Fluctuations of the local magnetic field in a

frustrated mean-field Ising model

T. C. Dorlas & W. M. B. Dukes
Dublin Institute for Advanced Studies
School of Theoretical Physics
10 Burlington Road, Dublin 4, Ireland.

November 20, 2002

Abstract

We consider fluctuations of the local magnetic field in a mean-field
Ising model with mixed ferromagnetic and anti-ferromagnetic interac-
tions. We show that the distribution of the values of this local field
does not converge to a stable distribution, but that the probability
distribution of this distribution does converge. We compute the mo-
ments of this probability distribution on the space of measures and

show in particular that it is not Gaussian.



1 The model and the local field distribution

We consider an Ising model with spins s, = +1 (z = 1,2,...,N) with
N =4M + 1 and coupling constants J, , given by

-1, f0<|z—y|<Mor|z—y|l>N-— M,
Jm,y = 0, if z = y; (11)
1, fM<|z—y|<N—M=3M+1.

A similar model has been considered by Eisele and Ellis [1, 2, 3]. We define

the fluctuation of the local magnetic field values by the measure

N

1

= ¥ % C Tewss (1.2)
=1

and consider its distribution in the space of probability measures. If the

measure were to converge to a stable law v then we would have
E [¢#)] = 6, [ePH] = ¢l (1.3)

for continuous functions f. We will show that this is not the case. Indeed,
we compute all moments limy_, E[{f, un)¥] and also show that the series
converges for bounded continuous functions f. Non-self averaging behaviour
is quite common in frustrated spin systems, see for example [4], [5] and [6, 7].
However, we should remark, that (1.3) does hold (a.s.) for the Sherrington-
Kirkpatrick model [8].

For the first moment, the convergence is easy: Let us introduce the no-
tation

Kn({s:}) = N{f,pn) Zf( Z ,ysy). (1.4)

Then

1 2k

SN Ka({s,)) = ). 1.5

b -2 £ G2 )(E) w
(To see this, write Zivﬂ JoySy = — ZZ;;_ A Sy — Zziﬁl Sy + Z?ng +1 5y

and sum over the possible even values of this variable with possible number
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of occurrences at fixed . The sum over s, gives an additional factor 2.)
Hence

Jim E[{uy, f)] = \/%_W /R f@)e 2w = (£,). (1.6)

Therefore, if (1.3) were to hold the limiting measure v would be a standard
normal distribution. Computation of the higher moments is considerably

more complicated. We first consider the case £ = 2 is the next section.

2 The second moment

We need to compute the limit

lim o 2NN2 {;KN {5:}1)%. (2.1)
Now
{Z%:}KN {s:})* ;’m%f (\/—Z w1,y S y) (fzjmz,ysy> (2.2)

To compute the limit of this expression we consider it as a quadratic form

and insert €1 and e*?? for f. We then need to compute

A}l_r)r;o QNN2 Z ZGXP [\/_Z tideyy T 12Jnsy)s ]

1,22 {8z}

J s I X e oy

= lim
T1,T2 Y Sy=

=t 5 2 [Teos (7500 m”?"m))'

1,2 Y
Now, if |27 — 29| < 2M, the number of y for which J,, , = Jp,, is
2(2M — |z — 22| — 1) and the number of y for which J,, , = —J;,, is

2|zy — x9| + 1. (Except of course if ;1 = xo, but this case is negligible
as we are dividing by N2. Similarly, the cases y = x1, 29 are irrelevant.)



On the other hand, if |z; — 5| > 2M then the number of y with J,,, =
Jrpy 18 2(|z1 — x| — 2M — 1) and the number of y with J;, , = —Jg,, is
2(N — |zy — x5|) — 1. Thus, the above limit equals

lim %{ 3 (cos (N 12(t + 1)) (cos (N2 (1 — 1))

1 2M 1 N-2k 1 2k
= &Eﬁoﬁ{g (1— o (i) ) (1 gyt~ ) )

+ _i (1 - %(tl + t2)2> e (1 _ %(h B t2)2> 2N—k) }

- %{ /01 exp [—%{(1 — 8)(ty +t9)? + s(ty — t2)2}] ds

2 1
+/ exp |:—§{S(t1 =+ t2)2 -+ (2 — S)(tl — t2)2}:| dS} (24)
1
This can be rewritten as

1
%e_(t%”%w/ e dy. (2.5)

1

The limit (2.1) is therefore given by

/ dz: / ds po(wr, 72) (@) f (22), (2.6)

where py is the density of the measure with characteristic function given by
(2.5), i.e

o o0 1
/ da;l/ dzsy ,02(331 ,'L'Q)e’i(hm-i—tzm) — 1€(t$+t§)/2/ estitz s
—00 — ’ 2 .
(2.7)

Diagonalising t? — 2stto + t2 we find

1 _(@1ten)?  (zy-w9)?
1 e 4@d-s) 4(1+s)
p2(T1,72) = i 1_ o ds. (2.8)
71 —




1 o—(=1+23)/2 \which

Clearly, this is not equal to the density of v ® v, i.e. -

would be the result if (1.3) were to hold.
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Figure 1: Plot of the function (2.8). It appears from this
plot that py is constant on squares, i.e. it only depends on
|z1| V |zo|. This will be proved in the appendix.

3 Higher moments

The computation of the higher moments follows the same strategy but the

result is more complicated and cannot be expressed in such a simple fashion.



Analogous to (2.2) we have
YK = ) ZHf ZJzz,ySy : (3.1)
i \F
{sz} ZT1y0sTp {8} 1=
Inserting exponentials e”i* we have to compute

- P
A}Téo QNNp Z Zexp [ﬁ Zsyz::tie]m,y]

Z1yeesTp {80}

A}l_r)r;om Z Hcos (thJ%y>. (3.2)

T1y--5Zp Y

We now show that a calculation as in the case of the second moment yields
the following:

Theorem 3.1 For bounded continuous functions f, the limit

1
N—oo NP2N ;KN ({Sw})p

Jlim B [(f,a)?] = Jim

exists and equals

/Oo d . ../OO dzy po(rs- . 2) f(31) - (),

—0o0 —00

where the probability density p, is given by

(x T,) = ;/1 /1 don a0y e 2
Pp\T1; - Tp @m)r2 Jo )y Jdet S(ay, ..., )

and the matriz S(ay, ..., ap) has matriz elements s(o; — o), 3,5 =1,...,p,
where

1—4la| iflaf<i
s(a) = (3.4)
flo| -3 iflal >}



ProOOF: First notice that for all pairs : < 7,

. J;U == JiE = ’ ’ ’
(3.5)

(N.B. The right-hand side is correct up to an error of at most 2, which is

irrelevant in the limit N — oco.) We now rewrite the limit (3.2) as follows:

b © -2 (o)

Z1y-Tp Y

= legom 2 1ew [‘_Z” ]

,Jl

_ 2(1:2_|_ +t2)]\}1_r>nooNL Z exp _—Ztt Z i,y m],y]

T1yeeny Tp 1<j

1
— e B i — Z exp —Ztiths((acj—xi)/N)] (3.6)

N—oo NP —
T1yeeeyTp L z<]
The last expression follows from the fact that

Z Joiglojy = Y Joiyday =1} =y Joyde;y = —1}
y

N = 2|z; — x| — 2|z — i if |z; — x| < 2M,
2 — x| = N — (2N = 2|z; —x;])  if |z — x| > 2M.
(3.7)

Taking the limit N — oo now yields
1 1
— (B ++3) / doy .. / doy, H exp [—titjs(a; — )] (3.8)
0 0 i<
The result (3.3) then follows from the well-known Fourier transform formula

for Gaussian functions. QED

The formula (3.3) can be simplified by a transformation of variables. We
subdivide the domain of integration into subdomains as follows. First let

u; = aj+1 — o and define s; := s(u;) for j=1,...,p—1.
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Lemma 3.2 Let m be a permutation of {1,...,p—1} and let 0y,...,0,1 €
{£1}. Define the region R(m,0) C [0,1]P7" by (us,...,up—1) € R(m, o) iff

1 1 1
0 < unqy = 7(0ny +1) <-- <tngyy = 2(Onp-n +1) < 5. (3.9)
Then the region R(w,0) is equivalent to
—-1< On(1)Sr(1) < " < Ogx@p-1)Sn(p-1) < 1. (310)
and the elements of the matriz S are given by
Si =1 foralll1<i<p
S = Si = si1 foralll<i<p

Sij = Sji

0181 — 0;-18j_1+ 0,101 if 0,151 < 0j_18j_1.

Moreover, if we denote b; :== 0y (iySx(), then

det S(ay,...,qp) = 2P 2(1+b)(1 — bpl)ﬁ(bi+1 — by). (3.11)

=1

PROOF: The equivalence of regions follows immediately from (3.4) which
implies

1— 4uk, ifO'k =—-1
Sk = .

duy, — 3, if o, = +1

which can be written as

S = 4akuk —1- 20’k (312)
from which . .
Uk—Z(O'k-i-l) = Z(O'ksk-i-l). (313)

To determine the matrix elements of S, notice first that S;; = s(0) =1
and S;; = S1; = s(Ju;_1]) = si—1 for ¢ > 1. Moreover, if 1 < i < j,
Si; = Sji = s(|uj—1 — ui—1]|), so we may assume o;_15;_1 < 0;_15;—1. Now,
by (3.12) we have

8(?1@;1 — U,jfl) = 40"?1,1‘,1 — Uj,1| —1- 20’, (314)
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where 0 = —1 if |u;_1 — u;_1| < % and 0 = +1 otherwise. By the above
equivalence, 0 < u;_; — 3(05-1 + 1) < uj—1 — 3(0j—1 +1) < 5 and hence
1 1 1
Z(Gjil — O'Z',l) S Uj—1 — Ui—1 S 1(0'9;1 - 0'1;1) + 5 (315)

From this it is easy to see that

Uj_1 — Uiy, if 051 <04
Uim1 — uj| = .
Uim1 — uj_q, if 051 > 051
and
-1, if 051 > 0j_1,
o= )
+1, if o1 < 0j—1.
This implies
1
o=-1+ 5(1 —0i-1)(1+0j1) (3.16)

and | |
Uj—1 — Uj—
M = 04-10;-10. (317)
Uj—1 — Uj—1

Inserting these identities into (3.14) we obtain
S(Uz‘—1 - uj—1) = 402‘—1%’—1(%‘—1 - Uj—1) + 0101 — 01+ 01,
which is the stated result.

To evaluate det.S we perform several elementary row and column op-
erations and show the resulting matrix to be the matrix B, given in the
appendix. For all 2 <7 < p multiply each entry in row ¢ by o; and each en-
try in column ¢ by o;. Notice that if 1 <4< j <pand 0,151 < 0151,
then the resulting matrix S satisfies

Sij = 0;.10,_1(0j_18i-1 — 0i_1Sj_1 + 04_10;_1)
= 04j-18;—1 — 0j-185j-1 +1
= br1g) = brrgjy + 1.
The entries in the row 1 now read (1 by-1(1) ... br-1(p—1)). Reorder the
rows and columns, according to the permutation 7, so that the b indices are
increasing in the first row and column. The resulting matrix is B. The total
number of row and column operations is even, due to the symmetry of the

matrix S, so the sign of the determinant is preserved. Thus det S = det B,
which is evaluated in the Lemma A.2 in the appendix. QED
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The inverse of the matrix B can also be worked out: see Lemma A.2 in
the Appendix. This leads to the following representation of the density pp:

Corollary 3.3 The density p, of (3.3) can be written as

9—p+1

27‘(’ p/2 ng 330,371,...,l'p_1;5",7r), (318)

pp(x()axla" y Tp— 1

where

/2
9(zo, 21, ..., 2p_1;0,T) = ﬁ%+---+v2_2§4 d’Ul...dUpg/ da (3.19)

X —7/2
v; >0, Vi
1 [ (%0 + 0r()Tr(n)) (Zo = Or(p-1)Tr(p-1))°
expd —= P T T (3.20)
V3 (4 =>7""7v)(1 —sinw)
p2 O' .Z' — O 1)L 1 )
+Z w(i) Lm(i) 7r( +1)L7(i+1) (321)
i=1 'L+1

2
(Uwp 2)Tr(p-2) ~ On(p-1)Tr(p-1)) ' (3.22)
la=-" >02)(1 +sin a)

In particular, g3(zo, 1, z2; 7, 7) is given by

gS(x()axl;ano- 7T / dUl/
f7r/2

ox 1 [ (2o + Or(1)Tra ) (To — Or(2)Tr(2 ))2
P12 v? (2 —v2/2)(1 —sina)

(07()Tx(1) = On@)Tn(2)”
T2 —w2/2)1 +sma) ] } - (33

Figure 3 shows a contour plot of the density ps at fixed x5 from which it is
apparent that the simple property of p, mentioned in the caption of Figure

2 does not generalise to higher p.
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Figure 2: Contour plot of the function p3(xg,z1,0.6) gener-
ated using the integrals in (3.23).

4 Convergence of the probability distribution
on the space of measures

The convergence of the characteristic functions E [e’“ N >} follows immedi-

ately from the theorem of Section 3, but this does not yet imply that the

corresponding distributions converge (this is only true for probability distri-
butions on finite-dimensional spaces). This therefore requires a proof:

Theorem 4.1 The sequence of probability distributions of the measures (1.2)

converges weakly to the probability distribution on M'(R) with characteristic

function given by

E[e“f")} = Zog/dfm.../dxppp(xla---axp)f(xl)---f(xp)- (4.1)

11



This theorem follows from

Lemma 4.2 For all € > 0, there is a compact K. C M'(R) and Ny € N such
that

P(un ¢ K¢) <e
for all N =4M + 1 with M € N.

PROOF: Let
fa2/4

K, = {uEMl(R)‘u(a,+oo)<e -

forallaZ\/i}

Clearly this K, is compact, since for all § > 0 there exists a > /2 such that:
p(a, +00) < 6 for all u € K. Using Chebychev’s inequality we have

o/ E({un, 1 )
e ER\UN 5 L(a,400)
P (,uN(a, +00) > - ) < 7 (4.2)
where, as in (1.5),
1
B, L) = 5y 30 Kn({s:))
{52}
1 % ( AM )1 ( 2k )
= AM+1 . (a,+00)
24M+ Moy 2M — k AM +1
1 e AM
T 94M+1 Z OM + k)
k=[avVM]+1
We now use the bounds (3}7) < \2/42—% for all M > 1 and %ﬁ’ < exp (52)

for all 1 <4 < 2M (which follows from e ® > 1—z) to bound the coefficients

AM \  [(4M ﬁ oM +1—i
2M +k)  \2M) 1\ 2M +i




This gives the following bound

1 oL M —k?
E((uv, loso) < sprg D —— exp <—)
) 24M+1 4M
k:[avM]+1 2M

+o0o
= 1 / e(_$2 [AM) dw
2V2M Javii

—a?/4
<

av?2
< 1e_‘12/4.

Applying to (4.2) gives the required result:

efa2/2
P | uy(a,o0) > < e

€

QED

PROOF: (of Theorem 4.1.) By Prokhorov’s theorem (see [9]) the lemma im-
plies that the set of probability measures {uy} is relatively compact. This
means that every subsequence has a convergent subsequence which must
have the characteristic function given by (4.1) and is therefore uniquely de-
termined. It follows by the usual subsequence argument that the sequence

w1y itself must converge to this measure. QED

Appendix

Lemma A.1 The value ps(x,y) given in (2.8) depends on |x| V |y| only.

PRroOF: Notice that it is clearly symmetric under interchange of  and y and
also under sign change of  or y. We can therefore assume that 0 < z < y.
Differentiating w.r.t. = then yields

$2+23$ﬂ+1!2
1 T T 2(1=s2)
€

d 1
%pZ(xay) = E/ (z + Sy)mds

13



Notice that the exponent can be rewritten as

2

x + sy)?
( y)+ )2

1
2(1—s2) ' 2

Since x < y, x + sy has a zero inside the integration interval [—1,1]. We
therefore divide this range into the intervals [—1, —z/y] and (—z/y,1]. On
the second interval we change variables to s’ in such a way that

s=1= s =-land s=—-z/y = ' =—-z/y

whereas
r+sy = x+sy
V1 — 52 V1 — s
and
ds ds'
1—s2  1— g7

Solving the latter yields

S,:c(l—s)—(1+s)
c(1—s)+(1+s)

and inserting the boundary conditions then gives

2
Yy—x

CcC = .
<y+x>

A simple calculation shows that the other identity also holds. The inte-

gral over the interval (—z/y, 1] now transforms into minus the integral over
[—1,—z/y) so that the two contributions cancel and the derivative is zero.
QED

Lemma A.2 Let B be the symmetric matriz with entries:

B =1 for1<i<p
Bii = Big = b for2<i<p
Bi; = Bj; = b1—b1+1, forl1<i<j<np.

Then det B = 2p_2(1+b1)(b2—b1) . (bpfl—bpfg)(].—bpfl). Deﬁne bo = —1,
by ;=1 and w; := (2(biy1 — b;))™" for alli =0,...,p. Then the inverse B~

14



s given by:

Bl_,ll = Wp_1+ wWo

B} = wistwiy for2<i<p
Bi21 B27,11 = W
Bl = By, = —wi for2<i<p-1
Bl_,; = Bp_,% = —Wp—1.

PRrROOF: The determinant is obtained by elementary row and column oper-
ations: subtract row 1 from all other rows; then add column 2 to column 1;
and then successively subtract column 741 from column ¢ fori = 2,...,p—1.
The resulting matrix is upper triangular and the product of diagonal elements

is the said value.

To prove the statement about the inverse of B!, we multiply row z of
B and column y of B! and consider various cases. If x = y = 1 we have
(BB™)11 = by_1(—wp—1 + (wo + wp—1) + bywy = 1. If z = y = 2 we have
(BB Yoy = bywo + (wo + wy) + (by — by + 1)(—wy) = 1, and if z =y > 1,
(BB™)yy = (by-2=by-1+1)(—wy 2)+(wy2Fwy 1)+ (by-1=by+1)(-wy 1) =
1

The (1,2)- and (2,1) elements are: (BB ') = wy + by(wy + wy) +
bo(—w;) =0and (BB 1)y = (by—by 1+1)(—wp_1)+ by (wo+w, 1) +wy = 0.
For y > 2 we get (BB™")1y = by—a(—wy—2)+by—1 (wy—a+wy_1)+by(—wy_1) =
0 and (BB™Y)y1 = (by—1 = bp—1 + 1) (=wp—1) + by—1 (wp—1 +wo) + (b1 — by—1 +
1wy = 0.

For the cases |z —y| > 2, first assume, 1 <z <y < p. Then (BB™'),, =
(bz1 = by 2+ 1)(=wy 2) + (by1 — by 1 + 1) (wy 2+ wy 1) + (bg 1 — by +
1)(—wy—1) = 0. If y = p we have (BB™!),, = (by—1 — bp—2 + 1)(—wp_2) +
(by—1 — bp—1 + 1) (wp—2 + wp—1) + b1 (—wp—y) = 0. fl <y < 2z < p,
(BB™Y)ay = (by—2 — g1+ 1) (—wy—2) + (by—1 — g1+ 1) (wy—2 +wy—1) + (by —
by—1+1)(—wy_1) = 0. Finally, if 2 <y <p—1, (BB ')y, = (by_a — by_1 +
1) (=wy—2) 4 (by—1 — bp—1 + 1) (wy—2 + wy—3) + (by — bp—1 +1)(—wy—1) = 0 and
(BB™Y)p2 = bp—1wo + (b1 — bp—1 + 1) (wo + w1) + (b2 — bp—1 + 1)(—w1) = 0.
QED

15



Lemma A.3 The density py(x1,...,x,) may be expressed as

1 -
Pp(To, T1y- -, Tp 1) = W E 9(T0,T15- - Tp 1;F,7)
Tsens o'p_leﬂ:l

w€Perm[l,p—1]

where the sum is over all permutations m of {1,...,p — 1} and
/2
v; >0,V4
exp _1 (xO + Uﬂ(l)xﬂ'(l))Q + (3’,’0 Uﬂ(p 1)xﬂ(p—1))2
vi L4 =3P202)(1 - sina)

pP—
G7r(z Tr(i) — (H—l)xﬂ(z—f—l))
+
Z =

2
N (Uw(p—z)l‘w(p—m — On(p-1)Tr(p-1))
Ha— 37 T) (1 + sina)

PROOF: Because of periodicity of the function s(«) the p-fold integral in (3.3)

can be transformed into the following p — 1-fold integral over u; = a; 11 — .
Since s is an even function of u, we have that 2°~! regions are similar and
we obtain

op—1 duy . ..du,_y
(2m)P/2 Ji 11 Vdet S(ui,. .., up 1)

X exp {—%(x, S(ﬁ)_laz)}

Next, we perform a change of variables to §. By (3.12) we have ds;/du; = 40y,

pp(T1, ..., mp) =

and the above integral may be written as
9—p+l1

oz z,) = / dsi...dsp_q
p\ L1y ..., Tp = —
/2 ==
(27T) g Y 180 (1)8x(1) S S0n(p—1)Sm(p—1) S1 det S(Sao'a 71')

1
X exp {—E(f, S(s, 4, W)li’)}.
Now change variables to b. This yields

1 dby ...db,y
pp(T1,. . xp) = 2p—1(27)P/2 Z/1<b1< b€ et S( )

exp {~3@.5(0.6.7)0) |

16



We now recall that det S(b, &, m) = 2072(1 4 by)(by — by) . . . (by—y — bp—s)(1 —
bp—1). Moreover, the scalar product (Z, S (b, &, 7)~1Z) simplifies by reordering
the vector & according to the permutation 7, multiplying each entry by it’s
corresponding o value and then using the matrix B rather than S. Thus we
have

(20, Z1, ..., 2p1), S(,3,m) " (20, 21, ..., Tp_1))
= ((z0, Ox()Tr(1), - - - > Ox(p-1)To(p-1)), B (0, Or(1)Tr(1)s - - - Tn(p—1)To(p—1)))
A brief calculation shows that this value is indeed

-2
(o + Ufr(l)xw(l))Q (o — Uw(pfl)xw(pfl))Q i pz (On(i)Tai) — 0w(i+1)$w(i+1))2_

2(1+ ) 2(1 = by_1) p 2(bip1 — by)
and so
g(xo,xl,...,mp,l;a,w) = / dbl...dbp,1
—1<by <-+<bp 1 <1

(2o + oryZr(1)?/(2(1 + b1))
exp § —3 +(Zo = On(p-1)Ta(p-1)*/ (2(1 = bp—1))
3 P2 (i) (i) — On(is1)Tr(ien)) 2/ (2(bis1 — b5))
V20214 b1)(by — b1) ... (bp—1 — bp—2) (1 — by_1)
Finally, we perform the following change of variables. For shorthand in this
proof, let V:=v?+...+v2 ». For 1 <i<p—2,let b; = (v} +---+v7)/2—1
and b,y = ;(V + (4 — V)sina). Then the Jacobian is ‘M

6(1)1 ,...,’Up_Q,a)

i?)ﬂ)g ...Vp_9(4 — V)cosa. This is also the value of the denominator in
the integral when expressed in the new variables. Thus the two cancel to
leave only an exponential term. Under this change of variables, the region
{5 ERT| —1<b <--- <byy <1} is equivalent to the region {7 €
R, % a | ||7]| < 2,—7/2 < a < /2}. The resulting integral is just the one
stated in the lemma, which is also (3.19).

QED
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