma is confined to a finite or slowly
expanding volume.

As expected, and in agreement with previous simulations, the pre-
dominant motion near the equatorial plane is an outflow. The typical
speed of this outflow inside the inner 2 light-year is around 0.6c.
The outflow is highly inhomogeneous with regions of strong mag-
netic field following regions of relatively weak field. Such strong
variations in magnetic field strength lead to strong variations of syn-
chrotron emissivity and ultimately to the phenomenon of expanding
wisps (see Fig. 3). Further out, but well before reaching the super-

nova shell, the outflow slows down and mixes with the rest of the
PWN.

Above the equatorial plane, a backflow with superimposed vor-
texes can also be seen. This seems to be the reason for the con-
tracting wisps occasionally observed in these simulations. Closer
to the symmetry axis, with r < 0.5 light-year, another backflow is
seen. Like in the previous simulations, this flow originates from the
highly magnetized layers of recently shocked plasma of the PW.
The strong magnetic hoop stress in these layers stops the outflow
and turns it back towards the axis. The resultant axial compression
drives the polar jets in a fashion reminiscent of the tooth-paste flow.
The axial pinch is rather non-uniform and the flow structure at the
jet base is highly variable. One can interpret this variability as the
development of the ‘sausage’ instability enhanced by the fact that
the backflow is already highly inhomogeneous and the instability
is in the non-linear regime from the start. The converging mag-
netosonic compression waves, which originate in the dynamically

Figure 3. The left-hand panel shows the synthetic optical synchrotron image of the simulated PWN at time 911.0 years (linear scale). The right-hand panel
shows the difference between two optical images obtained at the same epoch and separated by approximately 105 days.

C⃝ 2009 The Authors. Journal compilation C⃝ 2009 RAS, MNRAS 400, 1241–1246

FIGURE 4. Variability in the wips region due to ion compression [83]. The pictures represent the X-ray luminosity at three
different instants. Notice the bright features moving outward.

FIGURE 5. The Plot show the X-ray luminosity, based on
MHD simulations, along the axis of a PWN as a function of
time. Note the 2-year quasi periodicity in the wisps region and
for the knot. Features appear to move out from the inner TS
region. the propagation velocity is ∼ 0.5c in the interior and
slows down at larger distances.

TIME VARIABILITY

The former discussion has focused on the explanation
of the main observed features, that appear to be quite
persistent on long time-scale. However it is known that
PWNe show a short time variability at high energies.
Variability of the wisps in the Crab Nebula has been
known since the first high resolution observations [45,
12]. The jet in Vela appears to be strongly variables
[71, 72], and there is evidence for variability of the main

rings [73]. Variability is also observed in the jet of Crab
[70, 59], and B1509 [31]. B1509 shows also variability
in the inner ring. Variability in the jet, which usually
has time-scale of years, has been associated to kink or
sausage modes in the strong toroidal filed, or even to
fire-hose instability [84] in the case of Vela. On the other
hand the wisps show variability on time-scale of months,
much shorter than typical sound crossing time, in the
form of an outgoing wave pattern, and recent results for
the Crab Nebula suggest the presence of a year-long duty
cycle.
moreFor a long time the only model capable of repro-

ducing the observed variability was the one proposed by
Spitkovsky & Arons [83]. The model is based on the as-
sumption that ions (or high energy electrons) are present
in the equatorial region of the wind. The presence of ions
is consistent with the fact that, in kinetic simulations of
acceleration in a strong shock, a pure pair plasma do not
produce any power-law distribution [2]. Given that ions
have a much larger larmor radius, of order of the size
of the wisp region, they introduce a substantial deviation
from a pure fluid picture: electrons are compresses by
the gyration of ions and emission is enhanced. By select-
ing the fraction of energy in the ion component one can
reproduce the observed time scale variability and the av-
erage distance between the torus and inner wisps. How-
ever results are based on a simplified 1D model that does
not take into account the energy flux anisotropy, and the
shape of the TS.
MHD nebular models however show the presence of

high velocity flow channels inside the nebula, and it is
possible that shear instabilities can be at the origin of
the observed variability[27, 7]. It was already noted in
simulations by Bogovalov et al. [18] that the synchrotron
emissivity inside the nebula varies. Results by Komis-
sarov & Lyubarsky [57] also suggest that the flow might
have a feedback action on the TS, causing it to change

There is a general 
tendency for outgoing 

wave pattern

Inner Chandra ring looks more stable 
Outgoing velocity is lower in the torus 
Variability is observed also in the knot

xxxxxxxxxxxxxxxxxx      

6 T. Schweizer et al.

Figure 6. The radial positions of the wisp peaks as a function
of time. Red and blue are used to indicate an optical or an X-ray
wisp respectively. The symbols are the as in same as in Fig. 5.

observation took place at any time within the 10 day interval
the data were included as a column in the figure. For short
gaps in the time sequence, we performed a linear average of
the closest columns that contain data. Thus, if there was a
two column gap, we would add two thirds of the previous
observation to one third of the following observation to fill
in the first missing column. For the second missing column,
the weights were reversed. If the wisps in two data sets over-
lap, this method will cause the wisp to appear to move from
the location in the first data set to the location seen in the
second across the gap. If the features do not overlap, then
features in the first data set will appear to fade as new fea-
tures appear to grow. We have determined that the gap in
the summer break is too long for our interpolation method
to work and thus they are empty.

All the features seen in Fig. 5 can also be seen pictori-
ally in Fig. 7. Note that the width of neighboring peaks in
the X-ray and optical do not appear to be correlated. In the
X-ray portion of Fig. 7 we also see the slow outward motion
of the outer boundary where the color changes from green to
blue. This boundary is close to 2000 from the pulsar for the
earliest observations, yet moves to near 2500 by the end of
the sequence. This outward motion of the boundary roughly
matches the apparent outward motion of the brighter wisps.
Finally, some X-ray peaks do not appear to have nearby
optical companion. As a conclusion we can state that the
positions of the optical wisps do not align with the posi-
tions of the X-ray wisps. That would seem to imply that the
individual evolution of optical and X-ray wisps are di↵erent.
Fig. 7 also makes it clear that new wisps form in the inner
region roughly once per year.

3.3 Analysis of the azimuthal profile of the wisps

Good statistics for the optical data allow us to measure the
azimuthal intensity profile for each observation. The wisps
have an ellipse-like shape in the azimuthal direction around
the pulsar, presumably because they are formed in a ring
more or less in the equatorial plane of the pulsar. In X-rays
one finds that the aspect ratio of the innermost ellipse (the

Figure 7. The two panels compare the radial evolution of the
optical (upper panel) and X-ray (lower panel) wisps. For clarity,
data were interpolated between observations but not across the
large gaps imposed by sun constraints. The unit for the color
scale are µJ/arcsec2 for the upper panel and counts for the lower
panel.

Figure 8. The azimuthal distributions of two optical wisps ob-
served on the 13th of April 2011 at distances of 8.000 and 10.100

from the pulsar. The angle is the azimuthal angle of the depro-
jected ellipse. Zero degrees was set by the peak of the distribution.

c� 2012 RAS, MNRAS 000, 1–11

Optical

X-rays
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Not from the pulsar!
Top row shows off-pulse phases only.
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April 2011 Flare Spectrum

• Flare spectrum: Power law (index 1.6), exponential cut-off at 580 MeV
• Pulsar-like, but no sign of pulsations in flare photons.
• 5 times brighter than previous flare

           (from Rolf Bueler and the Fermi LAT team)

Not from pulsar : 

- flares are not pulsed or in 
phase 

- no variations in the timing 
residual

Unlikely MHD origin like the 
slow variability of the wisps: 

- MHD effects are achromatic 
- size of the accelerator is 

very small (day-light) 
- unlikely high magnetic field 
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Configurations with a purely toroidal field are unstable for current 
driven (kink) instability
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L50 O. Porth, S. S. Komissarov and R. Keppens

Figure 2. Left-hand panel: 3D rendering of the magnetic field structure in the model with σ 0 = 3 at t ≃ 70 yr after the start of the simulation. Magnetic field
lines are integrated from sample points starting at r = 3 × 1017cm. Colours indicate the dominating field component, blue for toroidal and red for poloidal.
Right-hand panel: azimuthally averaged ᾱ ≡ ⟨B2

p/B2⟩φ for the same model.

inside towards the wind origin, reflecting the artificial nature of our
initial configuration. Soon after, it re-bounces and begins to expand
at a much slower rate, gradually approaching its asymptotic self-
similar position (Rees & Gunn 1974). For an unmagnetized wind,
σ 0 = 0, its equatorial radius at this stage evolves as

r0 ≃
√

2rn

! vn

c

"1/2
#

1 −
$

1 + vnt

ri

%−2
&−1/2

, (8)

where vn is the expansion rate of the PWN and t is the time since the
start of the simulations. One can see that the time-scale of transition
to the self-similar expansion is ∼ri/vi, which is ≃210yr for the
parameters of our simulations. We do not yet fully reach the self-
similar phase in 3D simulations and hence use this solution as a
reference.

The simulations are performed with MPI-AMRVAC (Keppens et al.
2012), solving the set of special relativistic MHD conservation laws
in Cartesian geometry. We employ a cubic domain with edge length
of 2 × 1019cm, large enough to contain today’s Crab nebula. Out-
flow boundary conditions allow plasma to leave the simulation box.
The adaptive mesh refinement starts at a base level of 643 cells and
is used to resolve the expanding nebula bubble with a cell size of
$x = 1.95 × 1016cm (on the fifth level). Special action is taken to
properly resolve the termination shock and the flow near the origin.
To this end, additional grid levels centred on the termination shock
are automatically activated, depending on the shock size. For the
simulations shown here, the shock is thus resolved by 3–4 extra
grid levels (resulting in 8–9 levels in total) on which we employ
a more robust minmod reconstruction in combination with Lax–
Friedrich flux splitting. 2D comparison simulations are performed
with equivalent numerical setup and differ only in the use of cylin-
drical coordinates in the r, z plane.

3 R ESULTS

In basic agreement with the simulations by Mizuno et al. (2011),
the highly organized coaxial configuration of magnetic field, char-
acteristic of previous 2D simulations of PWN, is largely destroyed

in our 3D models. However, the azimuthal component is still dom-
inant in the vicinity of the termination shock, in the region roughly
corresponding to Crab’s torus (see Fig. 2), which is filled mainly
with ‘fresh’ plasma which is just on its way from the termination
shock to the main body of the nebula. As we have pointed out in
Section 1, the emission of this plasma could be behind the strong
polarization observed in the central region of the Crab nebula. This
figure also shows predominantly poloidal magnetic field in the out-
skirts of PWN, close to the equator. However, the magnetic field is
rather weak in this region.

Also in agreement with Mizuno et al. (2011), the total pressure
distribution of our 3D solutions is much more uniform compared
to 2D solutions of the same problem. As a result, the expansion of
PWN in 3D is more or less isotropic, whereas in 2D the artificially
enhanced axial compression due to the magnetic hoop stress pro-
motes notably faster expansion in the polar direction. As one can
see in Fig. 3, by the end of the simulations, the 2D solution with
σ 0 = 3 begins to exhibit a jet breakout, similar to those observed
in the earlier 2D simulations of highly magnetized young PWN
of magnetars (Bucciantini et al. 2007, 2008), with application to
gamma-ray bursts.

Fig. 4 shows the evolution of the equatorial radius of the ter-
mination shock with time in all our simulations together with the
analytical prediction from equation (8). We anticipated that in 3D
the shock radius turns out to be similar to that given by the analytical
model for unmagnetized wind, as this was suggested in Begelman
(1998). This is indeed the case, but Fig. 4 also shows that the size of
the termination shock exhibits only a weak dependence on the initial
magnetization σ 0, once σ 0 ≥ 1. However, we also expected to find
a much smaller shock radius in 2D simulations, as their symme-
try prevents the development of the key process in the Begelman’s
theory, the kink instability. What we have actually found is that,
although in our 2D simulations the shock radius is indeed smaller,
the difference is not dramatic.

An explanation for this result is suggested by Fig. 5, which shows
the ratio of magnetic to thermal energy of simulated PWN in our
numerical models. One can see that, not only do our 3D solutions
exhibit significant magnetic dissipation, which agrees with Mizuno

 at inaf on M
ay 16, 2013

http://m
nrasl.oxfordjournals.org/

D
ow

nloaded from
 

3D allows for 
anisotropy/
asymmetry

Inner region still 
axisymmetric  

 Torus-Jet

Less ordered field in 
outer region

Olmi et al 2017



N. Bucciantini: DIAS Dublin 2018

Polarized Intensity

!40

HST ACS Polarization 
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Coherent magnetic field 
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Base of the jet is unpolarized  
Most dinamical region of the PWN
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Optical polarimetry of the inner Crab nebula 2569

Table 3. Polarization P.A.s (◦) of the Crab pulsar, synchrotron knot and wisps as a function of time. Wisp 1-A is
unresolved from 2005 Sep 06 to 2005 Oct 12 inclusive.

Date Crab Knot Wisp 1-A Wisp 1-B Wisp 1-C Thin Wisp Counter Wisp

2005 Sept 06 103.5 ± 5.9 123.9 ± 3.5 124.8 ± 2.6 129.1 ± 4.0 128.0 ± 3.1 131.5 ± 3.9
2005 Sept 15 103.2 ± 5.9 124.7 ± 3.4 123.7 ± 2.5 124.7 ± 3.8 125.4 ± 3.3 128.1 ± 3.7
2005 Sept 25 106.6 ± 5.4 125.0 ± 3.3 125.7 ± 2.8 125.6 ± 3.3 125.7 ± 3.5 128.6 ± 3.7
2005 Oct 02 103.5 ± 5.8 125.1 ± 3.2 126.5 ± 3.1 125.6 ± 3.4 126.3 ± 3.5 128.6 ± 3.7
2005 Oct 12 102.6 ± 6.4 124.9 ± 3.2 129.5 ± 3.0 129.8 ± 3.7 127.7 ± 4.2 131.0 ± 3.9
2005 Oct 22 109.7 ± 6.7 125.7 ± 3.1 124.8 ± 3.1 127.2 ± 2.8 125.5 ± 3.8 124.2 ± 3.6 126.7 ± 3.5
2005 Oct 30 104.6 ± 5.8 125.7 ± 3.0 125.0 ± 3.0 130.3 ± 3.0 127.8 ± 3.9 126.8 ± 4.0 129.6 ± 3.8
2005 Nov 08 106.6 ± 5.7 125.4 ± 2.9 123.4 ± 3.0 130.6 ± 2.8 129.3 ± 3.3 127.1 ± 4.1 130.7 ± 3.9
2005 Nov 16 108.0 ± 5.1 124.7 ± 3.1 124.5 ± 3.0 130.0 ± 3.0 129.6 ± 3.2 128.0 ± 4.0 131.5 ± 3.8
2005 Nov 25 102.2 ± 5.1 125.4 ± 3.3 125.5 ± 3.0 127.4 ± 3.5 130.2 ± 3.3 125.9 ± 4.1 129.5 ± 4.1
2005 Dec 05 107.5 ± 4.9 121.6 ± 4.2 122.0 ± 3.3 125.7 ± 3.0 130.5 ± 3.2 124.4 ± 3.5 127.3 ± 4.4
2005 Dec 14 102.5 ± 5.7 119.9 ± 4.3 132.6 ± 5.1 131.4 ± 4.2 134.4 ± 3.1 139.2 ± 4.2 143.2 ± 4.0

Table 4. P.D. (per cent) of Trimble 28 and the background stars as a function
of time.

Date Trimble 28 Star 1 Star 2 Star 3 Star 4

2005 Sept 06 1.0 ± 0.7 1.5 ± 1.3 0.9 ± 0.9 1.6+2.8
− 1.6 3.4+3.7

− 3.4

2005 Sept 15 1.1 ± 0.6 2.4 ± 1.3 1.2 ± 0.9 2.6+2.8
− 2.6 3.4+3.7

− 3.4

2005 Sept 25 1.7 ± 0.7 2.4 ± 1.4 1.0 ± 0.9 2.7+2.8
− 2.7 3.3+3.7

− 3.3

2005 Oct 02 1.1 ± 0.6 3.1 ± 1.3 1.2 ± 0.9 1.7+2.8
− 1.7 2.8+3.6

− 2.8

2005 Oct 12 0.9 ± 0.7 2.0 ± 1.3 0.9 ± 0.9 2.0+2.8
− 2.0 2.2+3.7

− 2.2

2005 Oct 22 2.1 ± 0.7 2.5 ± 1.3 1.5 ± 0.9 2.9 ± 2.8 4.3 ± 3.7

2005 Oct 30 0.7 ± 0.6 1.5 ± 1.3 1.4 ± 0.9 2.0+2.8
− 2.0 2.7+3.7

− 2.7

2005 Nov 08 1.2 ± 0.7 2.3 ± 1.4 0.7+0.9
− 0.7 3.3 ± 2.8 3.7 ± 3.7

2005 Nov 16 1.6 ± 0.7 1.2+1.3
− 1.2 1.6 ± 0.9 2.1+2.8

− 2.1 1.8+3.7
− 1.8

2005 Nov 25 1.5 ± 0.7 2.0 ± 1.4 1.5 ± 0.9 2.5+2.9
− 2.5 3.5+3.8

− 3.5

2005 Dec 05 1.8 ± 0.7 2.2 ± 1.4 1.2 ± 0.9 2.2+2.9
− 2.2 3.0+3.8

− 3.0

2005 Dec 14 1.9 ± 0.7 2.5 ± 1.4 1.5 ± 0.9 1.3+2.9
− 1.3 1.5+3.7

− 1.5

We have investigated the effects of photometric losses due to
charge transfer efficiency (CTE) in the CCDs of the WFC. The
effect reduces the apparent brightness of sources, and it requires a
photometric correction to restore the measured integrated counts to
their ‘true’ value. The ACS team claims that there is no evidence
of photometric losses due to CTE for WFC data taken after 2004.
Nonetheless, we applied the correction for CTE (see equation 8) to
our photometry and found that it does not change the results of the
polarimetry. Below is the formula for the correction for CTE loss.
This value is then added to the measured flux.

YCTE = 10A × SkyB × FluxC × Y

2048
× (MJD − 52333)

365
, (8)

where MJD is the modified Julian date of the observation, and
reflects the linear degradation of the CCD with time. The parameters
A, B and C are found in table 6.1 of the ACS Instrument Handbook
(Pavlovsky et al. 2004).

In order to determine the performance of the ACS as a polarime-
ter, the ACS team have modelled the complete instrumental effects
and the calibration together. This is done so as to quantify the im-
pacts of the remaining uncalibrated systematic errors. They claim
that the fractional polarizations will be uncertain at the one-part-
in-ten level (e.g. a 20 per cent polarization has an uncertainty of
2 per cent) for strongly polarized targets; and at about the 1 per cent
level for weakly polarized targets. The P.A.s will have an uncer-
tainty of about 3◦. This is in addition to uncertainties which arise

Figure 4. HST/ACS image of the vicinity of the Crab pulsar (2005 Nov 25,
FOV ≈ 25 × 33 arcsec2), with features labelled for discussion.

from photon statistics (Pavlovsky et al. 2004). They then checked
this calibration against polarized standard stars (5 per cent polar-
ized) and found it to be reliable within the quoted errors (Cracraft
& Sparks 2007).

2.3 Photometry and morphology of the knot
in unpolarized light

We also retrieved from the MAST archive a series of 12 ACS/WFC
data sets, collected through the F550M filter (λ = 558.15 nm, "λ =
54.70 nm) at the same epoch as the polarimetric observations (from
2005 September 6 to 2005 December 14). Each observation con-
sists of a sequence of two images collected in a single orbit, to
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Table 6. Overall results for the P.D. (per cent) and P.A. (◦). These are
the weighted mean and error of the degree of polarization and P.A.

Polarization degree (per cent) Position angle (◦)

Pulsar 5.2 ± 0.3 105.1 ± 1.6
Synchrotron knot 59.0 ± 1.9 124.7 ± 1.0
Wisp 1-A 39.8 ± 1.6 124.7 ± 1.2
Wisp 1-B 43.0 ± 1.3 127.4 ± 0.9
Wisp 1-C 38.5 ± 1.3 128.8 ± 1.0
Thin Wisp 36.7 ± 1.4 127.1 ± 1.0
Counter Wisp 40.6 ± 1.5 130.3 ± 1.1
Trimble 28 1.6 ± 0.2 147.5 ± 3.7
Star 1 2.3 ± 0.4 147.7 ± 5.2
Star 2 1.2 ± 0.3 128.3 ± 5.9
Star 3 1.6 ± 0.7 144.0 ± 10.2
Star 4 2.2 ± 1.0 144.8 ± 9.9

Figure 7. Polarization vector map of the vicinity of the Crab pulsar super-
imposed on the nebula (2005 Nov. 25, FOV ≈ 25 × 33 arcsec2). The location
of the pulsar and inner knot is marked by the circle. The legend shows the
vector magnitude for 50 per cent polarization.

the analysis with simple aperture photometry, using an aperture of
0.15 arcsec positioned on the knot centroid (as measured in each
epoch). Such an exercise yielded consistent results (∼40 per cent
brightening in two months), confirming the significant variability
in flux.

4 D ISCUSSION

We have studied the phase-averaged polarization properties of
the Crab pulsar and its nearby synchrotron knot using archival
HST/ACS data. We note that the data set analysed in this paper
has previously been used by Hester (2008) to examine the morphol-
ogy and structure of the polarized components of the inner nebula.
However, we have produced polarization vector maps of the inner

Figure 8. Results of photometry on the knot as well as on a sample of field
stars. A large flux variability for the knot is apparent, with a ∼40 per cent
brightening on a two-month time-scale.

nebula and measured, for the first time, the P.D. and the P.A. of
the pulsar’s integrated pulse beam, and of its nearby synchrotron
knot. Furthermore, this work marks the first high-spatial resolution
multi-epoch study of the variability of the polarization of the inner
nebula and pulsar.

The results for the Crab pulsar are P.D. = 5.2 ± 0.3 per cent,
and P.A. = 105.◦1 ± 1.◦6 (see Table 6). These values are in good
agreement with those of Słowikowska et al. (2009) using the high
time resolution photo-polarimeter – Optical Pulsar Timing Analyzer
(OPTIMA)4 (Kanbach et al. 2008), once the constant component
(DC) is subtracted. They measure phase-averaged values of P.D. =
9.8 ± 0.1 per cent, and P.A. = 109.◦5 ± 0.◦2, which is not DC sub-
tracted and includes the emission from the inner knot due to the
OPTIMA aperture. They measure values of P.D. = 5.4 per cent, and
P.A. = 96.◦4 after DC subtraction, and it is this latter measurement
that agrees with our own. The optical polarization of the Crab pulsar
has also been measured by Wampler et al. (1969) (P.D. = 6.5 ±
0.9 per cent, P.A. = 107.◦0 ± 6.◦0), and Kristian et al. (1970) (P.D. =
6.8 ± 0.5 per cent, P.A. = 98.◦0 ± 3.◦0).

We note that the polarization of the inner knot (59.0 ±
1.9 per cent) is a factor of 2 larger than the off-pulse polarization
of 33 per cent obtained from OPTIMA observations (Słowikowska
et al. 2009) and consistent with the older measurements of Jones
et al. (1981) (70 per cent) and Smith et al. (1988) (47 ± 10 per cent).
This discrepancy is partially due to the uncertainty of determining

4 http://www.mpe.mpg.de/OPTIMA
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Figure 7. Polarization vector map of the vicinity of the Crab pulsar super-
imposed on the nebula (2005 Nov. 25, FOV ≈ 25 × 33 arcsec2). The location
of the pulsar and inner knot is marked by the circle. The legend shows the
vector magnitude for 50 per cent polarization.

the analysis with simple aperture photometry, using an aperture of
0.15 arcsec positioned on the knot centroid (as measured in each
epoch). Such an exercise yielded consistent results (∼40 per cent
brightening in two months), confirming the significant variability
in flux.

4 D ISCUSSION

We have studied the phase-averaged polarization properties of
the Crab pulsar and its nearby synchrotron knot using archival
HST/ACS data. We note that the data set analysed in this paper
has previously been used by Hester (2008) to examine the morphol-
ogy and structure of the polarized components of the inner nebula.
However, we have produced polarization vector maps of the inner

Figure 8. Results of photometry on the knot as well as on a sample of field
stars. A large flux variability for the knot is apparent, with a ∼40 per cent
brightening on a two-month time-scale.

nebula and measured, for the first time, the P.D. and the P.A. of
the pulsar’s integrated pulse beam, and of its nearby synchrotron
knot. Furthermore, this work marks the first high-spatial resolution
multi-epoch study of the variability of the polarization of the inner
nebula and pulsar.

The results for the Crab pulsar are P.D. = 5.2 ± 0.3 per cent,
and P.A. = 105.◦1 ± 1.◦6 (see Table 6). These values are in good
agreement with those of Słowikowska et al. (2009) using the high
time resolution photo-polarimeter – Optical Pulsar Timing Analyzer
(OPTIMA)4 (Kanbach et al. 2008), once the constant component
(DC) is subtracted. They measure phase-averaged values of P.D. =
9.8 ± 0.1 per cent, and P.A. = 109.◦5 ± 0.◦2, which is not DC sub-
tracted and includes the emission from the inner knot due to the
OPTIMA aperture. They measure values of P.D. = 5.4 per cent, and
P.A. = 96.◦4 after DC subtraction, and it is this latter measurement
that agrees with our own. The optical polarization of the Crab pulsar
has also been measured by Wampler et al. (1969) (P.D. = 6.5 ±
0.9 per cent, P.A. = 107.◦0 ± 6.◦0), and Kristian et al. (1970) (P.D. =
6.8 ± 0.5 per cent, P.A. = 98.◦0 ± 3.◦0).

We note that the polarization of the inner knot (59.0 ±
1.9 per cent) is a factor of 2 larger than the off-pulse polarization
of 33 per cent obtained from OPTIMA observations (Słowikowska
et al. 2009) and consistent with the older measurements of Jones
et al. (1981) (70 per cent) and Smith et al. (1988) (47 ± 10 per cent).
This discrepancy is partially due to the uncertainty of determining

4 http://www.mpe.mpg.de/OPTIMA
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Crab X-ray Polarization
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Crab nebula is the only source for which there is an X-ray 
polarization measure - Weisskopf et al. 1978 

PF ~ 19% 
PA ~155 deg

71 hr

POGO+ Chauvin et al 2017     
PF ~ 21% (20-240keV) 

PA ~ 131 deg

INTEGRAL/IBIS and optical observations of the Crab nebula/pulsar polarisation Paul Moran

Figure 3: Left: HST/ACS image of the Crab Nebula (1.760⇥1.70, 2005 Sep 06). Right: Polarisation vector
map of the Crab Nebula superimposed on the nebula. The legend shows the vector magnitude for 50%
polarisation. The location of the pulsar and knot is marked by the red circle.

Figure 4: Left: Polarisation vector map of the vicinity of the Crab pulsar and wisp region superimposed
on the nebula. The legend shows the vector magnitude for 50% polarisation. The location of the pulsar
and knot is marked by the red circle. Right: Close up of the Crab pulsar region with the synchrotron knot
located ⇡ 0.6500 SE of the pulsar. The vectors included are as follows: spin-axis vector (SA) (124± 0.1�)
(Ng & Romani 2004), proper motion vector (PM) (110±2±9�) (Kaplan et al. 2008), and the polarisation
position angles of the pulsar (105.97± 2.00�) and synchrotron knot (126.86± 0.23�). Also, included is
the INTEGRAL/IBIS measurement of the position angle during the off-pulse and bridge emission phases
(OP+B) (122.0±7.7�) (Forot et al. 2008).

6

Integral Moran et al 2013 
PF ~ 60-90% (300-450keV) 

PA ~ 115 deg

Weisskopf et al 1978
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78 INTERACTION WITH THE ENVIRONMENT

4.2.3 PWNe Evolution

In this section we will develop a simplified model for the evolution of a PWN inside its parent SNR. A young
SNR can be described as a radially expanding sphere of ejecta (Fig. 4.4). As the ejecta expand following the
SN explosion, their density will scale as r

�3. On the other hand for a non relativistic fluid p / ⇢
5/3 so that

p/⇢ / r
�2. It is reasonable to assume at the ejecta are cold, and to neglect their pressure. We have seen in the

previous section, that a PWN can be modelled as a subsonic bubble, of relativistic plasma with p � ⇢c
2. We have

also seen that the confinement inside the SNR can only be achieved if the PWN is pressure dominated (reaching
magnetic equipartition only at the edge). This implies that the nebular pressure is almost constant inside. We will
then assume that inside the PWN the pressure is constant and neglect the magnetic field.

R

PSR 
WIND

PWN

SWEPT
SHELL

EJECTA

SNR 
SHELL

ISM

ISM

SNR 
SHELL

EJECTA

PWN

SWEPT
SHELL

PSR 
WIND

TS

Figure 4.4: Left panel: schematic representation of a PWN-SNR system in the early stages of evolution, when the
PWN expands inside the cold SNR ejecta. Right panel: same as left panel but now we show the typical density
structure. Various regions are shown in different colors. The yellow boundary marked as TS is the termination
shock.

4.2.3.1 The SN Ejecta We begin by modeling the structure of the density of the ejecta, as a function of the
radial coordinate r and the time t. For simplicity let us look for a self-similar solution of the form ⇢ej / t

�↵
r
� ,

with ↵ < 3 for the total ejecta mass to be finite. On the other hand we search a solution for the ejecta velocity as
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Phase I: Free Expansion in Ejecta
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 Continuous energy injection - High synchrotron luminosity 
 PWN expands supersonically, RPWN ∝ t 6/5 
 Pulsar at the center of PWN

SNR G21.5-0.9  (X-rays) 
Matheson & Safi-Harb 2005

SNR G11.2-0.3 (X-rays)  
Kaspi et al. 2001
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 Reverse interacts with PWN after time  

 Compression; synchrotron burn-off at high energies  
 Effects of inhomogeneous ISM  
 Offset pulsar; filamentary structure; mixing€ 

t~7M10M sun
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 PWN expands into shocked ejecta 
 “Relic” radio PWN left behind 
 New PWN around pulsar (X-ray)

SNR G327.1-1.1, Gaensler & Slane van der Swaluw (2004)

SNR W44  (Frail et al. 1996, 
Giacani et al. 1997)
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FIG. 5.ÈCrushing of the pulsar nebula in a two-dimensional simulation using the parameters for model A listed in Table 1. The length scale of the images
is normalized to take out the expansion of the outer shock front. [See the electronic edition of the Journal for a color version of this Ðgure.]

that follows the outer shock front, so that the full resolution
of the grid is always used.

The outer shock front remains very nearly spherical and
follows the time evolution of the one-dimensional model to
within 0.1%. The key di†erence is the instability of the thin
shell of ejecta and the rapid mixing driven by this insta-
bility. Even before the PWN/SNR interaction, the insta-
bility of the SSDW (Chevalier et al. 1992) begins to spread
out the shell of shocked ejecta. However, given the short
time between the beginning of the simulation and the crash
of the reverse shock, there is not enough time for this insta-
bility to grow to signiÐcant amplitude. Following the
PWN/SNR collision, the deceleration of the ejecta shell by
the shocked ambient medium (responsible for the SSDW
instability) increases in magnitude, thereby driving a more
rapid Rayleigh-Taylor instability. The result is a broadened
shell of mixed ejecta and ambient medium as seen in the
Ðrst two frames of Figure 5.

Much more dramatic, however, is the Rayleigh-Taylor
instability working in the opposite direction when the high
pressure of the compressed pulsar bubble begins to acceler-
ate the ejecta shell back outwards. From the one-
dimensional simulation shown in Figure 2, we see that once

drops below D0.5, the pressure in the compressedR
p
/R1PWN exceeds that in the SNR and the PWN begins to

decelerate the shell of shocked ejecta. This acceleration of
the dense ejecta gas by the low-density PWN gas is subject
to the Rayleigh-Taylor instability. As a result of this insta-
bility, much of the ejecta gas continues toward the center of
the SNR almost unabated. In the absence of a PWN, a
spherical reverse shock would reach the center of the
remnant at an age of D35000 yr, and indeed we see in
Figure 5 that some has reached the center by this time. In
the same process some relativistic gas is displaced from the
center.

We see two competing e†ects of this instability in the
PWN crushing phase. First, as relativistic gas is displaced
from the center, it escapes the full compression of the infal-
ling ejecta seen in one dimension. Second, the vigorous
turbulence driven by this instability leads to rapid mixing of
the thermal and relativistic gasses. To illustrate these e†ects,
we compare the e†ective value of in the one- andR

p
/R1

two-dimensional simulations in Figure 6. We compute the
radius of the pulsar bubble in the two-dimensional simula-
tion by summing up the volume of gas with c \ 1.66 (i.e.,
including the partially mixed gas) and calculate an e†ective
radius assuming a spherical volume. Prior to the bounce,
the one- and two-dimensional simulations are nearly identi-
cal. However, at the moment of bounce, the PWN in the
two-dimensional simulation has a volume twice that of the
PWN in the one-dimensional simulation. The compressed
PWN quickly rebounds in the one-dimensional simulation,
but in two-dimensions the volume of relativistic gas con-
tinues to shrink because of numerical mixing.

This rapid depletion of the volume of the PWN in the
two-dimensional simulation is an artifact of numerical dif-
fusion ; when one numerical zone contains both relativistic
gas (c \ 4/3) and ejecta gas (c \ 5/3), the mass-weighted
average c is dominated by the high density of the ejecta. As
a result, the mixingÈand subsequent loss of PWN
volumeÈis strongly dependent on the numerical resolution
of the simulation. Higher spatial resolution leads to less
numerical mixing across the contact interface between the

FIG. 6.ÈEvolution of the pulsar nebula through the crash of the reverse
SNR shock in one (solid line) and two (dashed lines) dimensions with di†er-
ent numerical resolutions.

Blondin et al 2001
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Fig. 6.— Intrinsic magnetic field vectors of the Snail, overlaid on the 6 cm intensity map.

Typical uncertainty in PA is about 3◦. The vector length is proportional to the polarised

intensity, and the scale bar at lower left represents 1 mJy beam−1. The cross marks the

position of the X-ray point source. The grey scale shows the radio intensity at 6 cm, with

the scale bar in units of Jy beam−1. FWHM of the beam is shown by the ellipse at lower

left.
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Fig. 8.— Simulated intensity maps of spherical PWNe, with the inferred magnetic field

orientation shown as overlaid vectors. Each of the PWNe are composed of patches of certain

size, with the magnetic field orientation randomly chosen for each of the patches. A filling

factor for the pulsar wind is introduced to the model to account for volume with mixed-in

supernova ejecta. PWNe with different patch sizes are separated into different columns, and

different filling factors into different rows. The radio intensity map of the Snail at 6 cm is

shown at the upper right corner under the same colour scheme.
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Fig. 8.— Simulated intensity maps of spherical PWNe, with the inferred magnetic field

orientation shown as overlaid vectors. Each of the PWNe are composed of patches of certain

size, with the magnetic field orientation randomly chosen for each of the patches. A filling

factor for the pulsar wind is introduced to the model to account for volume with mixed-in

supernova ejecta. PWNe with different patch sizes are separated into different columns, and

different filling factors into different rows. The radio intensity map of the Snail at 6 cm is

shown at the upper right corner under the same colour scheme.
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4.2.3.5 Interaction with the SNR Eq. 4.50 shows that the PWN has a slightly accelerated expansion inside the
ejecta. On the other hand the SNR shell that forms at the outer edge of the SNR due to the interaction with the ISM
has a decelerated expansion described by the Sedov law:

Rsnr '
✓
Esn

⇢ism

◆1/5

t
2/5 (4.51)

The free expansion inside the cold ejecta will then termite once the PWN reaches the SNR shell:
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The free expansion inside the cold ejecta will terminate after a few thousands of years. So the starting assumption
of an almost constant PSR spin down luminosity is consistent.

4.2.3.6 Late Time Evolution The interaction of the PWN with the SNR shell can be quite complex in its initial
phases. It is possible however to derive how the PWN will evolve inside the parent SNR at late time, once the
SNR-PWN system is completely relaxed into its asymptotic state. This happens after a few tr. At this point the
PSR spin down luminosity can be quite weak, and to a first approximation one can assume that its contribution
to the PWN energy is negligible. In this case the relativistic PWN will evolve adiabatically with Ppwn / R

�4
pwn

.
On the other hand the SNR will be fully relaxed to the self similar Sedov solution, with the interior pressure
Psnr ' ⇢ismṘ

2
snr

/ t
�6/5. Assuming pressure equilibrium between the PWN and the interior of the SNR one

has: Rpwn / t
3/10.

PSR are known to have high kick velocity, due most likely to anisotropies in the SN explosion whence they
originate. Typical speeds are Vpsr ⇠ 200 km s�1. One can expect such PSRs to emerge from their parent SNR at
a typical time:
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4.2.4 PWNe Emission

Let us assume for simplicity that the PWN expands at a constant rate Ṙ such that R = Ṙt / t instead of R / t
6/5

as we found in Sec. 4.2.3, and that the pulsar spin-down luminosity Ė is constant. These are minor simplifications
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Geminga (HAWC Abeysekara et al 2017)

2 Barkov et al.

rather deep into the medium, far outside the bow shock
boundary, reaching parsec-scale lengths in some instances.

These so-called “misaligned outflows” are sometimes in-
terpreted as jets. However, they cannot be jets in the sense
of a confined hydrodynamic flow, as any such flow cannot
propagate much beyond the stand-o↵ distance (1). Also, in
two of the known cases, J1509–5850 and B0355+54, both
pulsar jets and counter-jets have been resolved and are con-
fined within the bow shock, thus ruling out this explanation.
To stress this di↵erence, in this paper we will refer to these
misaligned outflows as “kinetic jets”. As we demonstrate in
this study, these features can be produced by the kinetic
streaming of high-energy non-thermal (NT) particles that
escape the shocked pulsar wind near the head of the bow
shock nebula, a scenario proposed by Bandiera (2008) to
explain the linear feature observed in the Guitar Nebula.

Importantly, in nearly all cases, these extended features
show a remarkable asymmetry with respect to the PWN
axis, displaying emission much more extended in one direc-
tion than in the other – sometimes interpreted as a “counter-
jet” (see, e.g., Pavan et al. 2014, 2016). Furthermore, these
“double-jet” features can display significantly di↵ering sur-
face brightnesses, often attributed to the Doppler boosting
of synchrotron emission from these collimated outflows in
opposite directions. However, the spectral properties of these
jet-like features are di�cult to explain in a ballistic jet sce-
nario for some systems (Pavan et al. 2016; Johnson & Wang
2010), for which alternative mechanisms (e.g. particle re-
acceleration along the jets) may be invoked.

Bandiera (2008) proposed a scenario in which the long
jet-like X-ray feature observed in Guitar Nebula arises due
to the leakage of high energy electrons accelerated at the
bow shock region. When the gyroradii of high energy parti-
cles exceeds the bow shock stand-o↵ distance, they can no
longer be contained within the bow shock and escape, cross-
ing the contact discontinuity and gyrating along the ISM
magnetic field. This scenario explains the apparent linear
morphology and seemingly-random o↵set from the pulsar
velocity of these features (which trace the ISM field lines)
as well as their relatively large sizes.

In this paper we further develop this model and con-
firm the properties of extended jet-like features expected in
that scenario through dedicated 3D numerical simulations of
“kinetic jets” emanating from fast-moving pulsars, assum-
ing a range of conditions for the system and surrounding
ISM properties. The setup of these numerical simulations is
outlined in Sect. 3.2, and the obtained results are reported
in Sect. 4, where it is shown that ISM magnetic field lines
reconnect with pulsar wind magnetic field lines, leading to
an asymmetrical configuration for NT particle escape. The
applications of our simulations to some fast-moving PWNe
displaying extended X-ray jet-like features are discussed in
Sect. 5. The final conclusions of this study are summarized
in Sect. 7.

2 KINETIC JETS IN BOW SHOCK PWN

2.1 Overall properties

About 30 runaway pulsars moving through the interstellar
medium at supersonic velocities have been identified so far,

Figure 1. Chandra images showing the extended emission fea-

tures in the Lighthouse PWN powered by PSR J1101–6101 (Pa-

van et al. 2016), on large and small (inset) scales.

based on observational properties obtained either in optical
(e.g., through the detection of H↵ emission lines produced
around their bow-shocks) or via the synchrotron emission
seen in radio and/or X-rays (see, e.g., Kargaltsev et al. 2017
for a review).

In the four previously-reported instances of kinetic jets
mentioned above, the pulsars move at velocities ranging
from about v = 61 km s�1 (µ = 12.3 ± 0.4 mas yr�1 for
B0355+54, Chatterjee et al. 2004) up to vPSR & 1000 km s�1

(the highest known pulsar velocities), inferred from the mea-
surements of (or an upper limits on) rs for PSR J1101–6101
(see Eq. 1), and inferred from proper motion measurements
for B2224+65 (µ = 182 ± 3 mas yr�1, though the distance
is not reliably known; Chatterjee & Cordes 2004). As typ-
ical ISM sound speeds range from cISM ⇠ 1 km s�1 (the
“cold” phase) to a few times 10 km s�1 (the “warm” phase;
see Cox 2005), these SPWNe are highly supersonic, as is
also shown by their morphologies. The pulsar characteristic
ages span from about 105 yr, considered “middle-aged” for
PWNe, to 106 yr for B2224+65, which is the oldest pulsar
known with an X-ray PWN1. Their spin-down powers range
from Ė = 1.3 ⇥ 1036 erg s�1 (PSR J1101–6101), typical of
young to middle-aged energetic pulsars, to Ė = 1.2⇥1033 erg
s�1 (PSR B2224+65), the least-energetic pulsar with an X-
ray nebula. Total X-ray luminosities for these sources lie
between LX ⇠ 1030 erg s�1 to 1033 erg s�1 (see Kargaltsev
& Pavlov 2008 and references therein). Compared to the
larger population of X-ray PWNe, the Guitar is an outlier
both in its low spin-down power, old age, and extremely high
velocity.

Kinetic jets from SPWN can show lengths from a few
to more than 10 pc (e.g., in the Lighthouse Nebula), and
display an orientation with respect to the pulsar proper mo-
tion (misalignement) in the range of ⇠ 33� (e.g., in J1509-
5850; Klingler et al. 2016), to ⇠ 118� (in the Guitar Neb-
ula; Hui et al. 2012). The outflows are remarkably narrow,
with width-to-length ratios of ⇠ 0.15 to 0.20, and can have
counter-jets extending along the same direction symmetri-

1
Note that in the Guitar Nebula, only an H↵ bow shock and

the kinetic jet are present; no synchrotron tail is seen, unlike the

other instances.
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Figure 3. Chandra images of PWNe inside SNRs G327.1–1.1 and MSH 11–62 showing kinetic jets with what we call “snail eyes”

morphology. See Fig. 12 for qualitative explanation.

spin axis by ⇠ 45�, making it a useful reference with which
to compare our simulations of the slow case (see below).

An extended narrow structure is seen protruding from
the bow shock up to 70 ahead of the pulsar (see Fig. 2). Van
Etten et al. (2008) report that the spectrum of the so-called
“arc” structure is best fit with an absorbed power-law (PL)
model with slope � = 1.66 ± 0.25 – a hard spectrum which
is typical of kinetic jets.

2.3 G327.1–1.1 and MSH 11–62: “Snail eyes”
Morphology

Two young PWNe residing in their host SNRs have been
observed to feature prong-like outflows (morphologically re-
sembling “snail eyes”) ahead of their bow shocks, oriented
parallel to the direction of pulsar motion: the “Snail PWN”
in G327.1–1.1 (Temim et al. 2009) and MSH 11–62 (G291.0–
0.1; Slane et al. 2012), see Fig. 3. These structures exhibit
PL spectra typical of kinetic jets, with � ⇡ 1.8 and ⇡ 1.4,
respectively (see Figures 1 and 3 of Kargaltsev et al. 2017,
and Temim et al. 2015). The proper motion of these pul-
sars are not known, although simulations by Temim et al.
(2015) suggest a typical velocity v ⇠ 400 km s�1 for the
pulsar producing the snail PWN3. Compared to the other
instances of kinetic jets, the pairs of jets in these examples
appear approximately symmetric both in structure and sur-
face brightness.

3 FORMATION OF KINETIC JETS

3.1 Reconnection between ISM and PWN
magnetic fields

NT particles are confined by magnetic fields in the direc-
tion perpendicular to the field, but can travel large dis-
tances along these lines (parallel to the field). As a pul-
sar moves through the ISM, the interstellar magnetic field
lines become draped around the PWN. Even if the magnetic

3
No pulsations have been detected from either of these two pul-

sars.

field is at sub-equipartition in the bulk flow, a narrow drap-
ing layer with near-equipartition magnetic field is created
at the contact discontinuity (Spreiter et al. 1966; Lyutikov
2006; Dursi & Pfrommer 2008). As a result, the contact dis-
continuity becomes a rotational discontinuity with magnetic
fields of similar strength on both sides. Rotational disconti-
nuities are prone to reconnection (see, e.g., Komissarov et al.
2007; Barkov & Komissarov 2016, and references therein).
The e�ciency of reconnection at a given point on the con-
tact/rotational discontinuity will depend on the relative ori-
entation of the PWN and ISM magnetic fields.

Reconnection between the pulsar wind and interstellar
magnetic field lines will allow relativistic particles from the
wind to escape into the ISM. The number of NT particles
that would escape in a given direction will depend on the
fluctuations of the strength of the magnetic field along a field
line – regions of stronger magnetic fields will reflect some
particles, forming a magnetic “bottle”. As we demonstrate
in this paper, particle escape can be highly asymmetric with
respect to the incoming and outgoing parts of the magnetic
field lines due to the formation of these magnetic bottles.

3.2 Numerical Simulation Setup

The simulations were performed using a three dimensional
(3D) geometry in Cartesian coordinates using the PLUTO

code4 (Mignone et al. 2007). Spatial parabolic interpolation,
a 3rd order Runge-Kutta approximation in time, and an
HLL Riemann solver were used (Harten 1983). PLUTO is a
modular Godunov-type code entirely written in C and in-
tended mainly for astrophysical applications and high Mach
number flows in multiple spatial dimensions. The simula-
tions were performed on CFCA XC30 cluster of the Na-
tional Astronomical Observatory of Japan (NAOJ). The flow
has been approximated as a relativistic gas of one particle
species, and with the Taub equation of state. The size of the
domain is x 2 [�4, 10], y and z 2 [�5, 5]. To maintain high
resolution in the central region and along the tail zone we use
a non-uniform resolution in the computational domain with

4
Link http://plutocode.ph.unito.it/index.html
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BSPWNe are intrinsically 3D 
objects 

Shape of bow shock - inclination

Mixing and turbulence in 
the tail 

Average flow speed is ~ 
0.6/0.8 c

Turbulence lead to 
strong currents in 
the tail 
Reconnection and 
depolarisation



N. Bucciantini: DIAS Dublin 2018

Older systems
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Older systems show a displacement of the TeV gamma emission 
from the pulsar: reverberation, bow-shock

J1825-137 (HESS; Aharonian et al. 2005) Vela (HESS; Aharonian et al. 2005)
B1509-58 (HESS; Aharonian et al. 2005)
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IXPE is a new x-ray polarimetric satellite scheduled to 
launch in 2022

It operates in almost the same energy band of CHANDRA 
2-8 keV

5.2’ FOV - 30” res 
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X-ray emission is synchrotron radiation of the ultrarelativistic pulsar wind shocked in the ambient 
medium. As polarization position angle is perpendicular to the direction of the magnetic field at 
the site of emission, and the degree of polarization depends on the energy spectrum of emitting 
electrons, spatially resolved polarization measurements will probe the magnetic field topology and 
its connection with the PWN morphological elements, as well as the spatial dependence of the 
particle spectrum.  

The particle acceleration mechanism in PWNe is still unknown. While the overall geometry of the 
magnetic field has been established by radio26 and optical27 polarization maps of the Crab PWN, 
spatially resolved X-ray polarimetry can provide unique and crucial information on the acceleration 
and cooling mechanisms. The need for spatially resolved X-ray polarimetery is particularly clear 
following our spectacular high-resolution Chandra observations which have established its complex 
morphology (Fig. D-3) that includes a torus and jets28, and which have demonstrated the spatial 
dependence of their spectra29. With IXPE we will easily be able to measure the polarization in a number 
of different spatial resolution elements, thus providing the first spatially resolved X-ray polarimetry 
of a PWN. A 7.3 d observation has the sensitivity to detect well below 2% polarization at 99% 
confidence in each of 5 distinct spatial bins including one centered on the southeast jet. This estimate 
allows for the fact that 50% of the flux in the detect cell is from other regions and is thus a (polarized) 
background.              
PWNe show, however, great diversity, with some quite different from the Crab. We will also be able to 
perform polarization mapping of the Vela PWN, as well as study the spatially averaged PWNe powered 
by the young pulsars PSRs B1509-58 and J1833-1034. The nature of the Vela PWN, with its dramatic 
double arc and jets30 is still a matter of debate31, and even a crude polarization map can discriminate 
among competing models. Polarization of the entire nebula of as low as 3% may be detected in a 4.6 day 
observation. These same data will allow polarization measures in six separate locations to a precision 
between 5% and 10% (depending on the region). This sensitivity is 5 to 10 times below the average 
radio polarization32. As the other two nebulae are fainter, spatially resolved polarimetry is not feasible, 
but spatially integrated polarization will be measured (e.g., 1.0 and 0.5 d exposures are required for 
detecting a 10% and 3% degree of polarization at 99% confidence respectively), allowing us to 
understand the main orientation of their magnetic fields and assess the strategy of our observations. 

 
 

Figure D-3: Chandra images of the Vela (left) and Crab (right) PWNe. The IXPE 30″ resolution (Half 
Power Diameter) is shown in the lower left of the images. 

ACCRETING X-RAY PULSARS are neutron star binaries which convert gravitational energy of 
accreting matter into X-ray emission at the neutron star surface. “Classical” X-ray pulsars have 
strongly magnetized neutron stars (B~1012-13 G). Theoretical models predict that the linear X-ray 
polarization is high and varies with pulse phase (due to rotation) and with energy (due to energy 
dependent opacity), but the predicted energy and phase dependences drastically differ between 
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Crab nebula is the only source for which there is an X-ray 
polarization measure - Weisskopf et al. 1978 

PF ~ 19% 
PA ~155 deg

71 hr

POGO+ Chauvin et al 2017     
PF ~ 21% (20-240keV) 

PA ~ 131 deg

INTEGRAL/IBIS and optical observations of the Crab nebula/pulsar polarisation Paul Moran

Figure 3: Left: HST/ACS image of the Crab Nebula (1.760⇥1.70, 2005 Sep 06). Right: Polarisation vector
map of the Crab Nebula superimposed on the nebula. The legend shows the vector magnitude for 50%
polarisation. The location of the pulsar and knot is marked by the red circle.

Figure 4: Left: Polarisation vector map of the vicinity of the Crab pulsar and wisp region superimposed
on the nebula. The legend shows the vector magnitude for 50% polarisation. The location of the pulsar
and knot is marked by the red circle. Right: Close up of the Crab pulsar region with the synchrotron knot
located ⇡ 0.6500 SE of the pulsar. The vectors included are as follows: spin-axis vector (SA) (124± 0.1�)
(Ng & Romani 2004), proper motion vector (PM) (110±2±9�) (Kaplan et al. 2008), and the polarisation
position angles of the pulsar (105.97± 2.00�) and synchrotron knot (126.86± 0.23�). Also, included is
the INTEGRAL/IBIS measurement of the position angle during the off-pulse and bridge emission phases
(OP+B) (122.0±7.7�) (Forot et al. 2008).

6

Integral Moran et al 2013 
PF ~ 60-90% (300-450keV) 

PA ~ 115 deg

Weisskopf et al 1978
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Summary and conclusions

PWNe can be though as calorimeters and imagers for the pulsar wind 
1-zone models provide good SED fitting 
2D-MHD models successful in reproducing the X-ray features 
3D-MHD still hard to do - may be able to bridge the gap between the 
previous ones 
Acceleration at the TS (?) still poorly understood 
Older systems have been investigated only partially and there are few 
results 
BSPWNe  could be one of the main contributor to galactic positrons

Thank you


