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We generalize the Haldane-Halperin hierarchy picture to apply to arbitrary, possibly non-Abelian, fractional
quantum Hall states. Using this, we propose trial wave functions to describe the observed Hall conductance
plateaus in the second Landau level. These hierarchy statesare constructed over the Moore-Read state, the
expected description of theν = 5/2 plateau, such that the quasiparticle gases generating the hierarchization
only involve excitations from the electric charge sector. These proposed states all have electron pairing in the
ground state and an excitation spectrum that includes non-Abelian anyons of the Ising modelσ-vortex type.

PACS numbers: 73.43.-f, 71.10.Pm, 05.30.Pr, 03.65.Vf

The fractional quantum Hall (FQH) plateaus in the first
Landau level are described rather well by the Laughlin
states [1] and the Abelian hierarchy states constructed over
them [2, 3, 4, 5]. The observed filling fractions, the mea-
sured fractional charge of quasiparticles [6, 7, 8], and recent
results from interferometric experiments [9, 10] all support
this picture, and are backed up by a wealth of theoretical and
numerical evidence. The physics of the second Landau level,
however, remains far more perplexing, with the prominence
of an even-denominatorν = 5/2 FQH state [11, 12] that
cannot be explained by the standard hierarchy. Fully devel-
oped FQH plateaus have been observed atν = 7/3, 12/5,
5/2, 8/3, and14/5 [12, 13], but advances in experiments and
sample quality may find additional plateaus developing where
“features” have been observed, including at another intriguing
even-denominatorν = 19/8. The currently held view is that
theν = 5/2 plateau is characterized byp-wave electron pair-
ing and described by the Moore–Read (MR) state, which gives
the dramatic prediction of quasiparticles with non-Abelian
braiding statistics [14, 15]. Numerical evidence favoringthe
MR state has been provided in [16, 17] and empirical ver-
ification is currently being pursued. Though the remaining
observed filling fractions have odd denominators, the electron
correlations for7/3 ≤ ν ≤ 8/3 have a non-Laughlin charac-
ter similar to that ofν = 5/2, and onlyν = 14/5 is expected
to be a Laughlin type state [18]. Other than the Abelian hi-
erarchy, the Read–Rezayi (RR)k-body clustered states [19]
(which include MR) and their particle-hole conjugates are es-
sentially the only single layer, spin-polarized descriptions pro-
posed for these FQH plateaus. We introduce a generalization
of the Haldane–Halperin (HH) hierarchy construction, allow-
ing as its building blocks not just Laughlin-like states, but
also more general FQH states such as the MR and other non-
Abelian states. Using this we propose a hierarchy of states
based on the MR state that provides candidate wave functions
for all observed plateaus (and even for the weaker features)in
the second Landau level.

In the HH picture, hierarchization is carried out by form-
ing a gas of fundamental quasiholes or quasielectrons in an

Abelian FQH state that is projected into a Laughlin-type state.
We generalize this hierarchical construction by forming a gas
of quasiparticle excitations of specified type in an arbitrary
FQH state that is projected into another FQH-type state. The
kth level hierarchy wavefunctionΨk, with electron coordi-
nateszj and quasiparticle excitations of arbitrary type (which
will be left implicit) at the coordinateswj , is obtained from
the(k − 1)

th level stateΨk−1 by taking the inner product

Ψk (z1, . . . , zN0
;w1, . . . , wnk)

=

∫ Nk
∏

j=1

d2ujΦ
∗
k (u1, . . . , uNk ;w1, . . . , wnk)

×Ψk−1 (z1, . . . , zN0
;u1, . . . , uNk , w1, . . . , wnk) (1)

whereuj are the coordinates of excitations in the(k − 1)
th

level state that form a quasiparticle gas which is projected
onto a FQH-type state given by the wavefunctionΦk. These
(k − 1)

th level quasiparticles are matched up with the “elec-
trons” of theΦk state, which must therefore be designed to
have the same braiding statistics (up to a bosonic factor). Fur-
thermore, the quasiparticle gas excitations (and thus their cor-
responding “electrons”) should be Abelian. Together, these
ensure single-valuedness of the integrand in the integration
coordinates, and thus a well-defined inner product and unique
lowest energykth level ground state (nk = 0) wavefunction.
The specific Abelian excitation type of these quasiparticles,
as well as the wavefunctionsΦk, should be determined by
physical arguments, possibly involving energetic considera-
tions and charge minimality.

In order to obtain a homogeneous electron wavefunction,
the number of excitationsNk in the quasiparticle gas must be
chosen such that the highest power ofuα in Ψk−1 is equal to
that inΦk (with u∗α counting as a negative power). One may
think of this as the(k − 1)

th level quasiparticle gas determin-
ing how many induced “flux” quanta are felt by the “elec-
trons” inΨk−1 (where the0th level “flux” and “electrons” are
of course the actual magnetic flux and electrons of the sys-
tem). This gives a system of equations relating the number of
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flux quantaNφ, electronsN0, quasiparticle gas excitations of
each levelNj (j = 1, . . . , k), and additional quasiparticlesnk.
This may be immediately solved to obtain the filling fraction
[35] and shift from the the expression:Nφ = ν−1N0 − S.

The resulting quasiparticle excitation spectrum of akth

level hierarchy state contains a charge2e bosonB0 and
chargeless bosonsBj associated with each level of hierar-
chization (j = 1, . . . , k). These are identified with the vac-
uum in the anyonic charge spectrum (i.e. quasiparticles that
differ only by these bosons have the same anyonic charge),
and all permissible quasiparticle excitations must be mutually
local (i.e. have trivial monodromy) with them. Allowed ex-
citations much also be mutually local with the electrons, or
equivalently with the chargee fermionic holeh0 of the exci-
tation spectrum (two of which combine to giveB0).

A natural method of generating wavefunctions for FQH
states is to use conformal field theory (CFT) correlators with
appropriately chosen vertex operator insertions for the various
excitations present [14]. Excitations from a particular layer
can be written as a vertex operator insertion in that layer, but
general excitations may involve insertions of operators inmul-
tiple layers. To produce the ground state for a hierarchization
in which thejth level quasiparticle gas is always formed from
excitations belonging only to thejth layer (in that they arise
only in Φj) [36] we use the CFT correlators

Φj

(

u
(j)
1 , . . . , u

(j)
Nj

;u
(j+1)
1 , . . . , u

(j+1)
Nj+1

)

=

〈

Nj
∏

α=1

Vej

(

u(j)
α

)

Nj+1
∏

β=1

Vcj

(

u
(j+1)
β

)

〉

, (2)

whereVej andVcj are respectively vertex operators for the
“electrons” and quasiparticle gas excitations of thejth layer,
and we employ (throughout this letter) the standard conven-
tion of leaving the neutralizing background charge operators
implicit (as well as the Gaussian factors to which they gives
rise). Using this expression in Eq. (1), we takeΨ0 = Φ0

with z = u(0), andΦk has no quasiparticle gas and hence no
coordinatesu(k+1) nor vertex operatorsVck .

The particle-hole conjugate [20] of an arbitrary FQH state
ψ is obtained by projecting holes of aν = 1 quantum Hall
wavefunction (i.e.Ve0 = Vc0 = eiϕ0) onto this state, which
uses Eq. (1) with (leaving index ranges implicit from now on)

Ψ0 =
∏

α<β

(zα − zβ)
∏

α,β

(zα − uβ)
∏

α<β

(uα − uβ) , (3)

Φ1 (u1, . . . , uN1
) = ψ (u1, . . . , uN1

) . (4)

The resulting state hasν = 1 − νψ andS =
1−νψSψ
1−νψ .

The usual HH hierarchy, combined with particle-hole con-
jugation, may be used to obtain all the FQH states observed
in the first Landau level. This hierarchy is most concisely
described as U(1)K [21], where the coupling constantK-
matrix has non-zero elementsK00 odd,Kjj even forj > 0,
andKj,j+1 = Kj+1,j = ±1. To make contact between

this and explicit wavefunctions using CFT correlators, we use
m0 = K00 andmj = Kjj − 1

mj−1
for j > 0 with

Ve0 = ei
√
m0 ϕ0 , Vλq0 = e

i λ
√
m0

ϕ0 (5)






Vej = ei
√
mj ϕj , Vλqj = e

i λ√
mj

ϕj for mj > 0

Vej = ei
√

−mj ϕj , V−λqj = e
i λ√

−mj
ϕj

for mj < 0
(6)

Vcj = VKj,j+1qj (7)

in Eqs. (1,2). Vertex operators with negativeλ generate singu-
lar terms with negative exponents in the resulting wavefunc-
tion. To correct this, it will be understood that negative pow-
ered factors in the wavefunction are schematically meant to
be replaced with matching positive powers of their complex-
conjugate, and a projection of the wavefunction into the low-
est Landau level applied at the end (replacingz∗ with 2∂/∂z).
This essentially matches the wavefunctions given in [5, 22],
possibly up to short-ranged corrections. The quasiparticle gas
excitationscj = ±qj are either the fundamental quasiholes or
quasielectrons of thejth level stateΨj, and should be deter-
mined by whether the filling fraction is respectively decreased
or increased in going to the next level. Hence, one ought to
useKj,j+1 = −sgn{Kj+1,j+1}. The filling fraction and shift
are determined fromK to be (see, e.g. [21])

ν =
[

K−1
]

00
, S =

1

ν

∑

j

[

K−1
]

0j
Kjj . (8)

An arbitrary HH quasiparticle excitation is specified by the
number of “fluxes” (vortices)aj ∈ Z in the jth layer. An
−→a excitation produces a factor of

∏k
j=0

∏

αj

(

w − u
(j)
αj

)aj

in the wavefunction, and is obtained by inserting

V−→a (w) =
k

∏

j=0

Vλjqj (w) , (9)

whereλ0 = a0 andλj>0 = aj − Kj,j−1λj−1

mj−1
, in the CFT cor-

relator. The electric charges and braiding statistics (in terms
of R-matrices) of such excitations are given by

Q−→a = e t̂0 ·K−1 · −→a (10)

R
−→a ,−→b = exp

(

iπ−→a ·K−1 · −→b
)

, (11)

wheret̂j is the unit vector with a1 in thejth row. In the HH
hierarchy, we haveh0 = K · t̂0, B0 = 2h0, andBj>0 = K ·
t̂j . Using the appropriate identifications, the entire excitation
spectrum in this case is generated, through repeated fusion, by
the fundamental quasihole excitation in the highest hierarchy
layer, so arbitrary excitations may be written asnt̂k.

The general hierarchy prescription in Eq. (1) can generate
a multitude of states at any given filling fraction, so we will
restrict our attention to the constructions that seem most phys-
ically relevant and tenable. Specifically, we build the simplest
possible hierarchy involving the MR state, which is closely
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analogous to the HH hierarchy in that the hierarchization oc-
curs only in the U(1) charge sector of the theory. This is
perhaps the most natural way to form hierarchies with non-
Abelian states in general, because it treats the mechanism giv-
ing rise to the non-Abelian sector (in the MR case: pairing
giving rise to the Ising sector) as a ubiquitous property of the
class of states, while the charge sector is allowed to form a
hierarchy as it is already known to do for Abelian states.

We begin by describing the MR state, which is used for
the 0th level. The CFT describing MR may be written as
Ising× U (1)2|C , where the anyonic charge spectrum restric-
tion is given byC = {(I, n) , (ψ, n) , (σ, n+ 1/2) : n ∈ Z4}
[37]. The entire anyonic charge spectrum is generated by the
fundamental quasihole,(σ, 1/2). The corresponding electron
and fundamental quasihole vertex operators are respectively

Ve0 = ψei
√

2ϕ0 , Vqh0
= σe

i 1
√

8
ϕ0 . (12)

To form a hierarchy over the MR state, we must first spec-
ify the 0th level quasiparticle gas. The physical picture we
envision here is that forming a gas of fundamental quasi-
holes/quasielectrons(σ,±1/2) of the MR state forces them to
pair up into preferential Abelian bound state excitations that
can no longer be recoupled. A pair ofσ Ising charges have
two possible fusion channels,I andψ, that describe their com-
bined anyonic charge. These are degenerate at large distances,
but short range interactions will break the energetic degener-
acy, with physical intuition and some numerical evidence sug-
gesting thatI is the energetically favored channel. Because of
this, we expect the0th quasiparticle gas to be composed of
excitations with anyonic charge(I,K01), whereK01 = ±1
indicates paired quasiholes/quasielectrons. The correspond-
ing vertex operator and resulting wavefunction are

Vc0 = Ie
i
K01
√

2
ϕ0 , (13)

Ψ0 = Pf

{

1

zα − zβ

}

∏

α<β

(zα − zβ)
2

×
∏

α,β

(zα − uβ)
K01

∏

α<β

(uα − uβ)
1/2

.(14)

In order to build the simplest hierarchy over MR, we take
all higher layers to be Abelian U(1) Hall fluids, with the min-
imal charge excitations of each level comprising its quasipar-
ticle gas. It follows that each level’s quasiparticle gas excita-
tions are trivial in the Ising sector, and hence we may again
use theK-matrix formalism to describe the resulting hierar-
chy states as Ising× U (1)K |C , where nowK00 = 2 (rather
than the usual restriction thatK00 be odd) and, as before, the
other non-zero elements ofK areKjj even forj > 0 and
Kj,j+1 = Kj+1,j = ±1. The anyonic charges in the spec-
trumC are given byA = (aI ,

−→a ) whereaI is the Ising charge
(I, ψ, or σ) and−→a is the U(1)K flux vector. Givenh0 =
(

ψ,K · t̂0
)

, B0 =
(

I, 2K · t̂0
)

, andBj>0 =
(

I,K · t̂j
)

,
the fluxes may take the values:a0 ∈ Z for aI = I or ψ,
a0 ∈ Z + 1

2 for aI = σ, andaj>0 ∈ Z. The resulting anyonic

charge spectrum has|C| = 6 detK particle types (or torus de-
generacy of3 detK). Two quasiparticle excitation types are
needed to generate the entire charge spectrum: the fundamen-
tal quasiholes/quasielectrons in the lowest and highest layers:
qh0 =

(

σ, 1
2 t̂0

)

andqk =
(

I, t̂k
)

. The filling fraction is the
same as in Eq. (8), andS = SK + 1, whereSK is the shift
given in Eq. (8) and the+1 is due to the Pfaffian from the
Ising sector. Quasiparticle excitations have the same electric
chargeQA = Q−→a as in Eq. (10) and the braiding R-matrices

are given byRA,BC = RaI,bI
cI

R
−→a ,

−→
b , whereR

−→a ,
−→
b is given in

Eq. (11), and the Ising sector’sRaI ,bI
cI

are

RI,II = RI,ψψ = Rψ,Iψ = RI,σσ = Rσ,Iσ = 1, Rψ,ψI = −1,

Rψ,σσ = Rσ,ψσ = −i, Rσ,σI = e−i
π
8 , Rσ,σψ = ei

3π
8 . (15)

We obtain explicitΦj>0 for use with Eqs. (1,14), by simply
applying Eqs. (2,6,7) for the newK. AnA = (aI ,

−→a ) excita-
tion corresponds to insertion of the vertex operator

VA (w) = aI (w)V−→a (w) (16)

with V−→a from Eq. (9), but permitting half-integrala0.
We obtain aν = 2/3 ground state wavefunction at one level

of hierarchy by usingK11 = 2, for which

Φ1 (u1, . . . , uN1
) =

∏

α<β

(

u∗α − u∗β
)3/2

. (17)

This state hasS = 4 (forK01 = −1), |C| = 18, and the spec-
trum generating excitationsqh0 andq1 have minimal electric
chargee/3. With particle-hole conjugation, this provides can-
didate states forν = 7/3 and8/3.

Alternatively, we obtain aν = 2/5 ground state wavefunc-
tion at one level of hierarchy by usingK11 = −2, for which

Φ1 (u1, . . . , uN1
) =

∏

α<β

(uα − uβ)
5/2

. (18)

This state hasS = 2 (for K01 = 1), |C| = 30, and the spec-
trum generating excitationsqh0 andq1 have minimal electric
chargee/5. This provides a candidate state forν = 12/5.

We can obtain aν = 3/8 state at two levels of hierarchy
usingK11 = K22 = −2 (i.e. built on theν = 2/5 state
from above). This could describe what may be a FQH state
developing atν = 19/8 seen in [13]. We also note that aν =
4/5 state is produced at three levels of hierarchy usingK11 =
K22 = K33 = 2, but, as it passes through an unobservedν =
3/4 state at the second hierarchy level, this is rather unlikelyto
be the correct description for the observedν = 14/5 plateau,
which is expected to be a Laughlin state anyway.

If the MR quasiholes/quasielectrons were instead to pair up
in theψ-channel to form a hierarchy’s0th level quasiparticle
gas of(ψ,K01) excitations, we would have

Vc0 = ψe
i
K01
√

2
ϕ0 , (19)

Ψ0 = Pf

{

1

Zα − Zβ

}

∏

α<β

(zα − zβ)
2

×
∏

α,β

(zα − uβ)
K01

∏

α<β

(uα − uβ)
1/2 (20)
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instead of Eqs. (13,14), whereZα = zα for α = 1, . . . , N0

andZα+N0
= uα for α = 1, . . . , N1. Taking all higher

layers to be Abelian again gives a hierarchy described by
Ising× U (1)K |C and Eqs. (6,7), but now withK11 odd in or-
der to match the braiding statistic of thec0 excitations. In this
case, the first layer’s chargeless boson isB1 =

(

ψ,K · t̂1
)

and excitations withaI = σ must havea0, a1 ∈ Z + 1
2 (and

hence cannot be written as a single layer excitation).
We obtain aν = 1/3 ground state wavefunction at one level

of hierarchy usingK11 = −1, for which

Φ1 (u1, . . . , uN1
) =

∏

α<β

(uα − uβ)
3/2 . (21)

This state hasS = 3 (for K01 = 1), |C| = 18, and the spec-
trum is generated by two minimal electric chargee/3 excita-
tions,(σ, 1/2, 1/2) and(I, 0, 1).

We have shown how to perform general hierarchical con-
structions of FQH states, and explicitly constructed hierar-
chy states over the MR state that exhibit the same type of
pairing structure and occur at all the experimentally observed
FQH filling fractions in the second Landau level to date. Re-
markably, these hierarchies over MR can also produce states
(though we did not list them all explicitly) at all second Lan-
dau level filling fractions which have experimentally exhib-
ited features suggestive of developing FQH states. It is also
worth noting that it is possible to obtain states at all thesefill-
ing fractions without using particle-hole conjugation, which
is a less exact symmetry in the second Landau level where
effects such as level mixing and multi-body interactions are
more prevalent. Though obtaining some of the filling frac-
tions from these hierarchies may seem less natural, and there
is certainly competition from higher Landau level analogs of
Abelian hierarchy states, as well as from the RR and possibly
other proposed states, our hierarchy engenders an attractive
picture in which MR-type pairing is the predominant charac-
teristic of the second Landau level, or at least some region
of it. The relative strengths of measured energy gaps in the
second Landau level (see TableI) also lends credence to this
hierarchical picture [23], though, just as with the Abelianhier-
archy, one should not expect too much predictive power in re-
gards to the strength of states. Additionally, there is someevi-
dence from numerics [24] for a non-Abelian state atν = 12/5
with S = 2, which is fitting with our hierarchy state, and nei-
ther the HH/Jain nor the RR states (which respectively have
S = 4 and−2). In any case, producing wavefunctions sup-
ported by circumstantial evidence does not guarantee their
physical relevance, and the true nature of all physical FQH
states must ultimately be settled by experiments, such as those
that probe scaling behavior [25, 26, 27] and braiding statis-
tics [28, 29, 30, 31, 32, 33].
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∆1 100 ⋆ 110 55

∆2 ⋆ 310 ⋆ ⋆

∆3 ∼ 600 70 ⋆ ⋆ ⋆

∆4 584 ⋆ 544 562 252

∆′

4 206 272 150 ⋆

TABLE I: Filling fractions and excitation gaps (in mK) for the second
Landau level. Gaps∆1, ∆2, ∆3 were reported in Refs. [12, 13, 34]
respectively.∆4 and∆′

4 are gaps for the two samples studied in [23].
(⋆ indicates an observed plateau, but no gap value reported.)
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