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Abstract. We present a simple proof of the formula for the free
energy of the random energy model using a large deviation property
which holds almost surely with respect to the randomness. This proof is
extended to the case with external magnetic field leading to the solution
of a model with higher-order ferromagnetic term. It is shown that this
model is useful for Sourlas’ application to error-correcting codes as was

already pointed out in a recent letter by the authors.

1. Large Deviations for the Random Energy Model.

The random energy model was introduced by Derrida [1] as a soluble approx-
imation of the Sherrington-Kirkpatrick model of a spin glass. In his paper he
presented an exact solution based on heuristic arguments. Later rigorous deriva-
tions of his expression for the free energy of this model have appeared [2,3]. Here
we present another rigorous proof along the lines of Derrida’s original argument. It
is based on a large deviation theorem (for introductions to large deviation theory,
see for example [4], [5] or [6]) and seems to be new. In the next section we shall
extend our proof to the case with an external magnetic field as introduced in [7].
The results of the present section have appeared already in the second author’s
thesis [8].



The random energy model (REM) is a model of a spin glass given by the

partition function

2N
Zn(B) =) e PP, (1.1)
=1
where 3 is the inverse temperature and where the energies E; (i = 1,2,...,2N) are

independent, identically distributed random variables with common distribution
given by the Gaussian density

]_ 2 2
pN(FE) = = EY/@NT), (1.2)

V2rJiN

As usual, the free energy density is defined by the formula

F(8) = —% lim In Zy(8), (1.3)

N—o0

and we shall prove that the limit exists almost surely with respect to the distribu-
tion of energies { F; }. We define, for any given (random) set {E;}, the distribution
functions Fy by

Fy(z) = %#{i . E; < zN}. (1.4)
Then we can write -
Zn(B) = 2V / e~ NB2 (). (1.5)

We now show that these distribution functions satisfy a large deviation property
(LDP):

Theorem 1. With probability 1, the random probability measures pun with
distribution functions Fy defined by (1.4) satisfy a LDP with constants N and

rate function I given by

I(z) = { % if |z| < z, (1.6)

+oo if |z| >z,

where

z.=JV2In2. (1.7)

Proof. Consider first the case © > z.. (The case x < —z. is similar by
symmetry.) It then suffices to prove that

lim sup % In(1 - Fn(z)) = —occ. (1.8)

N—oo



In fact, we show that Fyy(z) =1 with probability 1 if N is large enough. Now,

2N

1
1—Fy(z) = oN > 1(psany-

i=1
Therefore,

2N

{{Ei}: Fn(z) =1} = {{Ei} : D Lqmseny <1

=1

But, by Chebyshev’s inequality,

2N 2V
P Zl{Ei>a:N} >1,<E Zl{Ei>wN}
=1 =1
=2VP{E; > zN}
=2V / pn(E)dE
N
J 2 2
< 9N o—Nz?/(207)
- V2t N

Since & > x, £?/(2J?) > In2 and the series

i J  N(n2-2%/(27))
V2w

¥

N=1
converges. Introducing the events

2N
Av=<S{E}: Y Lmsany > 10,

=1

we have Y %_; P(An) < +oo and by the Borel-Cantelli lemma,

P

A 0a] -0

k=1 N=k

i.e. with probability 1,

(1.9)

(1.10)

(1.11)

(1.12)

(1.13)

(1.14)



This means that for almost all {F;}, there exists £ € N such that for N > k,
{E;} € A% and hence by (1.10), Fx(z) = 1.

Next we consider the case 0 < z < z.. We shall prove that
2

lim — In(1 — F(z)) = —

MmN VR (1.15)

Let G be the scaled distribution function corresponding to the density py:

Gu(z) = / o (E) dE. (1.16)

—00

Then we have, again by Chebyshev, for € € (0, 1),

P{|Gn(z) — Fn(z)| > (1 —Gn(x))} < (1= Clr‘N(:c))QE {|Gn(z) — Fn(2)]?}.
(1.17)
Now,
E {|Gn(z) — Fn(2)]*} = E[Fn(2)’] - 2E[Fn(2)]Gn(2) + Gn (2)?
=27 ) E{lmcony 1oy} — G (@)
= » (1.18)
=272VY "Gn(2)? + 27V ) Gy (z) — Gn(z)?
i#] i=1
= 2_NGN($)(1 — GN(.T))
It follows that
P{|Gn(z) — Fn(z)| > e(1 —Gn(z))} < 622N(61¥]i(21v(:v))

SN N ’

(1.19)
where we have used the inequality (see [9])
/ e~ 24y, > 1 e’ /2
a a+a?t
If £ = 0 we have Gy (z) = 3 so that
1 1
P ‘GN(O) - FN(0)| > 56 < W (1-20)
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In both cases the series with terms given by the right-hand side converges. As
above we then have, by the Borel-Cantelli lemma, that with probability 1, for N

large enough,
|Gn(z) — Fn(z)| < (1 — Gn(z)), (1.21)

that is, (1 —€)(1 — Gn(z)) <1 — Fn(z) < (14+¢€)(1 — Gn(z)), from which (1.15)

follows.

Finally, we consider the case x = x.. In that case we prove only that

1
lim sup N In(1 — Fy(z.)) < —In2 = —22/2J% (1.22)

N—oo

Replacing € by N in the above argument we can write

P [1 - (o) > V2] < 25 B[ - Fy(e)’
= % z_: E [1{Ei>mCN}1{Ej>ch}]
= %(1 — Gr(z)) (1+ 2V = 1)(1 - Gn(2)))
1

< .
- N2y/N

(1.23)
Here we used the fact that

1
1-Gn(ze) € ——=27N
v < N

as in (1.11). Again, the series on the right-hand side converges and we have, with
probability 1, that 1 — Fy(z.) < N27% for N large enough, which implies (1.22).

The derivation of the large deviation upper bound for general closed sets, and
the lower bound for open sets is now a standard exercise: see for example [4,10].
Q.E.D.

Since the function z — —pz is continuous and bounded on [—z, z.| an ap-

plication of Varadhan’s theorem (see [4,5,6]) yields immediately that

5172
—Bf(B) =In2+ sup ]{—,Bx — —}

TE[—Zc,Te

In2 + 13%J2 if BJ? < x,,
In2 + Bz, — & = BIV2In2 if BJ2 > z..
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This is just Derrida’s expression for the free energy. (Notice that we have adopted
a different convention for the distribution py.) We finally remark that (1.24) can
be written in the usual form f(8) = inf_; <u<az {u — Ts(u)}, where T = 1/
(kp = 1) is the temperature, u = x is the energy (density) and the entropy s(u)

is given by
2

s(u) =In2—I(u) =In2— CYER

(1.25)

2. Including an external magnetic field.

The random energy model with external magnetic field is given by the parti-
tion function (see [1,7])

K(N,M)

Zn(B,H) = > > exp{-BlEmi-HM]},  (21)

M=—N,—N+2,..N k=1
where

K(N, M) = ( " +NM) /2> (2.2)

is the number of possible states with total magnetisation M and the energy levels
Ey are again 1.1.d. random variables with probability distribution given by the
density (1.2).

In this case we want to consider a two-dimensional random variable corre-
sponding to the observables Eps /N and M/N. It has the distribution function
given by

1
Fy(z,m) = 2—N#{(M, k): Epp <N and M < mN}. (2.3)

We prove the following analogue of Theorem 1:

Theorem 2. With probability 1, the random probability measures vy on R?
with distribution functions Fy defined by (2.3) satisfy a LDP with constants N

and rate function I given by

I(z,m) = {Io(m) + 357 if Io(m) + 5 < In2, (2.4)
+o00 otherwise.
Here
To(m) = { Al +m) I +m)+ (1 -—m)n(l-m)} if -1<m<1, (55
+00 otherwise



is the usual expression for the distribution of independent Ising spins.

Proof. We first prove the large deviation upper bound. Let C be a closed
set in R2. First suppose that C is contained in the complement of the essential

domain D of I, which is the compact set depicted in Fig. 1, and given by

2

x
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Figure 1. The essential domain of I(z,m).

As in Theorem 1, we shall prove that in this case vn(C) = 0 with probability
1. To this end first notice that C can be covered by a finite number of quadrants
of the form {(z,m)|z < zg,m < mp}, {(z,m)|z < zo,m > mp}, {(x,m)|z >
Zo,m < mg}, or {(z,m)|x > zo,m > mg}, where (29, mp) ¢ D. (To see this
let § > 0 be the distance from C to D and consider the annulus of points (x,m)
with distance between § and 1+ § say from D. This annulus is compact and can
be covered by a finite number of quadrants. But these quadrants must also cover
C: take a ray from a point in C to 0 and intersect with the annulus.) It follows
that it suffices to prove that vy (C) = 0 with probability 1 if C' is a quadrant.
By symmetry this reduces to proving that Fx(xg,mg) = 0 with probability 1 if
(o, mp) ¢ D and xp,mg < 0. This is done in essentially the same way as in
Theorem 1 but using the large deviation property of the Bernoulli measure as
well. The latter states that for any given € > 0 and for N large enough,

27N N K(N,M) < e NUolm)=e), (2.7)
M<mN



Hence we have analogous to (1.11),

K(N,M)

P {Fn(zo,mo) >0} =P Z Z l{EM,kSCEoN} > 1
M<moN k=1

K(N,M)

<E Z Z 1ig),  <zoN}

M<moN k=1 (2.8)
= ) K(N,M)P{Ey < zoN}
M<moN
J 2 /(0 72

< 9N ,—N(Io(mo)—e) o~ N3/ (27%)

o vV 27I'N|£l70|
Taking € < Iy(mg) + 22/(2J%) — In2 the corresponding series converges and the
result follows by the Borel-Cantelli lemma as before.

Next we consider the case that CN.D # (). In that case b = inf (g pyec I(z,m)
is finite. Given § > 0 we can cover C again by quadrants with corner points
(20, mg) satisfying I(xzg, mg) > b—J. As before we can consider a single quadrant
and assume xg, mg < 0. We put

Gn(zo,me) =27 Y~ K(N,M)Gy(xo), (2.9)

where G (z¢) = ffgoN

(1.17) and (1.18),

pn(E)dE is the same as (1.16). Next we compute, as in

P {|Fn(zo,mo) — Gn(x0,m0)| > €GN (x0,m0)}
1
€2G N (z9, mo)

. (2.10)

s E {lFN(ﬂfoa mo) — Gn (o, m0)|2}
and
E {|FN(a:o, mo) — Gn (o, mO)\Z}
= E{FN(.CC(), m0)2} - GN(370, m0)2

— 272N 3" K(N, M)Gn(0)(1 — Gn (o)) (2.11)

< 27NGy (2o, mo).
Again using the LDP for the Bernoulli distribution,
P {|Fn(z0,m0) — Gn(To, mo)| > €GN (0, m0)}

<27 Ne (G (w0, mo)) ! (2.12)

< 9N .2 2m(J? + Nxj) oN o (mo)+0+33/(2J%))

‘.’L'()‘J\/N
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(If zo = 0 then G (z0) = 3 and we can write simply
P {|Fn(0,m0) — Gn(0,mo)| > eGn(0,mg)} < 27 Ne22eNo(mo)+9)

This yields the same result as for zg # 0.) Taking ¢ = % and 6 < In2 — b we
conclude that 1Gn(zo,mo) < Fn(zo,mo) < 2Gn(w0,mo) with probability 1.

Using the Borel-Cantelli lemma once again we have, with probability 1,

1 1
limsup — In F (zg, mo) = limsup — In G (xg, mo)
N—>oo N—oo

) (2.13)
= Iy(mo) + ﬁ = I(xo, myg).
This completes the proof of the large deviation upper bound.
For the lower bound we need to prove that for every open set O C R?,
lim inf =l Ilnvy(0O) > — inf I(xz,m) (2.14)
Nooco N (z,m)€0

with probability 1. First notice that if O N D = ) then there is nothing to prove.
On the other hand, if ON D # () then the infimum is attained at a boundary point
of O in the interior of D. By the continuity of I on D, for every n > 0, there exists a
point (zo,mg) € INint(D) such that I(xg, mo) < inf, m)co I(x, m)+n. It follows
that for § > 0 small enough, the square S = {(x,m)| |z —z¢| < 6, |m —myp| < 5} is
contained in I Nint(D) and for every (z/,m') € S, I(z',m') < inf(y myeco I(z, m)+
7. Now,

K(N,M)

vn(0) > vn(S) =27V Z Z LB i /NE[wo—8,20+6]}-
(mo—0)N<M<(mo+d0)N k=1
(2.15)

For the latter expression we can argue as above ((2.10) and (2.11)):

K(N,M) 2046
el S S (et - [ e

(mo—0)N<M<(mo+d)N k=1 Zo

zo+0
> 2N > K(N, M)/ pN(E)dE}
(mo—8)N<M< (mo+6)N To—0
-1
a:0+6
< e 27N [ 27N >y K(N, M)/ pn(E)dE
LE()—(S

(mo—8)N<M<(mo+d6)N
(2.16)



The integral on the right-hand side behaves at worst like e~ (Izo 1+6)*/ (27 2), and the

sum over M behaves like e~V 10(mo%9) Byt § C int(D) so I(|zo|+6, mo+d) < In 2.

It follows that the series with terms given by the right-hand side converges and by
1

the Borel-Cantelli lemma (taking ¢ = 5),

zo+0
%2—1\’ > K(N,M) / pn(E)dE

(mo—8)N<M< (mo+8)N To—0
K(N,M)

<27 Z Z L By /N€[zo—5,00+61} (2.17)
(mo—0)N<M<(mo+d6)N k=1

3 xo+0
< 3pm 3 KNM) [ pw(B)E
(mo—8)N<M<(mo+6)N To—9

with probability 1. The large deviation lower bound now follows from

lim inf % In [21‘7 > K(N,M) / o pN(E)dE}

N—>oo To—30
(mo—86)N<M<(mo+6)N 0

.1 N
= lim < ln |2 > K(N,M)
(mo—8)N<M<(mo+8)N

1 zo+9d 2.18
+ lim ﬁln / pn(E)dE (2.18)

N—oo 0_5

xzo| — 6)2
= —Iy(jmo| = 6) — %

= —I(|zo| = 6, |mo| - 0)

>— inf [T - .
2= T m) =

This completes the proof of the theorem. Q.E.D.
3. The phase diagram.

Applying Varadhan’s theorem [4,5,6] we can now conclude that for any con-

tinuous function g : R -+ R,

K(N,M)
() = — lim ﬂiNln 3 S exp{—BlEas — Ng(M/N)]}

N—oo
M=—N,-N+2,...,.N k=1

=—fB1tm2— sup [g(m)—=z— B (z,m)].
(z,m)eED

(3.1)
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We consider in particular the case g(m) = Al/m/P for some power p > 2 and
constant A > 0. In the case p = 2 this amounts to the usual ferromagnetic
interaction term; for p > 2 this is a generalised ferromagnetic interaction term.
The variational problem (3.1) is identical to that for the tree model analysed in

[11]. The supremum over z can be performed explicitly and yields

f(B)=-p""n2— s 1][g(m») — 7H(B,m)), (3:2)
where
~ [ Ip(m) — 15272 if 282J%2 <In2 — Iy(m),
1(B,m) = { 2 — BIBmZ—To(m)) if L0202 > 2 — Io(m). )
This is more simply written as
f(B)=— sup [g(m)+ B s(8,m)], (3.4)

me[—1,1]
where s(8,m) =1n2 — I(8,m), i.e.

so(m) + 28272 if 182J2 < s0(m),

s(B,m) = {ﬂJ\/QSO(m) if %ﬂ2J2 > so(m), (3.5)

where sg(m) = In2 — Iy(m) is the free spin entropy.

We now recap briefly the derivation of the phase diagram in the case g(m) =

|m|P with p > 2. It is depicted in Figure 2 below.

A < G p>2
F
M

A A
A 7 C D E
C

P

SG
B
B B

Fig. 2. The phase diagram.

If B > fB., where 3. is the critical inverse temperature of the REM,
B.=J 'V2In2, (3.6)

11



then the second case of (3.3) applies and we can write

f) =— szp[)\mp_l + Jy/250(m)], (3.7)

It follows that in this case there is a transition at A = A.(p) independent of .
The value of \. is found by combining the maximisation condition for (3.4) given
by
J tanh™* (m)

g'(m) = P

(3.8)

with the condition

m) 4+ J/2s0(m) = J/250(0) = B.J>. (3.9)

The maximisation condition can be written as
m = tanh [pAB(m)mP 1], (3.10)

where we define
B(m) = J1/2s0(m). (3.11)

Eliminating A we see that across the transition A = A., the magnetisation jumps

from zero to the value m. given by the solution of
pJ2B(m)[B. — B(m)] — mtanh™'(m) = 0. (3.12)
The value m, is independent of 8 and behaves for large p asymptotically as

1
me~1— 7T 2ln(8p In 2). (3.13)

Next we consider the case 8 < B.. For small g and A the first expression for

s holds and we obtain by differentiation the maximisation condition
m = tanh(BApm?~1). (3.14)

For small A this equation has only the zero solution, but for larger A there are also
two positive solutions, m and m > m. The former is a local minimum and the

latter a local maximum, but it is only a global maximum if A exceeds the critical

12



value \;(B) for which 871s(3,0) = AymP + B~ 1s(B,m), i.e. BAmP = Iy(m).
Eliminating A between this and equation (3.14) yields the equation

(1= ) maemy s - (1 D) ma-m =0 @)

for the magnetisation m, just above the transition. This transition between the

paramagnetic and the ferromagnetic phase occurs for A = A\ (8) given by

_ tanh ™" (m,)

A . 3.16
1(ﬁ) ﬁpmg_l ( )

If X is increased further, the magnetisation increases as can be deduced from (3.14).
Eventually it reaches the value at which 132J2 = so(m). The second formula for
s(8, m) then takes over and there is another phase transition to the mixed phase.

We indicate the corresponding value of the magnetisation by m(f3) so that

so(m(B)) = 3°7°. (317

The transition line between the ferromagnetic phase and the mixed phase is then,

according to (3.14), given by

B tanh ™ (m(B))
) = By

(3.18)

As (3 is increased, the value of m(3) decreases until it reaches m,. At this point,
indicated by A in the phase diagram, the transition lines C; and C3 meet and
the ferromagnetic phase disappears. This happens at f = (3; where [3; satisfies
m(B1) = my, ie. 182J2 = so(my). For B1 < B < fB. there is only one transition,
namely from the paramagnetic phase to the mixed phase. The transition line is

determined by the equation
1
AP + B15(8,m(N) = 7 2 + S22, (3.19)

where m(A) is the maximal solution of (3.10). Notice that for large p, m, tends
to 1 asymptotically as m, ~ 1 —27(2»=1) g0 that B; according to (3.17) must
tend to zero. This shows that for large p, the point A moves to small values of
B, that is, high temperatures and there is definitely a gap between the points A
and D in the phase diagram. Indeed, in the limit p — oo the ferromagnetic phase

disappears altogether. This was shown in [12] to be relevant for Sourlas’ error

13



correcting coding scheme [13.14]. In the following section we give a short review

of this coding method.
4. Sourlas’ error correcting code.

Consider a Gaussian communication channel and suppose we want to transmit
N bits of information, written as Ising spins €1, ..., ex. We encode this information
= €, €, with 1 <
i1 < ... <1, < N. These are transmitted as voltage signals JZ-OI,“ = vb

where v is a constant amplitude. Due to noise in the channel, a slightly perturbed

as follows. For fixed, large p, we form all products b;, .. ;,

.7ip 11,.-42p?

version of the signal is received as output:

Jiryiy =Jp i+ AJ;

215---%p

(4.1)

1y-emrlp?

where, in the Gaussian case, the AJ;, . ; are ii.d. Gaussian random variables
with mean zero and variance w?. To recover the original message, use the received

signals as interaction parameters in a p-spin Hamiltonian as follows:

Hp = — E Ji1,...,ip0'i1 .. -Uip- (42)
1<9:; <. <ip <N

In the absence of noise the ground state of H, would be given by the original
message 0; = €;. In the presence of noise we can perform a gauge transformation

to new variables o, = ¢;0; and write H, in the form

— p T. o /
Hp = —NImiy — g Jir,.ipCiy - 0T, (4.3)
1<) <...<ip<N

where my = N1 Zf;l ol and A = vNP~1/p!, and where jil,...,i,, = (AJ);,...

€, ---€;,. Here we have omitted terms which are irrelevant in the limit of large

wip X
p and N. Notice that if the magnetization my is close to 1 then the bit error
probability, i.e. the probability that in the ground state of H,, o; # €, is low

because

De = %#{i DO F € = %(1 —mp). (4.4)

The Hamiltonian H,, is a p-spin generalization of the Sherrington-Kirkpatrick
model of a spin glass [15,16]. Even the 2-spin case has not been solved exactly
(or at least rigorously). However, Derrida has argued that in the limit p — oo

the second term of (4.3) becomes a sum of ii.d. random energy variables F;

14



2 is scaled according to w? = J2p!/NP~L.

(i =1,...,2") provided the variance w
This yields the random energy model. If we do the same in (4.3) but keeping p
fixed in the first term, the resulting model is given by (3.1) with g(m) = AmP. It
is reasonable to suspect that the phase diagram of this model in the limit p — oo
is the same as that of (4.3) in the limit p — oo, i.e. if we take both parameters

p — oo at the same time.

The channel capacity C' is defined as the maximum of the mutual information
content of the messages sent down the channel and received at the end with respect

to all possible input distributions. For the Gaussian channel it has been computed
[17] to be

1 v?
C = 5 log, (1 + E) . (4.5)

Inserting the rescaled coupling parameter A and replacing w? by J2p!/NP~1 we

get

2,1 2,1
A2p! )N A%pl (4.6)

C= 1log2 (1-1—7 R e
2 J2NP—1 2In2 J2NP-1
assuming that p < N. It was proved by Shannon that the rate of transmission,
i.e. the number of bits N in the original message divided by the number of bits
M in the encoded message cannot exceed C. This is one half of his celebrated
channel coding theorem; the other half states that it is possible, in principle to
approximate C arbitrarily closely with negligible error probability. However, his
proof of this fact is not constructive. In our case we have M = (]X ) = N?/p! so
that the rate of the Sourlas code is given by R = p!/NP~1. Shannon’s bound thus
becomes
A > Bed? = Ae(00), (4.7)

where . is the critical inverse temperature of the random energy model, and
Ac(00) is the value of A(p) in the limit p — oo which can be deduced from (3.9).
Taking A slightly above this value we can therefore approximate Shannon’s bound
and if we lower the temperature in an annealing process we cross the transition
line from the paramagnetic to the mixed phase near point D in Figure 2. The
magnetisation then jumps to the value (3.13) after which it remains constant.
This value is very close to 1 for large values of p, so the error probability is low.
This is therefore a new, more constructive ‘proof’ of the second part of Shannon’s
coding theorem. (It is not strictly a proof because of the assumptions about the
limits p — o0.) It must be said however, that it is still not very practical as the

rate of this code is very low for large p.
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We finish with a remark about the scaling involved in the limit p — co. We
have in effect scaled the noise by the rate of the code. In order to compare the
performance of this coding scheme with other schemes we should do the same
scaling. For example, consider the simple repetition code, repeating every bit p

times. In that case, after scaling we find that

A2 A2
pJ2) ~ 2pJ2In2’

1
C = 2 log, (1 +

whereas the rate is 1/p. To recover the message we take the sign of the sum of
the received variables o1,...,0,. The effect of the scaling is here that the total
voltage is +pv = £\ whereas the added random noise has a variance pw? = J2.
Thus, in order that the bit error probability becomes small we need to take A > J
in which case R < C. Notice that without scaling we get essentially the same
result: in that case we need to take p large in order that the bit error probability
is small and that means that the rate tends to zero, whereas now the capacity is
independent of p so again R < C. This coding scheme can in fact also be modelled
with a Hamiltonian, namely H = (o1 +...+0p)0’ and the rescaling ensures again

that the energy per spin ¢’ remains finite in the limit p — oco.
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