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Maxwell’s Equations

= harmonic time dependency ™!

VxH = j+iwD

VxE = —iwB
V-D = »p
V-B = 0

= constitutive relations, Ohm’s law

D=c¢E, B=yH, j=oE

Electromagnetic potentials

= magnetic vector potential A, electric scalar potential V'

H=p(VxA) E=-VV-—iwA




Equation of Induction and Equation of Continuity

V x u IV x A + (iwo — w?e)A + (0 + iwe)VV
-V ((iwa —w)A + (o + iwa)VV)

Gauge Condition

Choosing
s A=A-VI,V=V-U

and the gauge condition

U= —V/w
yield
= A=A-1lVvV, V=0




Boundary Value Problem for the Magnetic Vector Potential A

Find A such that

VX pu 'V xA+ (iwe—w?e)A = 0 in Q

with

nxH=0
nxA=0
H=H,(2)

n1><H1—n2><H2=0

on
on
on

on

Q)
H, I'y: Hy,

FL FJ_:
T nxH=

I I
Fh7 Fz Il
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Weak formulation
Find A € U such that

/(,u_IVxA-va +  (iwo —w?e) A-v) dx =
Q

/(nxV)-Hndx + (mnxv)-H,dx VYVveV
Ty

I
where
U = {AcH(curlQ):nxA=0 on T},
V = {veH(urlQ):nxv=0 on I)} and
H(curl, Q) = {ve(L*N)3 V xve (L*(N)3}.



Finite Element Analysis

A discrete approximation A" € U, of A € U
N
Al = Zai¢i
i=1

and discrete test functions v; = ¢; yield the discretized boundary value
problem

KA L with

K = /Q(u—l(v X @i) -V x ¢j + (iwo — w?e)d; - ;)dV,

L, = /(quEi)-Hnder (n x ¢;) - H, dx.
'y

I,

To solve the system of equations we apply the PARDISO-package
(http://www.pardiso-project.org).



The basis functions

... ¢; are polynomials of arbitrary degree, mostly linear or quadratic.
To the so-called degrees of freedom (DOF) [,

applies.
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Nédélec Elements

linear

quadratic

DOF: Integrals over A along edges and over faces
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Challenges

= large effort to administer the unstructured tetrahedral grids

= optimum trade-off between fitting the boundary conditions and
minimizing the discretization error
— smart distribution of DOF is needed

Advantages of the FE method in conjunction with unstructured

grids

® precise parametrization of arbitrary model geometries including
surface and seafloor topography

= adaptive mesh refinement based on a posteriori error estimators

= convergence studies yield estimates of accuracy even if the
analytical solution is unknown



Boundary Value Problem for the Secondary Electric Field E,
Find E; such that

V xV xEg+iwpoE, = —iwposE, in Q

with
E;=0 on T
and
E=E,+E, oc=o0s+0,

where o), represents the conductivity distribution of a layered
half-space model and E, the appropriate electric fields that are
computed analytically.



Finite Difference Method

VxVxE — cCcf.cF.g"
iwpocE = dwuS - EP

0o -GH GH
ct = GI 0o -GI
-G G 0

0 -GE GFE
ct = G 0 -GE
-GE GE 0

ct . vPo Vi
c’? . vl vE
S : V7 — V¥area weighted)



Interpolation operator Q

= continuous approximate solution E(x)
obtained by application of
interpolation operator Q : VE — VP

i+l i+1,j+1
1554 A

= columns of Q provide linear
combinations of E" or CE . EF Bx(x)

= Elements of Q obtained by e.g.
bilinear interpolation

i i+,
151 B
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MT3DINV-2 forward model
FE approach

= one model per decade:
60x60x60km? ...
3000x3000x3000 km?

= edge length:
Anin=33m, Amox=16km ...
Anin=738m, Apax=872km
= no. of unknowns: 2 - 108
= computing time: 5 h 40 min
8 nodes (2.4 GHz), 64 GB
shared memory

COMSOL Multiphysics®,
MATLAB®, PARDISO*

* http://www.pardiso-project.org

FD approach
= model size:
214x214x296 km?
L] Al‘minZ] 25 m,
AZmax=32 km,
AYmin = 125m,
Aymctx=32 km,
AZmin = 5m, Azmax=100km
= no. of unknowns: 1.2 - 106
= computing time: 6 h 20 min
= 16 nodes (2.4 GHz), 128 GB
shared memory

= MATLAB®, PARDISO*



Discretized MT3DINV-2 forward model

FE discretization FD discretization of the hemi-
for 0.01s < T < 0.1s sphere
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