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Governing equations

Curl-curl equation

electrical field for 3D earth

∇×∇×E + iωµ0σE = 0

Helmholtz equation

electrical field for 1D layered earth

∂2
zzEx(z)− iωµ0σ(z)Ex(z) = 0
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1D case

Formulation

forward modelling: A(mmm)uuu = bbb
A – forward operator or system matrix
mmm – model parameter, mmm = logσσσ
bbb – source terms and boundary values
uuu – real and imaginary parts of the electrical field and its

first spatial derivative

solution uuu for the whole discretized region and different frequencies

measurements only at the earth’s surface for each frequency→ ddd

compare modelled and measured data: rrr = Quuu− ddd
projection matrix Q is necessary
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Newton method

nonlinear systems of equations

linearisation of the optimisation problem

solving a linear system of equations in each iteration

first and second derivatives of objective function are used
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Lagrange multipliers

Lagrangian

L(uuu,mmm,λλλ) = 1
2 ||Quuu−ddd||

2 + β
2 ||W(mmm−mmmref)||2 +λλλT [A(mmm)uuu−bbb]→ min

gradient of the Lagrangian: ∇L

∇L =

LuuuLmmm
Lλλλ


Luuu = QT (Quuu− ddd) + ATλλλ
Lmmm = βWTW(mmm−mmmref) + GTλλλ
Lλλλ = Auuu− bbb

with G = ∂mA · uuu
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Second derivatives of L, Hessian Hkkt

KKT system

Hkkt ·

δuδuδu
δmδmδm
δλδλδλ

 = −

LuuuLmmm
Lλλλ


Luuu,uuu Luuu,mmm Luuu,λλλ
Lmmm,uuu Lmmm,mmm Lmmm,λλλ
Lλλλ,uuu Lλλλ,mmm Lλλλ,λλλ

 ·

δuδuδu
δmδmδm
δλδλδλ

 = −

LuuuLmmm
Lλλλ


QTQ K AT

KT βWTW + R GT

A G 0

 ·
δuδuδu
δmδmδm
δλδλδλ

 = −

LuuuLmmm
Lλλλ



G = ∂mA · uuu, K = ∂mAT · λλλ, R = ∂mGT · λλλ
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All-at-once

update after each iteration

uuun+1
mmmn+1
λλλn+1

 =

uuun
mmmn

λλλn

 +

δuδuδu
δmδmδm
δλδλδλ


no forward problem has to be solved to get data for the new model
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Results

Synthetic data

100 101 102 103

101

102

103

104

105

106

107

resistivity in Ωm

de
pt
h
in
m

true model

starting model

GN result

KKT result

21 frequencies between 10−4 and 103 Hz
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Results

Synthetic data – inversion process
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Sounding curves
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Results

Synthetic data with noise
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Results

Synthetic data with noise – inversion process
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Sounding curves
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Outlook

2D magnetotelluric problem

3D magnetotelluric problem
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Thank you for your attention!
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Behaviour of Lagrange multipliers
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Behaviour of Lagrange multipliers
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Regularisation parameter noisy data
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