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Abstract

We construct a Neveu-Schwarz-Ramond superstring model which is invariant un-
der supersymmetric U(1)yxU(1)a gauge transformations as well as the super-general
coordinate, the super local Lorentz and the super-Weyl transformations on the string
world-sheet. We quantize the superstring model by covariant BRST formulation d
la Batalin and Vilkovisky and noncovariant light-cone gauge formulation. Upon the
quantizations the model turns out to be formulated consistently in 104+2-dimensional
background spacetime involving two time dimensions.



1 Introduction

It is the purpose of this paper to cast some further light upon constructions of theories
involving two or more time dimensions. We propose an explicit Lagrangian description to
the end from the viewpoint of string theory. It might be a clue for understanding the origin
of time and spacetime itself to consider the physics in which two or more time coordinates
are introduced.

From the point of view of the string unification, the relations between string theories
in various dimensions have been studied and it was also conjectured that all of these string
theories were regarded as different phases of an underlying theory in higher-dimensional
spacetime. Meanwhile, the idea of extra time dimensions, which might be hidden dimen-
sions, was suggested and studied. In this context, several unitary theories formulated in
spacetime with extra time coordinates were investigated from various viewpoints [1-13],
such as super p-brane scanning [1], N = 2 heterotic string theories [2], the perspective for
F-theory [3,4], two-time physics [5-8], 12-dimensional super Yang-Mills and supergravity
theories [9], super (2,2)-brane [10] and superalgebraic analysis [11].

The study in this paper is focused on a model which is constructed in spacetime involv-
ing two time dimensions, although our idea for introducing extra time dimensions might
be applied to formulate other theories involving more than two time dimensions. In par-
ticular, we would like to investigate a superstring model which is consistently formulated
in 10+2-dimensional background spacetime. OQur approach might make some connections
to other models [1-13] from more fundamental and unified point of view.

Some years ago, one of the authors (Y.W.) had proposed a model which has a U(1)y x
U(1)a gauge symmetry in two-dimensional spacetime and also applied the idea to string
theories [14,15]. The striking feature of these models is that extra negative norm states
appear besides usual ones and these are removed by the quantization procedure as the
same as string theories. This fact suggests two time coordinates might be introduced in
the background spacetime. For the U(1)yxU(1)a bosonic string model, we explicitly carried
out the quantization by covariant BRST and noncovariant light-cone gauge formulations
and showed the critical dimension was 2642 including two time dimensions [16].

This paper is a continuation of our work [16]. We wish to introduce supersymmetry
into our previous U(1)y x U(1)s bosonic string model. The extensions are considered
by two ways i.e. by introducing the supersymmetry on the string world-sheet (Neveu-

Schwarz-Ramond model) and on the background spacetime (Green-Schwarz model). In this



paper we focus our attentions on the U(1)y xU(1)a NSR superstring model. We propose
an explicit Lagrangian description of the supersymmetric model by using the superspace
formulation [17] and study the quantization. A subject for the Green-Schwarz superstring
model based on our framework will be discussed in an additional work elsewhere [18].

The U(1)y x U(1)a superstring model is constructed as gauge field theory on two-
dimensional world-sheet. Although the similar models were investigated in refs. [6,12],
an advantage of the formulation of our model is its manifest covariant expression in the
background spacetime by using the U(1)y x U(1)s gauge symmetry, so that we can easily
carry out the quantization with preserving the covariance. An obtained gauge-fixed action
might be useful for the perturbation theory. That is the U(1)y x U(1)5 gauge symmetry
is essential in our model. In the formulation, the generalized Chern-Simons action [19]
proposed by Kawamoto and one of the authors (Y.W.) as a new type of topological action
plays an important key role. In fact, the generalized Chern-Simons action is introduced
for the action to be covariant.

As we mentioned in the previous paper [16], there are two remarks for the quantization.
These are also inherited to our superstring model. Firstly the action has a reducible
symmetry which originally arises from gauge structures of the generalized Chern-Simons
action [20]. Secondly the gauge algebra is open. In the covariant BRST quantization of
the system including reducible and open gauge symmetry, we need to use the formulation
developed by Batalin and Vilkovisky [21]. By adopting this method we explicitly show the
covariant quantization is successfully carried out in the Lagrangian formulation.

In order to treat the dynamics of our model more directly, we also quantize the same
model in noncovariant light-cone gauges. The suitable noncovariant gauge conditions can
be imposed by residual symmetries of the supersymmetric U(1)y x U(1)a gauge symmetry
and we can then solve all of the gauge constraints explicitly. We can also confirm that the
existence of two time coordinates is not in conflict with the unitarity of the theory, since
these are required by our “gauge” symmetry.

As an important feature of quantum string models, one can argue the critical dimension
of the background spacetime [22-24]. In usual superstring theories, the critical dimension
is 941 [25]. For our superstring model, the critical dimension turns out to be 10+2. We
obtain this result directly from both the BRST and the noncovariant light-cone gauge
formulations.

This paper is organized as follows: The brief review of the U(1)y x U(1)s bosonic



string model is provided in Section 2. Then, we introduce the U(1)y x U(1) superstring
model involving N = 1 supersymmetry on the world-sheet in Section 3. In this section,
symmetries and semiclassical aspects of the U(1)yxU(1)a superstring model are explained.
The covariant quantization for the model based on the Lagrangian formulation is presented
in Section 4. In this section we investigate perturbative aspects of the quantized model
and determine the critical dimension of our U(1)y x U(1)s superstring model. In Section
5, the quantization under noncovariant light-cone gauge fixing conditions is carried out.
We then study the symmetry of the background spacetime and obtain the same critical
dimension by direct computation of the full quantum Poincaré algebra. We also present a
mass-shell relation of the model and discuss low energy quantum states. Conclusions and
discussions are given in the final section. Appendixes A, B and C contain our notational

conventions.

2 U(l)yxU(1)a bosonic string model

The U(1)y xU(1)a bosonic string model [14-16] described by two-dimensional field theory
consists of scalar fields ¢!(z), ¢'(x) and ¢'(z), gauge fields A,,(z), BL () and C(z) and
the metric g, (x). We shall consider closed string theories throughout this paper. The D
scalar fields ¢!(z) are considered to be string coordinates in D-dimensional flat background

spacetime with the metric:

-1 (I=J= )
1 (I=J=1,:1=1,2,...,D-3)
ng = 0" =3 -1 (I=J= 6) (2.1)
1 (I=J=1)
0 (otherwise)
The indices I and J run through 0, 1, 2, ..., D —3, 0, 1. As we will explain, the unitarity

of the theory requires two negative signatures to the background metric n;; (E), because
the U(1), gauge transformation as well as the general coordinate transformations removes
a negative norm state.

The covariant action of the bosonic U(1)y x U(1)a string model [16] is
S = /d2$\/_{ mn mfaff_ mn mqblanqbl
Am I pml 1 I
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where we denote
~ . ~ 1
VEgAT =M AL, =gBM =By, =gC = 5e O,

and g(z) = det gpn (). The last two terms in (=) arise from the generalized Chern-Simons
action [19] formulated in two-dimensional spacetime. The action () is invariant under

the following gauge transformations including U(1)y x U(1)a gauge transformations [16],

551 — U/qbl,
" gmn
0A™ = Opv + gm0,
v —9g
§¢" =0,
§ol = ', (2.3)
5Bml - v € anfl + U/gmnanfl + € anul + gmnanull _ u~]m¢]7

v—9 v—9
(SCNY = amU/Am - 'U/Vm/im + vmwmv

0Gmn = 0.

The parameters (v(x),ul(x)) and (v'(:z:),u’l(:z:)) correspond to the vector U(1) transfor-
mations “U(1)y” and the axial vector U(1) transformations “U(1)A”, respectively. Al-
though the scalar field #(z) might be gauged away by using the gauge degree of free-
dom for u'!(z), we leave this gauge degree of freedom in order to keep the U(1)y x U(1)a
gauge structure. The gauge transformations corresponding to the gauge parameters uI(:L')
and 0" (x) = ewnwn(:z;)/\/T(aj) originally come from the generalized Chern-Simons the-
ory [19]. The action (EZ) is also invariant under the general coordinate and the Weyl

transformations
ST = k"0, ¢1,
SA™ = k"9, A™ — 9,k™ A" + 25 A™,
Sl = k"0,
5" = k" 0,0", (2.4)

§B™ = k9,B™ — 9,k B™ + 2sB™!
§C = k9,0 + 2sC,
5gmn - klalgmn + a'mklgln + anklgml - Qngna

where k"(z) is a parameter for the general coordinate transformation and s(x) is a scaling

parameter for the Weyl transformation. The transformations (BE) and (E0) are all local.
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It is worth to mention about some algebraic structures of the symmetry. The first
is a reducibility of the symmetry. The system is on-shell reducible because the gauge
transformations (EE3) have on-shell invariance under the following transformations of the
gauge parameters with a reducible parameter w'(z),

5/ul — wl¢l,
gmnn (2.5)

Since the transformations (E23) are not reducible anymore, the action (B2) is called a first-
stage reducible system. The second is that the gauge algebra is open. This means that the
gauge algebra closes only when the equations of motion are satisfied. Actually, a direct

calculation of the commutator of two gauge transformations on Bml(;c) leads to

€mn
v—9
where the dots (- --) contain terms of the usual “structure constants” of the gauge algebra.

In addition to the gauge symmetries (E) and (), the action (EJ) is invariant under

[d1, 52]Bml = — (vjv2 — vju1)

O,

the following global transformations,

(SSI — WIJSJ —|—CZI,
SA™ = rA™ 43" aphm,
=1

6" = —re’ +w's¢7,
§of = ro! + wljé7, (2.6)

~ ~ ~ 2g .
5BmI — TBmI—|—CdIJBmJ _I_Z(IBZI_I_QZSI)}L(Z)m’

=1

0C = 2rC,
5gmn = 07
where the parameters wy; = —wys, a’ and r are global parameters for the D-dimensional

Lorentz transformation, the translation and the scale transformation, respectively. The
functions h(i)m(;z:) are harmonic functions which satisfy th(i)m(:z:) = 5mnvmh5;'>(a:) =0
(: =1, 2, ..., 2g; g = genus of two-dimensional spacetime) and o; and 3! are global
parameters.

As we have shown in ref. [16], the critical dimension of our bosonic string model (=)
is

D =28, (2.7)



This means the quantum U(1)yxU(1)s bosonic string theory is consistently formulated in
26+2-dimensional spacetime involving two time coordinates. The observation was directly
obtained from both BRST quantization based on Batalin-Fradkin-Vilkovisky formulation
and non-covariant light-cone quantization [16]. It would be interesting to extend the model

by introducing world-sheet supersymmetry as we will explain in this paper.

3 U(l)yxU(1)y NSR superstring model

In this section we construct a U(1)yxU(1), string model which holds N = 1 supersymmetry
on the world-sheet i.e. Neveu-Schwarz-Ramond (NSR) type superstring model. In order
to formulate supersymmetric theory, we use the (1,1) type superspace with coordinates
M= (2™ 0*), (m = 0,1; p = 1,2) where #* are fermionic coordinates [17]. The
geometry of the superspace is given in Appendix B. Field variables of two-dimensional
supergravity are a vielbein Fj%(z) and a connection Q/(2). In particular, we impose
kinematic constraints on torsion components which are also explained in Appendix B.
We begin by introducing superfields Z/(z), ®(z), ®(z), U*(z) = (a¥(z))*, I*!(z) =
(allf(z))* and /N\(Z) = —2(0)*Aup(2), instead of the fields ¢/(z), ¢'(x), o (z), %Nlm(:zj),
B™ (z) and C(z), respectively. The superfields Z!(z), ®!(z), ®!(z) and A(z) are bosonic
scalar superfields, while W*(z) and I1°/(z) are fermionic spinor superfields on the world-

sheet. A covariant action for the U(1)y x U(1)a NSR superstring model is then given by

the similar form to the bosonic string action (E),
1 ~
§= [edor{ - D°='D,5 - D0 D.0;
T =TI rral 1+ I
+v°o; D, =" + 11D, ®; — 5/\(1) CI)I}. (3.1)
The last two terms in (BEJl) are constructed from the supersymmetric generalized Chern-
Simons action [15].

The action (BJ) is invariant under the following local supersymmetric U(1)y x U(1)a

transformations,
2 =V'o,
5V, = (D), V + D, V',
sol =0,
so! = U, (3:2)
STIL = —V(6D)oE + V'DLE! + (D) U + DU — W, 07,
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SA = DV'T, — V'D*U, + D*W,,
SEy? =60 =0,

where the gauge parameters V(z), V'(z), Ul(z) and U''(z) are bosonic scalar super-
fields and WQ(Z) is a fermionic spinor superfield. The parameters (V(Z),UI(Z)) and
(V’(z),U’I(z)) correspond to the supersymmetric versions of the vector U(1) transfor-
mations “U(1)y” and the axial vector U(1) transformations “U(1)A”, respectively. Again,
we leave the gauge degree of freedom for the parameter U'/(z) as well as we did in the
previous section. If this gauge degree of freedom is gauged away, the model turns to be
the same one which we have discussed in the previous work [15]. The parameters U!(z)
and Wa(z) = (oW (z)), are related with the symmetries of the supersymmetric generalized
Chern-Simons action [15].

The action (BEJl) is also invariant under the super-general coordinate, the super local

Lorentz and the super-Weyl scaling transformations,

6=l = KNon=!,
50, = KNoyl, — %L@am + %Sq;
0T = KNond!,
§0T = KNoy o,
ST = KNIt — L L(0). 711} + £ ST, (3.3)
SA = KNONA + SA,
§Ev® = KNONEy® + Ou KN EN® + Ex®Ley® — SEM®,
SEp® = KNOnEn® + O KN Ex® + %EMﬁL(a)Ba — %SEM“ + %EMa(aa)aﬁpBS,
O = KNonQu + O KN Qn 4 Ou L + Ex®e"DyS + Ea®(5).°DsS,

where the superfields KV (z), L(z) and S(z) are gauge parameters for the super-general co-
ordinate, the super local Lorentz and the super-Weyl scaling transformations, respectively.

Some algebraic structures of the gauge symmetry which we mentioned in the bosonic
string model are also inherited to the superstring model. The gauge transformations (E=)
have on-shell invariance under the following transformations of the gauge parameters with

a reducible scalar superfield parameter W'(z),

SUT = W'e!,

(3.4)
W, = (0)."DsW'.
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The gauge algebra is also open in the superstring model. Actually, a direct calculation of

the commutator of two gauge transformations on ﬁé(z) leads to
[61, 8JIL; = -+ — (V2 = VyV1)(0) D@,

where the dots (---) contain terms of the usual “structure constants” of the gauge alge-
bra. From the points of view of these structures of the gauge symmetry we may adopt
the Batalin-Vilkovisky formulation [21] which allows us to deal with reducible and open
gauge symmetries to obtain covariant gauge-fixed theories. The on-shell reducibility is the
characteristic feature of the gauge symmetry for the generalized Chern-Simons action and
the quantization of such a system has been discussed in the previous works [20].
In addition to these gauge symmetries (BE2) and (BEX), the action (EJ) is invariant under
the following global transformations,
= = wIJEJ + aI,
4g
60, =r¥, + ZaiHc(j),
i=1
5§07 = —ro! 4+ w107,
5§07 = rd’ 4+ W07, (3.5)
ST = rf1 4wl 117+ S5 + =) HO,

o
=1

SA = 2rA,
SEu? =060y =0,

where wr; = —wys, al, r, a; and ! are all constant parameters. Poincaré symmetry
is ISO(D — 2,2) as the same as that of the bosonic model in the previous section. The
functions H{)(z) result in harmonic functions on two-dimensional superspace which satisfy
DHY =DsH® =0 (i = 1,2,...,4g; g = genus of two-dimensional spacetime).

Now we introduce component fields for the superfields. In two-dimensional supergravity,
we impose Wess-Zumino gauge for the vielbein F34(z) and the connection Q5/(2) whose
explicit forms are given in Appendix B. The other superfields are expressed as

2= ¢l (0T + %(90)1?1,
U, = ithe 4 10, X' +i(00)0 X +i(070) 0 Ay + (00)0,
o = ¢! +i(0x") + %(90)01,

i

' = ¢! +i(9r") + 5(80)(91, (3.6)
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1 = ipl 440, YT +i(a0), Y +i(c™0).BL + (00)pl,
A=—2i(H +i(0m) + ;i(ee)é).
The U(1)y x U(1)a gauge parameters are also expressed as
V=v+1i(p)+ %(HH)M,
V= () L (00)M,
U' =" +i(0v") + %(90)2\#, (3.7)
Ut =" +i(007) + %(ee)zv’f,

Wy = i7o + 10 +i(30)af + i(c70) 00, + (00)7,.

Before presenting the component expression of the classical action (EJ), we would like
to clarify the gauge structure of physical component fields in the U(1)yxU(1)4 superstring

model. In terms of the component fields, the gauge transformations (BE&) are written down

as
551 — U/¢I’
N = vk + o,
5FI — U/GI . Z.(IM/KI) T M/ ‘I’
§to = (5p1)a + pil,
X' =M,
0X =M,
~ 1 ol i , L,
5Am - ggmng <aﬂ) - 5(,“)(1)) + a’mv - 5(,& )&m)v
1 — / n__m 1 — m 1 my /
Stho = —Z((amva + 00" Yoo X”)a + 5(00 Volt)a + 5(0 Vot )a
Z. — ! n_m 1 = nm.
+§<((Mxm)0 + (4'xm) )"0 Xn)a — (Mo + M)o™x)
5$I — U/I,
5/2;£ = 1/;[,
§GT = N,

5,5£ = —((U& - v’))\l) + (5VI)a + V;I - %a¢la
5yll — U/FI T %((Iua_ . ,u/)/\l) T N/I T %(%/{1) . f/¢17
SYT = —vFT + %((,u — ,u’&)/\[) + N — %(%@f[) — fé',
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B}, = —ggmn%fnl ((‘3;51 - %(Xz)\l)) + v’((?mfl — %(XmAI))
1

i

5 (o + 1) A)

i

nl I i "o i, I T
-I-ggmnef (8;u - 5(’/ Xz)) + Opu’” — 5(’/ Xm) — §(Tam“ ) — W, (3.8)
5p£ = —%((’UJ — v’)amvm/\l) + %((MO‘ — M’)/\I)

1 — n m m [ — Z-
—I'Z((UJ - U/)J " Xn + 20 (U,u + :u/))a (amgl - §(Xm/\l))

1
+Z(('v5 — )0 X — 2op — i) P!

1 I— 1IN\ _n_m 1 — me I 1 mye 12
—Z((amu o+ Opu')o"o Xn) + §(O'O' Vit )a + 5(0 V' )a

1 I— 11\ _m Z I — 12 n_m
_Z((N g+ N")o Xm)oz + §<((1/ Xm)o + (v Xm))U o Xn>a

L, o 1 _ Y T
+§TOZG _5((fa-+f + W0 )"i )a_Ta¢7

SH = —v'X' — %(MZ) +

1 Ao 1 i
0o =~ — SV (0" Vi) + zvl(am(X' + X0 + An0™)Xm)

o]

—%((SX’ — Xo — Amam),u’)a — %((M’ — (amv/ — %(M’Xm))am)ﬂ;)
+%(am©m%)a — i(am(fa + 1+ ’LTJTLJ”)Xm)CY + T,

50 = (D'~ %(u’xm)).(/im - i(&a“amxn)) |
—Ul(eamvm;la - i(XmeXn.)An - i(Xmanamvnqjj) + %(¢mem)

o i n_m
——"" (Yo Vi xn) + g(XmO' o Xn)X/)
? A s 7 .
—(W'a"V 1)) — —(,u/am(X/ + Xo + Anan)xm)
. 2 4%
Lo ¢ n_mywy A U omnga
—2M’<X’ + g(@/)a Xm)) — Z(Xma 0"V, T) — %5 (7o VmXn)

(") + 5 (b0 V) +

7 n 7 7
+§f’(xm0”0mxn) + €MV i, — Zwm(xnanxm) + §(Tamxm),
¢! = 8kl = 5GT = 0.

By using the trivial gauge degrees of freedom for the parameters p,(z), M'(z), M(x),
v'(z), vi(z), N'"(z), Ni(z), f'(z) and 7,(z) in the gauge transformations (BEH), we can

a

impose gauge fixing conditions™

&a:X/:X:[%i:ﬁi:Y/I:YI:H:’]Ta:O. (39)

*As the U(1)yxU(1)a gauge symmetries are essential in our string models, we would like to keep these
symmetries without gauging away the field ¢7(z).
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In order to compensate the Wess-Zumino gauge (BZ) in two-dimensional supergravity
within the gauge (BEM), the U(1)y x U(1)s gauge parameters should be field dependent.
From the gauge transformations (BEX) and the corresponding super-general coordinate,
super local Lorentz and super-Weyl transformations (BZIE) and (BZH) for the fields
L/;a(:zi), X'(z), X(x), &L(x), pL(z), Y'(x), YI(z), H(z) and 7,(z), the gauge parameters
allowed within the Wess-Zumino gauge (BZ) and the gauge (BEH) take the following forms,

Mo = _(5/11)04 - (50mC)aAma
M = —i(($) + 7(Co™0"xm) Au,
M = —i(¢ov) -

vl = —(0"¢)a0nd’ — GG,

(oo™ xm)An,

a

v = (0 =0 @) = (@) + (07)ag’ = (007 )aB. (3.10)

NT = —y'Fl - %(mf) + %(camﬂ)ixm —i(¢pl) + i(gamanxm)ég,
N = P! 4 S(3or") + [6" + S(Co™oN) Ay = i((Bp") = 2(Co0™ 0" xn) B,
=0,
L~ 1 - 1 .
T, = U’(¢ — ZAmanaan)a — §(Um,u’)aAm — §(amvm%)a

1 m( £~ ~ n
—I_Z(O- (fO' + w,o )Xm)a - CaC-
The classical action for the U(1)y x U(1)a superstring model (BEJ) is then expressed by
] :
5= /d%e{ — g™ 0 Dr — SN0
) 1 1
51070 Xm)0uE" = (Xm0 X)X A) + ST E
— g0 0,01 + G' G
) , . , 1.
(A0 + (A b + B0y + i(p"1) — §C¢I¢I}, (3.11)

where we redefine some of the fields as follows,

¢a - Am(anamX'ﬂ)a — ¢a7

/Nlm(amz\l)CY —

(3.12)
BL(0"0™ x)o — pl.

DO | —
e el

1 i n__m
pi + §am¢l(g g Xn)a -
Under the field redefinitions (B, the gauge transformations within the Wess-Zumino
gauge (BId) and the gauge (EX) are given by
S = v'¢" + k0" +i(CN),
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. ' 1 1
6N, = 'kl + @+ KON+ (07 Qo (9" = S A)) + G FT = Sl(oM o + M,

SF! = o/G — i) + K0, — (G = S(Co™ 0" Xm0t
. 1 '
Fi(Co VM) + SO (Xm0 0™ Xn) = 5(Co™ X ) FT + 58,
- 1 )
§A™ = =™ 0v + g7 O — %(M/UnUan)
e
+E" 0, A™ — 0, k™A™ 4 i(Co™h) — i(Co"xn) AT + 25 A™,
1 .

§tp, = —§8mv’(anamxn)a + (6" Vit )o — %,u’a(xmanamxn)

~ e m ) "
+knan77ba + Cozvam — ’L(cO' Xm)¢a - §(CU ¢)Xmoz -
§¢T = k"0,0" + (¢,
5"{£z = knanﬁi —I_ (O-mC)a<am¢I - %(Xm"fl)) ‘|’ faGI - %Z(O'/QI)Q —|— %S.‘{i,

1., 3
§Z(U¢)a + §3¢a7

§GT = koG — %((oma“xm)anqﬁf

: 1 '
+i(Co™V mr!) + g((ff[)(xma”amxn) — %(famxm)Gl + sG7,
S =u'l + k0,97, (3.13)

i

ST — _y'pl _ 5(%/4}) FE9,GT —i(CpT) — %(Co_mxm)él +sGI

SB™ = _g 2mn g fI —I—v'gm”<an$I . %(Xla'no'l/\l)) . i(/L/Jm/\I)

l mnau _I_gmnau ;(%O_mﬁl)_wm¢l+knanéml_ankménl

6

—I—Z(O\I) ™ —i(Co™ o o )0 + (CJ o™ xn)GT

—i(¢a"xn)B™ + i(Co™p") + szmf
Spl =w ( "V A — —8 oo™y, — %(xmanamxn) — ¢lp — AmO'm/iI)a + pl FT
1 I I _m\a L A _m _n — 1~m 1

+—(<G —Oudlo >r)a—1<w T X )(ouka — (@R )e — S (o )
—(0™V ()G — (Umﬁ) O GT + %g}(xmanamxn)él

1 3
(CJ er) (CJ )Xma - §l(5pl)a + §3P£,

§C = v A™ — ’VmAm + 2i(p'Y) + Vo™ + £"0,C — i((amxm)é' + 2sC,

where we use the covariant derivative V,, for the torsion free connection w,, () defined via

(B, (BEE3), (BI0) and (BEX2) and we also redefine the gauge parameter 0™ (z) as

™ ;—eem”(%xn) B (3.14)

£
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Let us consider the reducible symmetry. By introducing the reducible parameter W'(z)
as

W' = w' +i(00') + %(90)@’, (3.15)

the reducible transformations (BEZl) are expressed in terms of the component fields

5/ul — w/qbl,

5%, = (o),

(3.16)
of =
1
fam = —e™ o',
e

where we use the redefinition of the gauge parameter (BEZI). One can easily check the
reducible transformation (BZ) is also consistent with the Wess-Zumino gauge.

Now we are going to an on-shell formulation of the model by eliminating the “auxiliary”
fields F1(z), G'(z), GI(z), kl(z) and p!(z). All of the gauge transformations for these
auxiliary fields are proportional to the equations of motion, so that we can eliminate these

fields within the on-shell formulation. Then, the action (BEZ) becomes the following form,
| .
s=/ d%e{ — S0 0,61 — SN0 D)
1
- E(XmJnUan)(/\I/\I)
- N . ~ . I~
— "0 d! Onr + (A" 0! +i(PA)) b1 + B0, — §c¢f¢f}, (3.17)

—I—%(/\Iamanxm)@nfl

and the gauge transformations are given by

ST = vl + k0,67 + i(g‘v\l),
SN = ! + KN, + (07 ) (0nE" = 500mA)) - gzwm + %sAi,

~ 1
0A™ = —™ v + g™ O — %(,u’a”amxn)
e

FEPO,A™ — O,k AT +i(Co™) — i(Comyn) AT 4 25A™,

1 ! n__m m ! ! ! n.__m
577/)(1 = _§amv (J g Xﬂ)a + (U vmlu )04 - gluoz(xmo- o Xn)
o i 1, 3
+knan¢a —I' (avam - Z(CU Xm)¢a - §(CU rQZ))Xma - §l(0-77b)a —I' 5377/}&7
§¢" = k"0,0",
§¢f = u'l + k0,97, (3.18)
SBm™ — _g5mnanfl + v’gm”(anfl . %(Xlo'no'l/\l)) . i(,LL/Um)\I)

13



%gm”anuf + g™ O’ — " + k"0, B — O,k™ B
+i((AA™ = i(Co™ om0 xn) D" — i(Co™xn) B + 2sB™,
6C = 0y’ A™ — 'V A™ 4 20(p'p) + Vo™ + £"0,C — i(Co™ xm)C + 25C,
S = K" Open® + 0k e, +i(Coxm) + len"er” — sen’,

2
OXmox = K" OnXmer + Ok X + 2(VinC)a = 5 (xm0 0 x1) ()
_%Z(JXm)a - %SXma - (Jmé)a

Since the gauge parameters 7, (x) and f(z) disappear from the gauge transformation (EIJ),

the reducible transformations with which we would like to work are

5/ul — wlqbl

1 (3.19)
du™m = —m" 0w,

€

In addition to the gauge symmetry, the action (BEZ) is also invariant under the following

global transformations,

551 = WIJgJ + ala

T I \J
O, = w' sy,
29

§A™ — 1 A7 4 S5 sk,
S = 1
§¢! = —rd! + w7, (3.20)
55 =il

SBM = B i B4 3B + O,

=1

6C = 2rC,

0en® = 0Xma = 0.

We take the classical action (BEE), the gauge transformation (BH) and the reducibility
condition (BEIH) as the starting point for the quantization we will discuss in this paper.
The superpartners of the fields ¢!(z), B™!(z) and C'(z) in the generalized Chern-Simons

action disappear in the action (BEZ), since the supersymmetry transformations of these

fields are trivial.
Before getting into the quantization of the model, it is worth to mention semiclassical

aspects of the action (BEZ), by eliminating gauge fields through their equations of motion.
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Indeed, this manipulation might be helpful to understand the heart of the model. The field
#'(z) can be gauged away by using the gauge degree of freedom for the parameter u'!(z).

Equations of motion for the fields B™(z) and C(z) give gauge constraints

Omd! =0,

(3.21)
d'ér = 0.

It is possible to find nontrivial solutions for these constraints if the background spacetime
metric includes two time-like signatures. In the light-cone notation’, one of the interesting
solutions which is naturally related with the usual superstring action is qb_(;z:) = ¢t (x) =0
and qb+(:1;) = const.. After substituting this solution into the action (BEX), the action

becomes
. .
g = /d%;e{ — G0 001 — SN0 D)
' 1
+%(z\mm0”><m)3n51 - E(Xmanamxn)(/\l/\f)
(A0, + i(;/}z\;))qﬁ":}. (3.22)

In the action (BEZZA), relations O™ () = 0 and /\;(;z:) = 0 are given by the equation of
motion for /—Nlm(:z:) and ¢*(z), respectively. Then, the final form of the action becomes the

usual NSR superstring action
1 i
S /d%e{ — G0 0 — SV O,

7 1
(0" ) O E(Xmanamxn)()\“)\#)}. (3.23)

Thus, the superstring action (BEZJ) is regarded as a gauge-fixed version of the action
(EX3). The scalar field ¢!(x) plays an important role for the covariant formulation of
the U(1)y xU(1)4 superstring model in the background spacetime which involves two time
coordinates. From this manipulation it is suggested that the critical dimension of the back-
ground spacetime is defined as D —3 =9, i.e. D = 12. However, the dimension D should
be determined in the quantum analysis as we will investigate in this paper. We would also
like to emphasize that the quantization will be carried out with preserving D-dimensional

covariance.

TWe use a convention of the light-cone coordinates for the background spacetime as z! = (z#, éL‘-F, :L‘;)
where z* = %(mo + z') and the index p runs through 0,1,..., D — 3.
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4 Covariant quantization in the Lagrangian formula-
tion

In this section we consider the covariant quantization of the action. As we explained in the
previous section, the action has first-stage reducible and open gauge symmetries. In order
to quantize the action we adopt the field-antifield formulation d@ la Batalin-Vilkovisky [21].

In the construction of Batalin-Vilkovisky formulation [26,27], ghost and ghost for ghost
fields according to the reducibility condition and corresponding each antifields are intro-
duced. The Grassmann parities of the antifields are opposite to those of the corresponding
fields. If a field has ghost number n, its antifield has ghost number —n — 1. We denote a
set of fields and their antifields

o4 (z) = (#'(2),C5°(2), 1 (), -, CRF (2)),
O5(2) = (7(2),C3 0 (2),C 0y (), Chry (7)),

respectively. The fields ¢*(z) are classical fields, on the other hand, the fields C2»(z) [n = 0,
1, ..., N] are ghost and ghost for ghost fields corresponding to N-th reducible conditions.
The classical fields '(z) and the ghost fields C2"(z) have the ghost number 0 and n + 1,
respectively. Then a minimal action Spin(®, ®*) is defined by solving the following master
equation,

(Senin(®, @), Suin(®, %)) = 0, (4.1)

with the boundary conditions

Smin(q)7 q)*) ®*—0 = classical(ﬂo), (42&)
OLOR Smin (P, ®*)

= RH(® =0,1,...,N). 4.9

5an50;§_17an_1 - Bn,an( )7 (n 0, , , ) ( )

Here the antibracket is defined by

CSRXSLY  SrX ALY
(X,¥) = 5% DA §BA 57, (43)

In this notation, C*, ,_ (z) = ¢}(z) are the antifields of the classical fields ¢’(z). The
terms Ry oy (®) and Rpn-1(®) represent the gauge transformations and the n-th reducibility
transformations, respectively. The master equation is solved order by order with respect
to the ghost number. The BRST transformations of fields and antifields are given by
504 = (Smins @), 50 = (Stnin; ). (4.4)
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Eqgs. () and (EZH) assure that the BRST transformation is nilpotent and the minimal
action is invariant under the BRST transformation™.

Now we apply the Batalin-Vilkovisky formulation to the quantization of our model.
First of all, we take the action (BEZ) as the classical action Sgassicalr The algebra of the
gauge transformations (BEX3) is given by

[ 8(vy), 3(v5) ] = (™ = ~——vidav}),

[6(v1), 6(k2) | = 6(v = K} Ouv1),

[6(v1), 8(Ga) ] = 6(u! = iva(GA)),

[5(v}), 8(vy) ] =6(0™ = vig™ Dpvy — vag™" Oyv}),

[ 8(vh), B(ks) ] = (5™ = vt (o' ™)),

[5(v]), 8(ka) ] =6(v' = KjO0}),

[8(v]), 8(C2) ] =6l = (07 G)almvt) + 3 (u' = —iv}(God)) + 6 (™ = iv](Go™)),
[6(h), 8(uy) ] = 8 (0™ = =2i(uh 0™ py)),

[6(44), S(ka) 1= 6ty = K3 Ouprl),

[u1t), 8(G) 1= 6(v = i(ioGa)) +6(v' = i(piGa))

3 (1, = =507 G)alihxm)) + (07 = —i(uiG2) A™),

(80, (1) 1= (4t = —5(or)als),
[8(m)s 8(s2) 1 = 8(ut, = gphs0),

[8(uf), (k) ] =0 (u’ = K} O,uf),
[6(uy]), 8(ka) ] = 6(u" = Ky Ouy),
[6(i1), 8(ka) | = 8(™ = k3 O,y — Ok}
[8(i1), 3(G) | = 8(i™ = —i]' (G20 ),
[8(i1), 8(s2) ] = 6(w™ = 27"s,), (4.5)
[8(kr), O(ka) | = 6(K" = Khouky — ki ok} ).
[6(k1), 6(G2) ] = 6(Ca = —k{'Dncaa),

[6(kr), 8(1) ] =6(1 = =k} D,1),

=46

*Our convention for the Leipnitz rule of the BRST operation is given by s(XY') = (5X)Y—|—(—)|X| X(sY),
where |X| is a Grassmann parity of the field X.
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|=46(3, = -kt asm)
[6(01)s 8(G2) 1= 6(v = Zieenn(Go™G)A™) + 5(u; = i(Go"G)(om)a + i(G0G) (o))

<clam@> .0
—I—(S(ull = 2@((107”(2) mqbl) + 5(w = 2i((0™(L)C )

+5(k” = —2i((07C) ) +8(¢o = i(G10™ ) Xomar)

1= 2i(Go™G) (wm — %(menxn)))

ClU (2)on + (Ci10C)a ) - (VPX‘? 4(XPUJZX’)JX‘1))Q)’
168G, 3(12) ) = 6(c. = —?wcl) L).

(o = —§§1052) + 5(§a = —(amg})aamsz), |

—|—5(uI = 21 (1o (2)3”1

_|_

(%Y
/cn\/_\

Q

In the above gauge algebra, some commutation relations are closed within on-shell,

I 1BmI e ey Foml gmn §S
[ 6(vy), 6(vh) 1B™ = 6()B —|—vl1)2 2 5BI
/ 1 _ AR
[503). 9(G) I, = S+ (07 ook
[8(60), 8(G) 1B™ = )B4+ 8(u) B+ 3(0) B + o (G o),

[8(C1), 8(62) Iha = 8(1")Ag + 8(R)Ag + SN, + (DA,

(60" ) (om 3%5) - (Goe (L),
[5(0) 86 16 = 86" + 210" Gy =
[5(G), () 1B = 8(6) B 4 8\ B 4 8(u) B 4 8" B 4 5) B
£ B+ (OB 2G5

We are now ready to quantize the model in the Batalin-Vilkovisky formulation.

The classical fields '(x) consist of £I(x), AL (x), zzlm(a;), Vo(z), o' (x), &' (2), Bmf(:zj),
C(x), en®(x) and Ypmo(z). Here we introduce ghost fields a(z), a'(z), o, (), bl (z), b (z),
& (x), d™(x), yalz), cr(x), ew(x) and és,(x) corresponding to the gauge parameters v(z),

18



o'(z), pl(x), ul(z), w(z), @™ (), k™ (z), (o (z), [(x), s(z) and 3,(z) and a ghost for ghost
field f(z) to the reducible parameter w'(z). The ghost fields a(z), a’(z), b'(z), b'!(z), & (z),
d™(z), er(z) and cw(x) are fermionic, whereas the ghost fields o (), v,(z) and ésq(x)
and the ghost for ghost field f(z) are bosonic. Since the U(1)yxU(1), superstring model is
a first-stage reducible system, the boundary conditions (E2H) with n = 0, 1 correspond to
the gauge transformations (BEJ) and the reducibility conditions (EXI&), respectively. Then,

we can solve the master equation perturbatively in the order of antifields,

Smin — classmal
+ [l - (@ + o + i)

FOG)S & (50,01 + (307 (0! — L (6:A")
—%CL(A}JAI) + %CW(A*AI) —(Ajo™ v)a' B!
+ﬁ(A*0mA*I)(wm7)+ —(A\7aXT)(v57)

A (5m Bt + g™ O’ — %(a'a”amxn) + a9, A — 0,dm A
Fi(yo™p) — i(30"xn) AT + 2w A™)

3O (700 ) + (57 ) = () "0 x0)

R 0,0) + () VAT — 30 ) (579) = 5 (0™ ) (0 x)

e o) + Sew ()

—¢7(d" 00" — g(VUmV)B;I) — 61 (V" + d70,0")

—B;I( —Lem, el g algm (0,67 - %(Xganal)\l)) _i(a'e™ M)
%gm“anbf + g9 — &l + 470, B™ — 8,d" B"!
+i(yAYA™ — i(yo™ 0" o xn) 01T — i(y0"xn) B™ + 2w B™
g™ B — Lal30™3 ) 4 L(30™ )6 4 5 BT )

—C*(0pd A™ — a'V A + 2i(0") + V™ + d"0,C
—i(70"xm)C + 2ew C)

—e (' Ben” + Ond"en” +i(10°Xm) + cren’es’ — cwen”)

A" (X" OpXm) + Omd™ (X" Xn) + 2(X" V7)) — %(Xmaalxz)(x*mm)

1 *1M = 1 *m *m -
—§CL(X Uxm)—§CW(X Xm) — (X" Omls)
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+a* (dnana +i(yoa’) + ieamn(fyamfy)zzl”) + a™ (d”@na' — i(ya’))
‘|‘dn(0/*an0/) (O/*O'm")/)a Cl _ %(al*amy)(alxm)

Z’ I£3 Z Ix — 1 I — 1 1 Ix 1
—5(707”7)(@ Omt)) — 5(707)(& o) — §cL(oz oga') + §cw(a o)
+b7 (dnanbl +i(yA)a — i(va M) d' 4 ieepn(yo™ ) B

(’YJmV)anQBI + lef)

+07 (dna b/I + i(y0™Y) O )

15, (Tadnd’ — gD %(a'a”amxn) TN
+d"0,8™ — 0, d™E 4 i(yo ™) +i(ya ) AT — i(yo" )™
+i(yo™y)C —u1)

+d;, (d"0,d™ — i(y0™))

+d" (7" 07) — 2(70 ’Y)(’Y*Xm)—%CL(V*U’Y)—%CW(V*’Y)

. 7
+ep | d"Oper, + 1(yo™y) (wm — =

(oo™ xa)) +i(es7))

+ciy (d”@ncw + z'(ésfy))
2P

mn m vk — Z — —
0 (E50hs) — 530" (om0 (Vs = 11000 0)x) )

i — vk qu Z — 1 — vk M
—5(197) <057(Vpxq — ;1000 XZ)UXq)> — Omew (E50™y)
7 1
—§(ésxm)(éf§0m7) + 5(53555)% - 5(5*555)014’

—f (dn@nf —i(ya)a +i(yoa')a’ + ieamn(fyamfy)én)}. (4.6)

The gauge degrees of freedom are fixed by introducing a nonminimal action which must
be added to the minimal one and choosing a suitable gauge-fixing fermion. By using the
gauge parameters for the general coordinate, Weyl, local supersymmetry and super-Weyl
transformations, we here choose super-orthonormal gauge conditions e,,*(z) = §,,* for the
zweibein field and x.(z) = 0 for the gravitino field. In the same way for the bosonic
model [16], the U(1)y x U(1)s gauge parameters (U(J}),U/({L‘),Oéi), (ul(aj),u’l(zj),ﬁf) and
W™ allow to choose gauges A™(x) = B™ (z) = 0 and C(z) = Co, where (' is a constant
parameter. We also impose a gauge condition d,, (egm”esnkék(:ﬂ)) = 0 to fix the residual
gauge degrees of freedom from the reducibility condition. In addition to these, we fix a
gauge ,(z) = 0 by using the gauge parameter u/ (z) in this supersymmetric model. In

order to adopt all of these gauge fixing conditions, we introduce the nonminimal action
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Shonmin;
Suonmin = [ Pa{ e, 200 4+ 170 + 70 — (@ 71
L7 = (8,27 - T, (4.7)
and the gauge-fixing fermion W,

v = /d%{esmn&m;ln + eemni)?BnI + ec(CN' — C’O) + te(ar))

—ed” (en” = n”) + S(B™Xn) + fam<egmneenkek)}. (4.8)

The antighost fields a™(x), Z;}”(:E), c(x), d™,(x) and ¢'(x) are fermionic, while a,(z) and
B™,(z) are bosonic. The auxiliary fields Z{*)(z), Zf:}(;r:), 7)), Z™,(x) and f(z) are
bosonic, whereas Z{*)(z) and Z™,(z) are fermionic!,
The BRST transformations of the field ®4(z) and the antifields ®%(x) are now given
by
0% = (Suin + Snonmin ®*), 505 = (Sumin + Sonmin, ©)- (4.9)

Then, the BRST transformations of the fields ®4(z) are
s¢! = d'¢" + d*9,6" +i(v\),
' 1 1
AL = ol " + d 0 \L + (07)a (0mE” — %(mef)) — 5eL(@M)o + SowA]

1 [y% 1 m oy * 1 oy ok —
——(0"y)ad' Bzl + 5 (07A Dalyomy) + 5. (7 DYoo),

e
AT = Opa + g7 0pa’ — %(a'anamxn)
e
+d"8,A™ — 9,d™ A" + i(yo™p) — i(fyanxn);lm + 2ew AT,
) .
sy = —§8ma’(anamxn)a + (6"V ')y — %o/a(xmanamxn)
o . o 3
+d" 0,00 + Vo Vi A™ — z(ﬂya LXm)d}a — 5(70 ¢)Xmoz — 56,;(0;/})@ + §CW@/JQ,

7 -
¢! = d'9,6" — (307 By
8(51 — b/I_I_ dnanqgl’
SBmI — _ggmnangl _I_a/gmn(angl . %(Xla-no-l/\l)) . Z'(ala_m/\l)
€

1 - .
+_€mnanbl T gmnanbll . EmeI T dnaanI . andenI
€

tThe auxiliary fields Z,(,f)(x), Zﬁf}(m) and Z(°)(z) are equivalent to Z¢ (z), 7Zb (x) and Z°(x) in our
previous paper [16], respectively. In order to avoid confusing the attached indices a, b and ¢ for 72 (z),
7% (z) and Z¢(z) with local Lorentz indices, we have changed the notations.
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+i(yAD) A"

1 ~ 1
+ —QaalemnB:I — —a(yo
€ €

— i(’yamanalxn)azél — i(yanxn)éml + 2ew B™
. | ] i
m/\*I) _I_ 2(70m7)¢*1 _I_ e_QEmnlef’

sC = 0pa’ A™ — 'V, A™ + 2i(a/p) + V8™ + d"0,C — i(y0™ xm)C + 2ew C,
sen” = d"0pen" + Opd e, + 1(y0" Xm) + CLEm e — Cwem?, (4.10a)
Xma = A0 Xoma + Ind X+ 2V = 5 (0m0 1) (7).
_%CL(JXm)a — %CWXmoz — (Om€s)a,
sa = d"Opa +i(y50") + iecpmn(yo™y) A",
sa' = d"d,a" — i(vya'),
sal, = d"Opol, = (679)a0na’ + 5(0™7)a(6xm) + 5(16™ ) (Omb)a + 5(157) (@)

sb! = d"a,b! + i(’yz\l)a

1 1
—§CL(5'O/)Q + §cwo/a,

mn

-1 c (’YJmV)aanI + lefa

—i(yaA)a' + iecpn(yo™y) BM

sb'T = d" 0,6 4 i(y0™y) 0 &,

sc™

sd™

SYa

ser, = d"Opcr, 4+ i(yo™) (wm

mn

c 8. dmer

adya' — ¢""ad' 0,0’ — %(a’a”amxn)a —i(a'c™a’) + d" 0, —

+i(yo™)a’ + i(fya');l i(yo"xn)e™ +i(yo™ fy)C’ + 2ewé™
=d"0,d" — z(fyam’y),
1 1
dnanf)/oz ( mf)/)Xmoz - §CL( )oz - §CW7a7

Z e
Q(Xmaa Xn)) + 2(0507)7

sew = d"Opew + 1(¢s7),

Sésa

d" 0,65, + i(((fyam’y)a + (757)5)5g(v Xg — i(X 501)(1)6)( ))
nCsa T 35 m . pXa = 7 WX q

0 - m
a cSXm)(U ’7)01 -

1
—Omew (077 ) — 2( 5(565>a0L + §éSacW7

sf=d"0.f —i(ya')a+i(yoa)a’ + iccpn(yo™y)E"

and

sa™ = e 7)), VAQEN
A sZ" =0,
sc= 7). 52 =,
sty = 2\, sZ) =0, (4.10b)
sf=¢, sc =0,
sd™y = 7™, sZ™, =0,
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By = 2™, 2™y =0.
Now, let us construct a gauge-fixed action. The antifields are eliminated by using the
gauge-fixing fermion () via equations ®%(z) = &,¥/§®4(x). In order to specify the
physical degrees of freedom of the two-dimensional supergravity sector, it might be useful

to decompose the antighost fields d™,(z) and 8™, (z) as follows,

mn

&y = € 0d™ + e + € atw, (4.11a)
€
B0 =B"0+ (6" 8)a (4.11Db)

where we define

Jm m a 3l _ma m gl a
d n:_(d a€n —I'dae gln_5 ndael)7
P ame
Cr, = <€ a€mbs
= _ m a
Cw = a€m

sy
3
°
Il

(Jnamﬁn)aa
/801

The field d™,(z) is symmetric e”,,d™,(z) = 0 and traceless §",,d™,(z) = 0, and the field

|

)
3
g
3
\Q_/

B™ . (z) is o-traceless (0,,).?B™s(x) = 0. Then, the gauge-fixed action is given by

Sgauge—ﬁxed = Smin + SIIOI]IH]I]

*_— 00
or= 3%

. / e { —eg™0,,610,6; — —e()\ 5" A1) — € On bl D1

- am (ama + eeppgtmOna’ ) — by (ambf + eemkgknanbd)

—om (amc + eamkgk”@nc’) +ie(@ao™nd’) — eg™ "0 fO, f

+ ed™,0pnd" + (" 0,y)

— 2abT 0" + epnby e

+ %(f + aa) e bPh 4 iec, b7 (o' o™ AT)

— €A™ 7@ — B 70 4 eC 70 4 ie(p 7))

— 2ecper, — 2ecwew — e(fes)

—elen® — 62"V 7" + g(xmz”?ﬂ)}, (4.12)
where we redefine some of the fields as follows,

— qb[(@mfl) — e d® 0™ — 0, d¥ey, 8™ + ¢0,,a' + Op(ca’)
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—i€mig™ " O (') — imnb}(YA)) + 18, (ay) — 29,
Z’r(:} - am?[ - gmndkak?}? - amdk{fkni)? — Z}:

14, . F ¢
7 — §¢I¢z — d"Opc + icemrg O f(yoy) = 71,
Zvéa) 4+ le)\i . dnanaa _ 260({1 + egmkgkn@nfa/(gm’Y)a — 5mndn(am7)a

?

~— e

1 F
— O d (07 5,0 - %(&Xm)(amfy)a

_|_l(c _lﬁ ) dn)(5@) —l(c —10 d”)éz — 7
. g\ T g @\ gt R T R
27~ 2500 (e (lowa(a — 2a)) ) 4 0u(d7od) — id" (307 x,)

€

1emn

{= m
QTan (ela(ﬁ ny)) — 7",
. 1 N
7", + i(anamz\j)a@nfl — g(anamxn)a(/\lz\l) + ia’enkb]}(anam)\l)a

+2i€nk3]}@l$[(alam0”7)a + ieankgklalfa'(anama’)a + Qi&:nkgkl@lfé”(am’y)a

P27 (ew — S0 -

—Qiankgkm@gfé”(alfy)a + Qiankgml@lfék(anfy)a — iank&k(anama’)a
1 _
—i0ya' (0" ™a), + Z(éza’)(a”amxn)a —2i(0")od™, — d"0,5™,
. n m J — m = 1 —am 5 m 7m
‘I’andmﬁna + Z(’YJ Xn)ﬁ a T 5(001)&/1)04(/6 0-'7) + 5(0-/6 )ozCL - 56 aCw — Z ay
" — ™0, (fa) 4+ efg" " dpa’ — 6751 —a™,
b+ at! — b7,
bII T GISI — b/I
d—d"o,f — ¢,
o — 2f(00)y = g,

1 gmn
L, — =% gnlamdl — CL,
2 e

1
cw — §6mdm — Cw,
éSoz - (Jm m’)/)oz — éSoz;

and we denote ¢™(z) = e¢™(x). It should be noted that we remove a BRST exact term

—eCy (Z(C) - c(d”@ne +i(yo"xn) — Q(CW - %&dn))) = —s(eCoc),

from the above action.

Using equations of motion of the gauge-fixed action (), thus imposing the gauge

fixing conditions, we consistently fix the fields as



o
3
[~
Il
)
3
\.D

A

S O s + 8 00,

—%5ma(xfananxl) + %5na(xfamanxl)

— 8" MO 01 + 6" ™ 04D Dpr + 8" a0, by

—8m i, 0 + 870 ey ™0, 4 8" i e nn™ Ora’ (4.13)
—67 b, O + 67 biey " 0,b + 67 e ™ Orb!

e, O+ 67 a0l + 8 ™ O1C

+id™ (o 0,a’) — ", (ac™dpa)

— 6™ M 0L FOLf + a0 f O f + 8" O, fOLS

6™ o dOpd” + " od  Opd™ — " d™ 1O, dF

870 (8"07) — 8"a (87 0)

06" bt (0T N) + 187 e bli(a’ ™ AT,
Then, we finally obtain the gauge-fixed action

S mugo—tfixed = / d%{—%nmnamgfangl = LG9 Ar) = 0" 0 Do
—i" (O + " Ona’) — b7 (0b” + 2,0,
—&™ (O + £ 0uc') + (G0 Dpa’) — )"0 fOL f
A0 Ay O dF + (B™ O Y)
—2ab7 01 + £ b !
+%(f + ad')e b + ismni)}"(a'a”)\l)}. (4.14)
The action (E=I) is invariant under the following on-shell nilpotent BRST transformations

which are obtained from (&) and (M) by eliminating the antifields and the auxiliary
fields,

séh = d'¢T + d" 0,8 +i(yA),
sAL = o ¢! + A", + (677)0OnE! + i@mdn(ama”)\l)a — @b (677,
s¢! = d"0,0" +i(y0™ )b,
sl = b1 — d'¢! + d79,4",
sa = d"0pa + i(yod'),
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sa' = dd,a' — i(ya),
sal, = d*9,0!, — (67 oOma’ + i(amana’) O,
sb' = (f —ad )" + d"0,b" + 2i(y\)a — i(yoX)d' — ic™" (yomy) 0o’ + i(yoa')ET,
sb = d" 06" +i(yN)a +i(7077) 0" — i(ya)E,
s = (™" — ™" d ) D — (/o) + €MD f + Dp(d"E™) — D, d™En,
sd™ = d"0,d™ — i(yo™y),
Yo = d" 0y y0 — i(a”am'y)aamdn, (4.15)
sf=d"0.f —i(yd)a+i(yod ) + ienn(yo™y)E",
sa™ = ™ (p10, &1 — B,hrE) — dbT G — (€7 — ) Dpa’ — ™D, (cd’ + ca)
O (d*a™) — B, d™ & + i D, (ya) + 207 (AA]) + 18, f(yo o),
s = ™ Dur + 0,(d"DF) — 0, d™bY,
sc= %qﬁf@ + d"Oc + 1™ O [ (You),
sao =2((c = do)a’) — o\l + d e + i@mdn(ama”a)a — e (@™ + BTEN) (077
(™" a4 0" a) 0 f(007)as
sf=dc+d"0,f,
s¢’ = d"0,c + (70" )0 f,
§yn = Vin — %nmn(n“%z),

Sﬁmoz = mav
where we denote

OnEl0,Er + — «%mwn+%$m@

DO | —

i

+aPer,, 0,a + blekma b+ ¢key, 0,¢ — i(&amana’) + Z(a’amano?)

0 J0uf — i 4 SO — 2 (Budir) + H(0Be) + bl X)

+(m ¢ n), (4.16a)
o = =i (006" + £k’ DT) (070 A1) — 20 (21,67 040" + 208" 0k f ) (0F 010"

—i(ek”(&k—l—?)]}f[) (7 + 0" )0k [ ) (0000 ) + 10,0/ (0701 ).

420 (077 + §6md”6m + d" 0, Brma- (4.16D)

We list below the statistics and the ghost numbers of each fields for the convenience:
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fields statistics | ghost numbers

f bosonic -2

am, i)m, ¢, ¢, dpn fermionic .
Ao, B™a bosonic

A fermionic 0
e, o, &f bosonic

a, ', b, b, &, d™ | fermionic |
o, Ya bosonic

f bosonic 2

The ghost fields (a(z), a'(x), & (2), ol(x), aa(2)), (b (x), b(x), &™(x), b (), c(x),
d(z), f(x), f(;r:)) and (dm(:x), An (), Yo (T), Bma(;t)) come from the symmetries of the
U(1)yxU(1)4, of the generalized Chern-Simons action and of the supergravity, respectively.
We now present a perturbative analysis of the gauge-fixed action (EZIZ) and investigate
BRST Ward identities at the quantum level. Then, we find out that nonlocal anomalous
terms obtained from loop calculations vanish by imposing a condition which determines
the critical dimension for this superstring model. For the explicit calculation it might be
convenient to introduce light-cone notations on the world-sheet*. The gauge-fixed action
(EXA) is then expressed with these notations
Seauge-twea = [ 0] 0461061+ - -
V2 V2
apd_ay +a_dpa_ +byd bl + b0 "
tér0 ey +é_0yes —iv2a,0_d! —ivV2a_0,a" + 20, fO_f
—dyy0_d" —d__0yd” — L0 vy + P04y
(s + a)(ber0-€' +b10:6") +beséo ¢! —borirg!

MO+ —=2L00 M- + 20,070 ¢

1 C -
+(r + §a+a_)b+lb£ +ivV2byal A — Z\/ib_la;Ai}, (4.17)
where we denote
I I I _ I
M= AL M= AL
tOur convention of the light-cone coordinates on the world-sheet is 2+ = \%(roixl). The metric tensor
Nmn and Levi-Civita symbol €,,, are given by n4y =n-_ =0, 94 =n_y =—land ey = —e_4 = —1,
respectively.
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[ A

/ o ! - = - —
a, = oy, a_ = Oy, oy = oq, a_ = Oy,
Y+ = Y2, Y- =M, B+ = Pra=1, B = Ba=2,
a4+ EaZFa’,
by =b" F b7,
J— /
c+ =CcFcC.

Propagators are derived by taking inverses of bilinear parts in the action (),
(' (2)€" (y))o = <7'I(35)¢J(y)>o
—ip(z—y),,IJ

/ —|—ze€ e

LMW = [ Z.((;) p{’i ey 19
(ax(2)az(y))o = (ex(z)ex(y))o = —(dix(z)d™(y))o
:/ d’p  —2ip* —ip(a—)

' 2 p? 4 e

A d2p —2ipT (o
<bi(:1;)bi(y)>0:/i(2w)2 pa o) 17

3

?

<6‘i($)0‘/i(y)>o = /% p\Q/?ﬁicc e—ip(ﬂ?f—y)7
<B ( )’Yi( )> /% ;2—7—})@1 e—ip(ﬂﬁ—y)7

(F(x)f(y))o = /% - _1|_ - e~ P(z=y)

Now let us consider the following two-point functions,

Apes = [ 1 Ve Ve 0)) 7 (4180)
B(pes = [ é—) (J4(2) T4 (0)) &7, (4.18)

where we denote Ji(x) = Ji,=1(x). Here we mention that the two-point functions (EIZ)
and (EIZH) should vanish from the point of view of the BRST symmetries Vii(z) =
sdyy(z) and Jy(x) = sB4(x). By estimating all of the contributions arising from (¢, &),

( )‘I+) (qbl Qb[) (fl.}_,d.}.), (Z;+I7b{}-)7 (é-i-ac-l-)a (6[_}_,0/_}_), (fa f)7 (J-de-l—) and (B+77+)7 we
can obtain the following result for the two-point function (EXZ) up to one-loop order,

1 1 s
A(p)++ = 483<D+2D+2D—2—2D—2—1—|-2 26+11)—(];+)
D—-12(p”)
N 4.19
3273 pt ( a)
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Furthermore we can obtain the following result for (E2H),

B(p)++ = 4\/1§7T3 (D -2-10) (r7)*

pt
_D—-12 (p7)?
=T (4.19b)
In a similar way we can find
Ap)-- = - (0;:)2 (V__(2)V__(0)) &7 = 1)3 2;? (];:_) , (4.20a)
Bl = [ oo (o) (0)) e = 220 (4.20b)

where J_(z) = J_,=2(x). Although we need to check the other two-point functions, i.e.
A(p)+— and B(p)4—, these two-point functions are actually divergent. However, this di-
vergence can be absorbed adding suitable local counter terms to the action. Therefore, we

conclude that the BRST anomalies vanish if and only if

D =12 (4.21)

5 Quantization in the light-cone gauge formulation

In this section we carry out the quantization of the classical action (BEZ) in the light-cone
gauge and derive the same critical dimension of the model in the covariant gauge. In
addition, we mention a mass-shell relation of the model.

In the canonical formulation it might be useful to introduce the following new variables

for the inverse zweibein fields e,™(z),
e
eim = §(€0m + elm). (51)

According to the ordinary Dirac’s procedure*, we introduce canonical momenta defined

by Ppa(z) = 61,5/6(9e®4(x)) corresponding to fields ®4(z)T,

~ 7
Pep = =g Ons = A%1 — 5(M0™ 0" )e”).
Py = —e(gom 1 — B?)7 (5.2)

P(;EI = _egom m¢[7

*Qur convention of the generalized Poisson bracket is given in Appendix C. We take the independent
variables ®4(z) as ¢7(z), AL (2), ¢' (), ¢'(x), Am(z), BL (%), Co1(x), Ya(z), ex™(x) and Xma(z).

TFor the spinor fields, we denote their two components as A} (z) = A (z) and AL (z) = Aj(2). The
other spinor fields also obey the same conventions.
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and

oS
P = — = —je:") 01 =P exAry =0 5.3
AT+ 5(30/\_@ e Ay, = I+ A+ T lex Ars ) ( a)
Py™ = PpT' = Poy, = Py, = Py, = P} =0. (5.3b)

The Poisson brackets are defined by

{¢!, P,y = {¢", Py;} = {9', Ps,} = 4,
AL Pzt = {Pus, Ay = =60,
{Am, PA"} = op,
{BL, Pg}} = 4545,

(5.4)
{0017P001} = 17

W, Pyyt = {Pyybz} = —
{ezl: ) ej:n} = 5

{Xmiapxi} = {PXZ:aXm:E} = _5;2

The relations (BE2) and (BZ22H) give primary constraints. By introducing Lagrange mul-
tiplier fields p;(z) for primary constraints ¢*(z), canonical Hamiltonian can be written in

terms of the phase space variables as
H= /dxl{aochP@A o pigol}

- /d:cl{ _ ; Cl (P! + Mo+ 0ne) (Per + Arér + 0hér) — Prydil

‘|’(P<EI + a1<J5I) (Pqﬁl + Bir + alﬁgl) - %(Pgl + A" + 8151) )‘I+X1—)

(P + Arg" — 0u€") (Per + Avpr — dn&s) + Pay_ AL
+(P;" — 0o ) (PM + Bir — a1951) - %(Pgl + A" — 9151) /\I—XH-)
— Aopron& — Bioidr — %Cmf@ —2i(es%e ! —e e ) pr(vor) — iyl
+ %(Pél + Ao + 9151) AL+ Xo— — %(Pfl + A" — 8151) AI-Xo+
- 0[+,0/\{{_ —0r-p\

+ pan Pa™ + pB1 PBT + poo Py + pus Pot + pu—Py-

+ p€+mP€+m—|—p6_mP€_m—|—px+mP + Px PxT_n}7 (55)

30



where we redefine the multiplier pyL(z) for the primary constraint (BE=3&) as

1
e
prk + oAl + ei()@l)\i — k-
:F
A consistency check of the primary constraints (B=Zd) and (B2ZH) yields a set of secondary

constraints

1

Z(Pg + 016") (Pep £ 006r) F Prpsdi Ny =0, (5.6a)
(P + 01" )Arz =0, (5.6b)
¢rAy =0, (5.6¢)
bro €T =0, (5.6d)
¢rPe’ =0, (5.6e)
o' =0, (5.6f)
Pl =0, (5.6g)
%qblgbj =0, (5.6h)

and these secondary constraints give no other relations?.
Let us specify the algebraic structure of the constraints. The constraints (BZX) have

non-vanishing Poisson brackets with each other

{65,601} = —2iex"n",
{01,01} = 0,

(5.7)

and are therefore second class. Similarly, the constraints P., (z) = 0 and (ELd)-(ELd)
have non-vanishing Poisson brackets with the constraints (B=&) and hence are also second

class. However, we can take the following linear combinations for these constraints,

Pyy=0

1 I
— Peﬂ:o + E&[:F)\:F = 0, (58&)

i(PfI + 815[) (P»sI + 8151) T Pasoh L =0
— i(PgI + @151) <P51 + @1‘5[) F (P,\[i — %9&)81 <,\i 4 égi) —0, (5.8b)

(P 4 01" ) A =0

iThe consistency checks for some of the constraints determine the multipliers as functionals of the
canonical variables. However, these explicit forms are not important because these contributions to the

canonical Hamiltonian might be ignored if we introduce the Dirac brackets.
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— (Pgl + 8151) (AI:I: + 9% 9[1) =0, (58C)
:F
diAl =0 |
— 1 (Ai + 2!?9@ =0, (5.8d)

so that the above constraints (BE=2&)-(B=Zd) turn out to have vanishing Poisson brackets with
the constraints (BZX). Then, we can separate all of the constraints into second class (B2

and first class (BE=20), (B=2)-(B=2d) and (BEBd)-(BEEI). For the second class constraints, we

introduce the following Dirac brackets instead of the Poisson brackets,

AL
{ €xQ° } 26:';0’
Z, (5.9)
I yJ1 _ 1J
{/\:ta/\:t} = _QGJFOU )

and we set the second class constraints (BEEZ) as identities. Then, the first class constraints

(E=3)-(B=2d) are simply replaced to the original ones.

Now we investigate the dynamics of the model defined by the canonical Hamiltonian
(BEX3) with the first class constraints (B=3) and (EBd)-(BBH). Imposing noncovariant gauge
fixing conditions, we explicitly solve the constraints to some of the variables from the
equations of motion®.

We begin by considering conditions for the scalar field ¢!(7, o). We find it convenient

to introduce Fourier mode expansions of the canonical pair (qu(T, o), Py, (T, J)),

o (r,0) = o1 (r)em
m,;

p(b ( ) 'lmo'
PM(T?J) = QIW m Z p¢lm .

m#0

(5.10)

Then, Poisson brackets are written by

{&"(7), ps ()} = 65,
{Qb{n(T)ap(an(T)} = 5§5m+n7 (5.11)

otherwise = 0.

In terms of the Fourier modes, the constraint (BBl) is equivalent to ¢! (1) = 0. On the

other hand, the equation of motion for ¢!(7,c) on the constraint surface is 9,¢'(r, o) = 0.

0

$Hereafter we use the conventions of the world-sheet coordinates as z° = 7 and 2! = 0. We also

parameterize the spatial coordinate as 0 < ¢ < 27.
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Together with the constraint ¢! (7) = 0, we then set the configuration of the scalar field
as ¢!(1,0) = ¢!(1) = ¢!(= const.).

We first impose orthonormal gauge fixing conditions e, (7,0) = §,™ for the constraints
P., (7r,0) =0, by using the gauge parameters £"(7,0), [(7,0) and s(7,0) for the general
coordinate, the local Lorentz and the Weyl scaling transformations, respectively. In ad-
dition, we can also adopt xn,+(7,0) = 0 as a gauge fixing condition for the constraint
P?(7,0) = 0, by using the gauge parameters (+(7,0) and 34(7, o) for the local supersym-
metry and the super-Weyl scaling transformations, respectively. The bosonic U(1)yxU(1)4
gauge parameters v(7,0), v'(1,0) and the global parameter a; can fix to be A,,(1,0) =0
for the constraint P4™(7,0) = 0, while the fermionic gauge parameters p/,(7,0) can fix to
be 1+ (7,0) = 0 for the constraint Py (7,0) = 0. However, this is not the end of the story.
The system still has residual symmetries concerned with these gauge parameters [16]. As
we will explain below, taking these symmetries into account, we can adopt the follow-
ing gauge fixing conditions on “two” light-cone coordinates¥ of the background spacetime

within the gauge €,”(7,0) = §,” and X+ (7,0) = An(7,0) = 4(1,0) =0,

+ +

(F(r, o) = }27—71_7', P;(T,O‘) = g_w’
R ot R ot

Et(r,0) = p—T, P;(T,O‘) = p—,

M (r,0) =0,

)\i(r,a) =0,

where p* and p:F are light-cone components of the center of mass momenta. Therefore we
can eliminate “two” unphysical components of the coordinates of the background spacetime
and their superpartners. Indeed the gauge fixing conditions (B=) correspond to ones for
the first class constraints (BLd)-(ERd).

In order to show how these conditions (B=I) are accomplished, it might be useful
to introduce Fourier mode expansions. In the gauge e,”(7,0) = §,” and xps(7,0) =
A (7,0) = ¢4(7,0) = 0, the dynamics of the coordinates £/(7,0) and AL (7, o) turns out

to be given by free wave equations and free Dirac equations with some constraints. For

TFrom the definition of the metric (E=8), we denote the light-cone coordinates of the background space-

time as zf = (2%, 27, 2!, a:‘i', z7), where % = %(mo +2P-3) and et = %(ro + :Ei) and the index 7 runs
through 1,2, ..., D —4.
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the bosonic coordinates, the solutions of the equation of motion are

5[(7_70_) — .Z'I—|— p Z ( —zmT o) —|—dI e—zm(T—I—a))’
7T
T (5.13)
PgI(T,O') o p Z ( I —zmT —0) +557I71€_im(7+0))7

m;ﬁO

and Poisson brackets are given by
{«"p"} = 2"
{of,,al} ={a],al} = —imn" 6 i, (5.14)
otherwise = 0.

For the fermionic coordinates, the solutions depend on their boundary conditions i.e. pe-

riodic (Ramond model) and antiperiodic (Neveu-Schwarz model),

)\{(,na — Ebl—zrﬂ'o
\ TEZ+a (515)

/\I (7_7 o) = bI —ir ’T+0’
* vV ZWrezz;m
where ¢ = 0 for Ramond and a = 1/2 for Neveu-Schwarz model, respectively. Their

Poisson brackets are given by

{bI bJ} = {bivbsj = inIJ5T+87

v (5.16)
57 = 0.
In terms of the Fourier modes, the constraints (EBd)-(BEEd) are equivalent to
Lyp=1% 410 =0,
i, = 0 100 o,
G, =G, =0, (5.17)
“ T

In the above egs., we define the super-Virasoro generators as

ng) = lZainajm_m, ngs) = lz&in&lwﬁ-rm
I Sl (N [ N (I Sl (N
rEZ—}—a rEZ-}—a
Gr = Za_nblr—l—na ér = Za blr—l—na
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where we denote ol =

p'/(2y/7). The gauge fixing conditions (BE=Id) are equivalent

to
gt =2t = 0,
) (5.18a)
af, =af, =af =af =0, (m#0),
and
bt = bt = b = bt = 0. (5.18b)

Now let us explain the procedure to get the gauge fixing conditions (EEZ) and (BIZT).
For the fermionic sectors, within the super-orthonormal gauge, we can change the fermionic
coordinates AL (7, o) with the gauge parameters (4 (7, o) provided that conditions 8,(, (7, o)
= —0,(4(7,0) and 0,(_(7,0) = 0,(_(7,0) are satisfied. Here we take the following forms

which realize these conditions,

1
C (7_’0_) - §T€—ZT(T 0’)’
¥ \7 27T7"EZ—I—[1
1 -
C—(Ta 0_) — Te—zr(ﬂ'-}-a)
27rr€Z+a

In analogy to the bosonic U(1l)y x U(1)s string case [16], the fermionic U(1)y x U(1)4
gauge parameters y/y (7, 0) can be also used to change the fermionic coordinates within the
gauge ¥+ (7,0) = 0 provided that conditions 9,p/, (7,0) = O, (7,0) and O,p’ (1,0) =
—0,p" (1, 0) are satisfied. We take the following forms for p/ (7, 0) to realize these condi-

tions,

/ 7_70_ ~ ! —27“ T+0‘
/~L+( /—271_ E

reZ+a
The gauge transformations corresponding to these parameters are consistent with the equa-
tions of motion for the fermionic coordinates AL (7, o), because, in terms of the Fourier

modes, the gauge transformations are given by

1
567{ = —ZCT—nai +M;¢Ia

ﬁ (5.19)
557{ = ZCT na —I':ur

It is worth to mention that these gauge transformations are the same ones in usual string

theories, except for the gauge transformations corresponding to the parameters u!. and f!.
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However, we would like to emphasize that these gauge transformations can be disappear
on the following combinations,

S(s*br — ¢7bf) = 2: n(gta — gtal),

n

(¢ +b+ gb+b+ E ¢+ + ¢+&i)_

n

In analogy to taking the light-cone gauge in usual string theories, by using the gauge

degrees of freedom for (, and QN}, we can recursively adopt gauge conditions

$HbF — ¢TbF =0,

o . (5.20)
o7 — ¢t = 0,
if the following condition is satisfied,
ot pt — Pt A0, (5.21)

Next we use the gauge degrees of freedom for p! and ! in (BEEI). In order to keep the
condition (BE=Z) one cannot vanish both of the scalar fields qb"l and ¢t simultaneously. If
qb:* £ 0, we can adopt the following gauge fixing conditions of the 4+ component,

bt = bt =0, (5.22)

without spoiling the gauge fixing conditions (E=2). From (E=2H) and (BE2Z0) we can then
arrive at the gauge fixing conditions (BIZH). In the similar way, we also conclude the
same gauge fixing conditions (BIZH), in the case ¢* # 0. Therefore we may assume the
case qb:* # 0 throughout this paper without loss of generality. For the bosonic sectors, the
procedure to obtain the light-cone gauge (BIZA) within the gauge (BIZD) is essentially as
same as in the previous work [16], and therefore does not need to be repeated here.

The gauge fixing procedures for the remaining constraints Pg7 (7,0) = Pey, (7,0) =0
and (BBl)-(BBH) are also as same as in the bosonic U(1)y x U(1)4 string model. As we
explicitly showed in the paper [16], after imposing suitable gauge fixing conditions, the
dynamics for the remaining phase space variables is completely determined, so that it is

described by the zero-modes of the fields ¢!(7, o) and P,(r, U)( = —Bl(r, U)),

T | (5.23)



with second class constraints

1, R

Lolgr=0. pt =0, (5:24)
where the constant é’o arises from a gauge fixing condition C,,(7,0) = —é’o. In the two-

time physics, these zero-modes are regarded as canonical particle modes [6,8].

Now let us summarize the correspondence between the constraints and the gauge fixing

conditionsl!l:

constraints gauge fixing conditions
Lo+ Lo =0, at =0,
Ly =Ly, =0, af =& =0, (m#0),
G, =G, =0, b =bF =0,
prp’ =0, 2t =0,
bray, = ¢idy, = 0, of =&} =0, (m#0),
d1b} = d1b] =0, bf =5 =0,
%leﬁbl =0, pst =0.

We are now ready to discuss the dynamics of the system.
As the constraints are quadratic in the Fourier modes, we can solve these directly and
the dependent variables are expressed in terms of the independent variables. Here are the

non-vanishing Poisson brackets of the independent canonical variables

{$_7p+} = {:L';,p:k} =—1,
{z',p7} = &,
{ailz?a']r;} = {afm?&']n} = _Zméwém—}-'rn
{bfﬂvbg} = {I;Zﬂvi)i} = _i(sij(sr-l-s;
{¢+7p¢_} = {¢_7p¢+} = {954_,]3(;5;} = _17
{¢i7p¢j} = 5ij7

(5.25)

and the remaining non-vanishing dependent variables are written down as

P = g g (077 = 560) —r* (670" o) — 2ot (1 4 ),

IIAs in usual closed string theories, a constraint Lo — Ly = 0 leads residual gauge invariance i.e. the
translation along the world-sheet coordinate o. This constraint results in the level matching condition for
physical states in quantum theories.
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oo — /ALY ), (m £ 0),

-

7 = Mf_l o (e —2mt L) o),

= (5 I (st Lote) (90 — ) —2m0 (14 1) ),
0y = i (P L) (A 0)

& = Wi (o —2vRs L), mro) (5.26)
b = ! ptoiby, — /Tt G

+¢ bzr - 2\/_Qb-i_Gtr 9

)
)
)
)

b = otpt i otpt P o'ty = 2/md G,
ZN)TL = ¢;p+i¢+p+ +¢ bzr_g\/—¢+Gtr 5
5 == (ore - 500)

where transverse parts of the super-Virasoro generators L (= Lgr?)tr—l' Lgs)tr)’ Zg’rl(: zg’?)tr—l—
D), G and G are defined by

L)t = lZo/_naimMa L = %Z AL Qi
- 1 my =~
Lgl})t - _TEXZ;-G(T + ) bim—}_?ﬂ’ ng)t = §rez+a(r * 5)b_rbzm+h
anr = ZO&_an’r+n7 éfnr = Z&Z_ ZN)”»_}_n

Now let us investigate the symmetry of the D-dimensional background spacetime. The
generators for the translation and the Lorentz transformation are derived from the classical

action (BEXI). In terms of the Fourier modes, these are

PI — pI’ (5.27&)
MIJ::L,IpJ_iZi(aI aJ_I_&I &J)_i Z(bl bJ_I_bI bJ)+¢Ip¢J
2 m#0 m e e 27“6Z—|—a
—(I < J). (5.27b)

Using the independent canonical variables, the Poincaré algebra ISO(D —2, 2) is satisfied,
{P, P} =0,
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{]\4IJ7 PK} — UIKPJ o 77JKPI, (528)
{MIJ MKL} — UIKMJL o UJKMIL o UILMJK + UJLMIK

if a constraint L{ = lN)gr is imposed. The gauge fixing procedure we considered is the way
to preserve the full D-dimensional Poincaré symmetry.

According to the ordinary string theories in the light-cone gauge, we have to examine
Poincaré algebra (B2Z) in the quantum theory [24]. The checking of the Poincaré alge-
bra is again straightforward, except for commutation relations [M*~, M’~], [Mi;,Mj;],
(M=, M7=, [Mi=, M~ and [M"~, M—]. The explicit forms of these Lorentz generators

are given in Appendix D. After lengthy computation, we can obtain the following results,

a2
M i = ATy
(pFpt — ¢tpt)?
- - 47T¢+2 .
[M'™, M7 = — ——AY
(ptpt — ¢tpt)?
. I . Fot ~
(M=, Mi~] = i§i M~ — 4%T¢?+;2A% (5.29)
(ptpt — otpt)
. 47T¢4¢j -
M~ M~ = — L LY
[ ]<ww—www
(M=, M~ = - nGTh i

(6% pt — ¢tpt)?

Anomalous terms A¥ are

Al — _( S m(al,ad, +ab,80) +4 3 7 (6,5 + z;;zg;)) (1 - %)
m=1 r:%
¥ ( Lot 08 + Y bf_rbz;) (24 = s o a0 — )
m=1 m =1 8

S © LN/ D—4
&l el + > bl_rbfn) <:Lgr: — LY +ag + ag — ?)

—(1 < 7), (5.30a)
for (NS, NS) sector, which means both right and left movers satisfy the Neveu-Schwarz
boundary conditions,

D—4

i _( S (ol 00, + 65,60 A3 (b0 5;5;;)) (-2
r=1

m=1

o 1 .o 1 3
+(§:;?ﬁm¢n+§:mjﬁ+§%%)Cng—ngﬂm+ao
r=1
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> 1 . . LRV D ~
+ ( > —alag + Db+ 56666) (rLf{: — Lot 4o + ao)
m=1 r=1
for (R, R) sector and
D—14

Al = _( S m(a 0l +a0,,) +4Zr26i_rbﬁ +4ir2z;5;;) (1 _ T)
r=1

m=1

D —4

< 1
+(E—_m m-l—ZbZ )<2Lgr Ltr +ao+ao—T)
— | ~j 55 7§ Lssi Ftr tr, | ~
+ Z Ea_mam + Z bt bl + §bobo <:L0 c— Ly 4ao + a0>
r=1

m=1
—(1 < j), (5.30c¢)
for (NS, R) sector. The constants ag and Go denote the ordering ambiguity of the operators

LE and lN)gr by adopting the normal-ordering prescription,
LY — L — ao, lN)gr — :f/g‘": — dyg.

The level matching condition for physical states is now expressed as

L — ag =LY — Go, < N —ag= N — ao, (5.31)
where number operators N and N are defined by

[o @] (o @]
NEZa Qi + Zrbl ir s NEZ o Qi + Zrbl
m=1 reZ+a>0 m=1 reZ+a>0

Imposing the level matching condition (BE=), the anomalous terms A% vanish on physical

states if and only if

. 1
do = o = 3, ((NS, NS) sector),
D =12, ag = g =0, ((R, R) sector), (5.32)
L.
a =g, do= 0, ((NS, R) sector).

Then, the Poincaré algebra ISO(10, 2) is satisfied in the quantum theory.

A mass-shell relation of this superstring model is given by
m® = —P'P;
= dr (N + N — ao — do). (5.33)
As a common future of our string models [16] and the two-time physics [5], on-shell degrees

of freedom are equivalent to usual string theories, because our extra spacetime coordinates

are introduced by the “gauge” symmetries.
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6 Conclusions and discussions

We have explicitly constructed the U(1)y xU(1)a NSR superstring model by using the su-
perfield formulation and discussed the quantization of the model. Even though the system
had reducible and open gauge symmetries, we have shown that the covariant quantization
has been successfully carried out in the Lagrangian formulation ¢ la Batalin and Vilko-
visky. Furthermore we have presented the noncovariant light-cone gauge formulation and
investigated the symmetry of the background spacetime. With careful considerations of
the residual U(1)yxU(1)a gauge symmetries, we have specified the gauge fixing conditions
corresponding to the first-class constraints. Under these suitable conditions, we have been
able to clarify dynamical independent variables and solve the first-class constraints explic-
itly. Although manifest covariance has been lost, we have confirmed the full D-dimensional
Poincaré algebra of the background spacetime by direct computation.

Since the quantizations of the model have been successfully carried out, we could argue
the critical dimension of the superstring model. In our case, it turns out to be 10+2.
This means the background spacetime involves two time coordinates. Conversely, the
requirement of two negative signatures in the background metric is natural one due to the
gauge invariance of our model. The critical dimension has been obtained from both the
BRST Ward identity in the BRST formulation and the D-dimensional quantum Poincaré
algebra in the noncovariant light-cone gauge formulation. Therefore, we have concluded
a consistent quantum theory of our U(1)y x U(1)s superstring model has been formulated
in 1042-dimensional background spacetime. We have also discussed the quantum states.
Contributions toward the mass-shell relation from zero-modes of the scalar field ¢!(z) are
completely canceled, so that our superstring model possesses the same spectra as usual
string theories.

We propose our string models as devices to formulate the physics involving two time
coordinates and to search for a fundamental theory with an underlying complex nature of
spacetime which would be linked via dualities to M-theory, type Il string theories and F-
theory from higher-dimensional points of view. Our explicit Lagrangian formulation might
be a clue to understand spacetime itself.

The classical actions and the gauge symmetries of our string models strongly suggest
that these model should be more naturally defined in higher-dimensional field theories,
namely, that membranes or p-branes are more fundamental than strings in our formula-

tion. From the point of view of constraint algebras, the action might be derived from a
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membrane action by adopting a compactification prescription. In this case, Kaluza-Klein
fields which arise from the compactification might correspond to the gauge fields in our
present formulation.

One of the remarkable features of our higher-dimensional formulation is that models
are allowed to have pairs of the extra time and space coordinates. Therefore, by applying
our mechanism, one can construct a succession of supersymmetric models formulated in
background spacetimes, involving some time coordinates, where Majorana-Weyl fermions

can live consistently.
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Appendix A. Two-dimensional world-sheet

We denote the characters a,b,c,--- and m,n,[,--- as flat local Lorentz and curved
spacetime indices, respectively.

The two-dimensional flat metric n,, and Levi-Civita symbol ¢, are given by

. 10 . 0 1
nab:nb:( 0 1)7 €ab:_€b:(_1 0) (Al)

As the two-dimensional Clifford algebra, the o-matrices satisfy
{o%, 0"} = 2. (A.2)
Their explicit representations are

=0y )@= )

and

The spinor metric is given by

0 1
— B
Nag =1 - ( -1 0 ) ) (AS)



and the spinor indices are raised or lowered by using the metric n°? and 1,5*,
0% = 051°°, 0, = nap0°. (A.4)
A bilinear form of spinors # and x is defined by
(OM,x) = HQ(JMU)Q’BXQ,

where M, denotes any products of the o-matrices. An integration of spinor coordinates is
given by

/d20 = %/d&Qdel, (A.5)
and its normalization is defined by

/d29(90) —1.

One can introduce an orthonormal basis “zweibein” one-form field of the local Lorentz

flame for each cotangent space of two-dimensional spacetime
e’ =dx"ey”, (A.6)

where the indexes a(= 0,1) and m(= 0,1) label the local Lorentz flame and curved space-

time, respectively. Orthonormality for the zweibein e,,*(z) implies
g e te,t = b,
by using inverse metric ¢”"(z). One may assume the invertibility of the zweibein,
em’ed” = 0", e, e, =6,°.

mn

In the curved spacetime, the metric g, () and the Levi-Civita symbol ¢™" are given by

1
Gmn = emaenbnab, g™ = eeamebnsab, Emn = —em“enbeab, (A.7)
e
where e(z) = det e,,"(z) = y/—g(z). One might prefer to use the Levi-Civita tensors,
1
gt = =", Emn = €Emn.
e

The zweibein e,,"(x) allows to covert the local Lorentz indices to the spacetime indices and
back,

At =€, A" A" = A,

?

*One might prefer to regard the equation 0% = nP® as the Dirac conjugate relation ¢ = ¢Te® = 47 C,

where the spinor 1 is a real (Majorana) spinor and the charge conjugation matrix is defined as C' = ¢°.
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One can also define o-matrices in curved spacetime o™ (z) as

m

o™ =o",". (A.8)
The zweibein obeys the following SO(1, 1) local Lorentz transformation
Sen® = leylen”, (A.9)

where the symbol ;% is a generator of the vectorial representation for the local Lorentz
group SO(1,1) and the function [(x) is a corresponding gauge parameter. In order to
define a covariant derivative on the local Lorentz group, a spin connection one-form w,’(x)

is introduced as

W = daMwme,” = we,’, (A.10)

and its local Lorentz transformation is defined by
0wy, = Opl. (A.11)

The connections allow us to define covariant derivatives acting on the local Lorentz indices

as

Vme = am¢7
VinAy = On Ay + wnea Ay, (A.12)
VA = 0, A" — w,, Aey,

whereas covariant derivatives acting on the ordinary curved spacetime indices are defined

by

Vme = amgbv
VA =0nA, — T A (A.13)
VA" = 0, A" + I, A,
where the coeflicient Flmn(:z:) is usual Christoffel connection. From the equivalence for the

covariant derivatives between local Lorentz flame and curved spacetime flame, one can

obtain the following relation between spin connections and Christoffel connections,
I = €4 (Omen” — wnen' s, (A.14)

or equivalently

Vnen® = 0. (A.15)
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In (BZI3), we use the following definition for the covariant derivative for the field A,,*(z)

involving “mixed” indices,
Vi An® = 0n At — T A — wn Aley (A.16)

In two-dimensional case, the metric compatibility which corresponds to Vig,,(z) = 0 is

automatically satisfied by the following way

Vm77ab = amnab + wmgabncb + ngbbnac
J— [ C
= WmEq Neb —I' Wm€p Nac

=0.
The torsion two-form 7%(z) and the curvature two-form R,’(z) are then defined as

1
T = de® — webe,® = —§ecebTbc”‘, (A.17a)

1
R, = dw,” + w,w.b = —§edeCRcdab. (A.17D)
In the curved spacetime, the torsion components are given as

[ _ { a
Tmn = €4 Tmn
= eal(amena — Wpen et — (m < n))

{ {

If one impose the usual torsion free condition 7,,'(z) = 0, the spin connections w,, (z) are

expressed in terms of the zweibein fields

1
W = —ame™ D€’ (A.18)
e

In addition to the above definition for the covariant derivative on the bosonic fields, one
can also define covariant derivatives acting on spinor fields. The generator of the spinorial
representation of the local Lorentz group SO(1,1) is given by %(5)06_ The local Lorentz

transformations of spinor fields are then given by

o = —3l(V)a,

1 (A.19)
5y = —Sl(@P)".
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From these transformations, one can define the following covariant derivative acting on the

spinor fields ¢,(z) and (),

(Voo = Dt + 0 (7)

1 (A.20)
(V)" = D" + S (50)°.

One can easily check the metric compatibility for the spinor metric n°° and 7,43,
Vitlag = V™ =0,

and the following covariant constant relations

Appendix B. Geometry of superspace

In order to construct supersymmetric theory on the two-dimensional world-sheet, we
use the (1, 1) type superspace with coordinates z™ = (2™, 0*) (m = 0,1; u = 1,2). The

coordinates ™ and #* are bosonic and fermionic, respectively,
MN = (—)'M”N'zNZM, (B.1)

where |M| is a Grassmann parity of the coordinate ™.

One can define a differential p-form in (1, 1) superspace as

(_)p(p—l)/2 o "
d(z) = sz P d2 M g, (2), (B.2)

where the coefficient function @ay,..az7,(2) is “graded” antisymmetric in its indices, due to

the “graded” anticommutativity of the differential forms,
dzMdzN = —(—)|M||N|dZNdZM.

The exterior derivative for the p-form is defined by

_\p(p—-1)/2
dd(z) = dzL@L(%dsz e dleq)Ml...Mp(z))
_\(p+1)p/2
= %dsz cee dZMleLaL(I)(Z)
p!
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Under the “usual” wedge product of p-form ®(z) and g-form ¥(z),

(_)p(p—l)/?+q(q—1)/2 M o N N
O(2)¥(z) = i dz™r - d2" Oy, (7)™ - A2 Uy L, (2),

the Leipnitz rule for the product of p-form ®(z) and ¢-form W(z) is given by
d(P(2)U(z)) = dP(2)¥(z) + (—)?P(2)d¥(2).

At each points on superspace, a local Lorentz frame is defined by introducing a vielbein

one-form

EA(2) = dzM By (2), (B.3)

where the indices A = (a,a) (@ = 0,1; a = 1,2) denote the local Lorentz flame. The

vielbeins Fj?(z) are invertible superfields
Ex () EAN(2) = 00,  EAM(2)En®(2) = 645, (B.4)

In the local Lorentz frame, the exterior derivative is written by

d=dzMoy = E40,, (B.5)
where we denote the derivative d4 as

O = EsMoy.

The “graded” Lie bracket is given by

(04,08} = Cap“ e, (B.6)

where

CABO = (8AEBN)ENO — (—)|A||B|(aBEAN)ENO.

The vielbeins obey the following local Lorentz transformations,
SEA(2) = EP(2)L(2)ep?, (B.7)

where the generator of SO(1,1) local Lorentz group is defined by



and the superfield L(z) is a gauge parameter. In order to define supercovariant derivative

on SO(1,1) local Lorentz group, a connection one-form is introduced as
QAB(Z) = dZMQM(Z)eSAB = Q(Z)eAB, (B.8)
and its local Lorentz transformation is defined by
00w (z) = O L(2). (B.9)
The connections allow us to define supercovariant derivatives on scalar field ®(z) and vector
fields U4(2) and U 4(z) as
DO =dd = E90.9,
DU,y = dU, + QP Wp = B (00U, + QeesPUp) = EDo, (B.10)
DU = du? — QUPep? = £°(9c0* — QcWPept) = EODoUA,
where we denote Q4(z) = FAVQn(2).

The torsion two-form T4(z) and the curvature two-form R4P(z) are then defined as
T4 =DE* = —%ECEBTBCA, (B.11a)
R4P =d0,P + 0,908 = —%EDECRODAB. (B.11b)
In the local Lorentz flame, the torsion and the curvature are explicitly given by
Tt = —Cpc? — Qpec? + (—)BICQ e 54,
Ropa® = (90917 — (-)'O”mapﬂc — CODEQE)€AB
= FOD€AB.
The torsion and the curvature satisfy the Bianchi identities
D14 = —EP Rp*, (B.12a)
DR, =0. (B.12b)

Because the tangent group SO(1,1) is Abelian, the identity (BJ2ZH) becomes trivial relation.
On the other hand, the identity (BZZd) becomes the following nontrivial one in the local

Lorentz flame,

DT + (=)AIBHCDD T, P | (L) CUAIBY D, T, D
a5 T + (—)AUBIHCD Ty By D 4 (_CARIBI T, By D

D D
= —Rapc” — Reap™.

(_)|A|(|B|+|C|)RBOA _

D (_)|C|(|A|+|B|)

48



The dynamical variables of two-dimensional supergravity are the vielbein Ey4(z) and
the connection Qps(z). The degrees of freedom of these superfields are 80 = (4 x 4 x 4) +
(4 x 4), because two bosonic fields and one Majorana spinor field are contained in one
single superfield. In order to clarify true physical degrees of freedom, it may be useful to

impose the following kinematic constraints on some of the torsion components 745 (),

Tsy" = T5" = 2i(0")y,
Tbca - - cba - 07 (Blg)
Ts," =T,5% =0.

These constraints reduce the degrees of freedom to 24 = 80 — ((2 Xx3x4)+(2x1x

4)+ (2 x 3 x 4)) Other torsion and curvature components are determined from the above

constraints by introducing one single scalar superfield S(z) [17]:

Tpt = —Top" = 0,
Ty = —T” = —(03), 5, (B.14)

and

Fop = Fsa = i(5)apd,

Fab = —Fba = (5‘05)115@/35’, (B15)

A 1 A
Fab = _Fba = igabDQIDaS + ZEQE)SZ-

Under the super-general coordinate and the super local Lorentz transformations, the

vielbeins Fj4(z) and the connections Q/(2) transform as

SEp® = KNOnEy® + 0 KN Ex® 4+ Ey® Lep?, (B.16a)
(SQM = [X/’NaNQM + 8MKNQN + 8ML, (Ble)

where KV(2) and L(z) are local parameters for the super-general coordinate and super
local Lorentz transformations, respectively. If one denotes these gauge parameters as
7T n N n Z n
[/X = k(o) -I— Z&pk(l)p —I‘ 5(90)]{?(2)7
v LV . v J v
K" = k(O) + Z&pk(l)p —|—§(90)k(2),
, 1
L=l + 0"l + 5(00)]2),
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and use the degrees of freedom for the parameters k(”l)p(:x), k(”z)(:t), ké‘l)p(:n) kE‘Z)(x), l1y,()
and [(3)(z), one can impose the following Wess-Zumino gauge,

Eua = iepEpua + 0(92)7

E,* =4, +140"E,,> + O(0%), (B.17)

Q=i w,, + 0(02)7

where F,,*(z) = E,,"(z), E,,%(z) = E,,%(z) and w,,(2) = wy,(z). Since the degrees
of freedom of the Wess-Zumino gauge are (2 x 2) +2+ (2 x2)+ 2+ 24 1 = 15, the
remaining degrees of freedom are 24 — 15 = 9 and the remaining gauge degrees of freedom

are 20 — 15 = 5 which we should specify later. We identify these 9 degrees of freedom to
the following field contents,

E.o=0 = €., (zweibein),
1
E. o0 = §Xma, (Rarita-Schwinger field), (B.18)
§|9:0 = A, (auxiliary field).

By using these independent variables e,,*(z), xn*(x) and A(x), we can then determine all

of the field variables:

e vielbeins:

En® = en" +1(00"xm) + i(@@)emaA,

1 1 1 3 1
E," = —xn" — —(00,,)*A — =(05)*%,, — —i(00)x,," A+ =(00)(vo,,)”,

g = 09 A = 500 OO A GO
B, = i0o"),,

B =5, - é(ea)aﬁA.
e inverse vielbeins:

7 1
Em = e = (00™x) — <(00)(xa0"0 "),

2
Eozm - _ig/\(am)/\a - 2(60)(0’“0an)&7
1 7 1 1, .
E = —=xo" + = (00" xa)xn" + = (00,)" A + =(05) 0,
2 1 4 2 , (B.20)
+ 5 (00) (xa0'0" X)X — é(ee)(xaana)%n - é(ee)(@%)u,

Eozﬂ — 50” + %QA(Un)/\aXn#

) . .
+5(00)(0'0" )" - i(ee)@%)yan - %(eemm.
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e connections:

Qe = o + %(050mfb) + %(H&Xm)A
&

. de

Q, = %ek(m#/x.

' 1
(00)g,in™ DA + £ (00), A = < (00)(550,07,x"), (B.21)

e auxiliary field:

S = A+i(00) + %(99)3. (B.22)
In the above relations, we denote
. i,
O = Wy — §(Xmaanxn),
v, 2 mn f — - 1 m
Up = _25 (OVmXn)u — 5(‘7 Xm)uA,
2 i i 1
B:_mnmAn__vm/m__mn minA —A2
—€" Onlon — (007" Xm) = =™ (XmOXa) A + S AT,

1
e

(BZ3). The covariant derivative on spinor fields V., is defined by (B=2), except for using

the connection &, () instead of the torsion free connection w,,(z). It is worth to mention

where wm(;r;)< = eamenlane;“(x)) is the usual torsion free spin connection defined via

that since £,%(z) is essentially Kronecker delta between p and o indices, spinor indices
might be written either p or o in the Wess-Zumino gauge.

In addition to the above super-general coordinate and super local Lorentz transforma-
tions, one can define the super-Weyl scaling transformation [17], which is consistent with

the kinematic constraints (BZIJ),

§Ev® = —SEM®,
1 o i a afd
5E1]\4OZ = ——SEM + —EM (O'a) 'DBS,
2 2 (B.23)
5QM = EMaé‘abDbS + EMQ(&)aﬁDBS,

§S =SS —iD*D,S,

where S(z) is a scalar superfield parameter for the super-Weyl scaling. If one expands the

scalar superfield S(z) by the following way,

S = s +i(03) + %(99)3, (B.24)
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the auxiliary field A(z) can be gauged away by using the gauge degree of freedom s(z). At
this stage, we have 8(= 9 — 1) degrees of freedom and 8(= 5+ 3) gauge degrees of freedom.
Now let us specify residual gauge symmetries. As we have explained, we still have 8

gauge degrees of freedom and then identify these to the following gauge parameters,

K" |€:0 = kn?

general coordinate transformation),

(
(

K"|o=0 = (", local supersymmetry transformation),
Llg=o =1, (local Lorentz transformation), (B.25)
Slo=o = s, (Weyl scaling transformation),
—10,S|o=0 = 3,, (super-Weyl scaling transformation).

In order to preserve the Wess-Zumino gauge, the other components of the gauge parameters

should be determined as
K™ = K" 4i(607C) + 1(09) (vio alg)
K" =(" - %(ealg)xf — —z(ea) + 9”3 + (99)(00 ()
00 (T O (B.26)
L=1—i(6ol¢)n — i(055) — i(ae)(mg) - i(ae)ma ok ¢V,
S =s+i(03)+ ;—e(ea)gmn(ga@mxn).

In particular, the residual symmetries of the supergravity multiplet e,,*(z) and x,,*(z) are

given by
Senm” = k" Onen” + Ok e, +i(Co"xm) + len e — sen’, (B.27a)
A 1 1
OxXm”™ = k"0 Xm® + Onk™xn™ + 2(V () — 5[(5}(7,1)“ — §3Xm — (0,8)". (B.27b)

One may introduce a scalar superfield ®(z) and a spinor superfield W, (z) as

® = ¢ +i(0r) + %(ee)a, (B.28a)
U, = ithe 4 10, X' 4 i(60)a X +i(0™0) 0 Ay + (00)0),,. (B.28b)

The super-general coordinate, super-Lorentz and super-Weyl transformations are given by

50 = KNon®, (B.29a)
- - 1 N 1 .
SV, = KNoyv, — §L(5)aﬁxpﬁ + 35V, (B.29D)
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In the Wess-Zumino gauge, one can express these transformations for the component

fields,

8¢ = k"0 +i(Cr),
1 1

0ky = k" 0p kg + (Umé’)a(@mqb — §(Xm/f)) + (G — 5[(6/4;% + 55/{&, (B.30a)

5G = k"9,G — %(gamanxm)(am - %(xn/i)) Fi(Co™V k) — %((amxm)G + s,
and

§tho = K"0,ths + ((X’ + Xo + Amam)é’)a - %l(a@@)a + %sd?a,

§X' = k"9, X +i(CY) + %(gamﬁmﬁ) - i(gam()(’ + Xo + Ana”)xm) 18X/,

§X = k"0, X 4 i(Covp) — %(gaamvmgﬁ) + %(@am(x' + X5 + Ana“)xm) + sX,
§A, = 0nk™ A, + k"0, A, 4+ i(Contd) + %(ganamvnij) +i(Co"xm) A

—i(ganam()(’ + X5+ Aw')x,) — %(éam@/;), (B.30Db)
50 = KO+ 1(Cm 0" ) (Tt — (G )

1 1 1 A
—|—§(0m§)a@mX’ + 5(50m§)a@mX + §(Jm0”§)aemavn/—la

i )
—g(Com ") (X' + Xo + Aio)xn)

17 ~ oA 7 . ~
_ngn(gvan)(U@b)a —I' —E (gavan)d)a
€ de
1

—5 () + gs;/;a - %((X’ + Xo)3)

where we denote the covariant derivative for the vector field /Nla(:t;) =e,"An(z) as

A ~

VinAs = 0 Ay + dpedd Ay,
The superdeterminant F(z) is defined by

F = sdet By = det E,,% det E.*

1
=e+ %e(game) + 26(90)‘4 + §(99)€m”(><m5><n)- (B.31)

It might be useful to give the following relation for the checking of the gauge invariance

of the action in the superfield formulation,

A

/ 0D Vo = O (eg™ An = 5™ (d0xa), (B.32)
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for an arbitrary spinor superfield \Tla(z) defined by (B2ZZH). We also give the following
relation,

(6)*’D,Ds® = 0, (B.33)

for an arbitrary scalar superfield ®(z).

Appendix C. Generalized Poisson bracket

A generalized Poisson bracket [26] is defined by

LF 66 SLF 5LG) (_)|F|<<SLF 5G| 6LF 5LG)

Gy = (5@ 3P, oD, op 30% 5Pgn | 05 00° (€1

where canonical variables ¢' and P, are bosonic, and §* and Pya are fermionic. In the
above definition the contraction of the indices contains the integration of space or spacetime
and |F| is the Grassmann parity of F. This generalized Poisson bracket will be replaced

by the graded commutation relation multiplied by —: upon quantization, as usual,

(1= (©2)

2

The explicit forms of the basic Poisson brackets are given by

{S‘Oivpkpj} = —{ij,goi} = 5;7
{Havpé’ﬂ} = {Pé’ﬁv&a} = _52

The algebraic properties of the Poisson bracket are as follows:

{Fv G} = _(_)|FHG|{G7 F}v
{F,G1Gy} = {F,G1}Gy + (=) FI9NG {F, Gy},
{F\Fy, G} = F{F,, G} + (—)“IBI{ R GV F,.

Appendix D. Lorentz generators in the light-cone gauge formula-

tion

We give bellow some of the explicit operator forms of the Lorentz generators in the light-

cone gauge formulation:

o4



e (NS, NS) sector:

(p*)?

i

. ; N ~ g
M™ = <¢J‘r(¢%p+ - S+ p+) < — T + §¢]¢j) - —¢;p+p_ g ( —¢pt+ 99]}?]‘)
—¢4p42-7r—¢;+p4 (:Lgr: + :lN)gr: —ag — Zzo))
Iy 0 L&
SR )
+ 0 . . 0 . .
¢+§+\C(fb+p+ (ﬂ; %(of_mL;g Lol )+ ; (b, Gt — Girrb;))
+¢ * 1 . o
¢+pf _¢;+p$ ( > —(al,ak - ak,an) + > (b, 0k — Bt ,b;a))
4_ °© . 002 ~ ~ ~ ~ .
_ &;fq;w% (ﬂ; %(5/_” Lt — I & ) + ; (birGir - Gt_rrbi))
+'ps” — & s (D.1a)
i p + ot L 1 . +
W = (e ' 3%~ g O )
+
_¢%pfwjb¢+p+ ( L't + : Ly —ag — ao))
ﬁ( E: %( b —ak ol )+ gj (b, bF — b’irb;))
+ &0 . .
z¢+§£i+p+ ( > %(of_ LI L ol ) ; (b, G — Gt_l;b;))
+ e ~
¢+pf _¢;+p+ < Z:: %@/—W&ﬁ“ - Tem M) + 2 (bz—f“bk — bt bl))

+ © 0 ~ ~ ~ ~ .
+'¢+§+f_q;+p+ ( 2 (a0 - ) + > (LG - Gbi) )
+éps + ¢—+(¢+¢ — —¢f¢])p¢ , (D.1b)

. + 4
W (G e (87~ 19%) g g 87 o)
_—qﬁpfw—&;ﬂﬁ (:Lgr: + :lN)gr: —ag — ZLO))
2 ( 4)2 1 . + o .
e O 1) g 7 )
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omt (;Lgri + L —ag — Ezo)>

+l2f—w]< > L =18 ad )+ 30 (b, Gl — G&;bi))
ptpt —gtpt N\ oym =
K 2\/_¢] < o 1 ~7  Ttr Ttr ~j 13 Aytr ~tr 74 >
ot 2:: —(al, Ly, - L,a0,) + %j (8, Gir — & b
+¢~ mb-+$;(¢%>-——w¢g . (D.1c)
¢ (R, R) sector:
i—_ i (p*)? g Lo Pt =t 1 bip.
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2mg* ptr. Lt .
W([/O . —|— ‘LO . —dadg — ao))
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ptpt — otpt st T e
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ERNNES e e
Tt —gtpt <mzzzla (o5 5 = L)
0 (5,08 - 6 b) + S (50 - ait))
r=1
. +¢ R
e OO CRL R
#30 (LB B 0) + 5 (5 )
r=1
RN T
Tt — ot <mzzﬁ (6 5L~ 12,5
3 (B, G G + 3 (B - Gty )
r=1
+¢'ps” — ¢ py', (D.2a)
- : +.,,+ 1 n . )
M= =z (¢4—(¢4—£+p_ Stp) <¢+¢ - 595]%‘) - m(ﬁb pt - 99]}?]')
+ ~
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+§ (b;bff —b5,0)) + %(bébé - bébé))
(5 Kt
+§:1 (bZ G = G ) + 5 (3G - Gyt )
+§ (bZ bk —b* bl) (z}gzg -~ z;gzg))
Y
+§jl (1., G — ) + 5 (B - Gty
+'py” + ¢—+(¢+¢ - _¢]¢])p¢ , (D.2b)
L (&w*;p— el 2#9) - ﬁ(@ﬁ ~¢n)
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e
+ i; (b1, G — G bl) + %(béG“” GFH%))
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