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Abstract
We construct a genuine Radon measure with values in B(¢?(Z%)) on the set of paths in Z¢
representing Feynman’s integral for the discrete Laplacian on ¢2(Z?), and we prove the Feynman
integral formula for the solutions of the Schrédinger equation with Hamiltonian H = —%A +V,

where A is the discrete Laplacian and V is an arbitrary bounded potential.
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1. A MEASURE ON ALL PATHS WITH VALUES IN Z.

In [1], Feynman defined his path ‘integral’ as a sequential limit
z(t)=zn A _
[ s i [ oy, 1)
z(0)=z0 n—eo Jrn-t

where the action functional S[z(t)] of the path x is given by
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for a given potential V. (Here we consider for simplicity the 1-dimensional case.) The

approximating action is

ﬂ%wwmy:n[%(ﬁlﬂif—vuw (3)

t
— t/n n

and x = z(t/k). Feynman then argued that this integral over paths is a solution of the
Schrodinger equation
dip h?

where A is the Laplacian. It is known [2] that, unlike the analogous Wiener measure
corresponding to the heat equation, there exists no measure on the space of continuous
paths which corresponds to the limit (1). Instead, various other approaches have been
proposed (see e.g. [3-5]), none entirely satisfactory.

In this article we consider the discrete analogue of Feynman’s path integral for a particle
moving on a lattice, and show that one can define a genuine (Radon) measure on a space of
paths on a d-dimensional lattice corresponding to this integral. Obviously, the Hamiltonian

being defined on (?(Z%), the paths will have values in Z? and cannot be continuous. This
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work is an extension of [6], where the path integral on a finite set was defined in an analogous
fashion. Similar results appear in R. Carmona and J. Lacroix [8] in Propositions 11.3.4 and
I1.3.12, which are attributed to Molchanov, see [7]. See also Remark 1.2 below.

We denote Hy = —%A the free Hamiltonian, where A is the discrete Laplacian on ‘H =

2(Z%), i.e.

d
1
()€ = 3 (9(6) = (e~ e + w(e+ ). 5)
i=1
where ey, . .., eq are the unit basis vectors in R%. This operator is bounded and has spectrum
o(Hy) = [0,2d]. It can be diagonalised by Fourier transformation, i.e. its generalised

eigenvectors are ¥ (£) = f;—;, where k € (—m,7|?, with corresponding eigenvalues \(k) =

Z?Zl(l — cosk;). Tt follows that the time-evolution operator (or propagator) UP = e~ito
has kernel given by

T dk T dk, -,
Uf(é’,é‘):/ — / Ahd —itA(k) k(€' ~6). ©)

. 21 . 2T

If we assume that the potential V' is time-dependent and localised in time, i.e. it depends
only on x(t;) for a finite number of instants ¢; in time, then we can perform the integral
over intermediate times and define for such potentials

/ O s ety Flz) = UY, =G0 VG0,

() t—tn tn—tn—1 t1
Here 0 < t; < --- < t, < t is an arbitrary subdivision. This is the starting point of our
definition. We first define the measure on the set of all paths z : [0,#] — Z% where Z¢
is the one-point compactification of Z¢. We denote a subdivision #; < --- < t, of [t,t]

[t7t/

by o, and the corresponding projection by 7, : (Zd) - (Zd)a. In particular, 7; is the

projection x — z(t). We also let my, : (241 — (Z)B] be the restriction map z — x‘ 0]

ift <t <t

Theorem 1.1 There exists a unique family of Radon measures Fy; on

(Zd)[t’t/} with values in B((*(Z%)) (with the strong operator topology) having the following
properties:

/(q>2 © Wt/',t/) ((I)l © 7Tt/,t) dFyn s = /QQdFt”,t/ /éldFt',u (7)
if @1 is a continuous function on (Zd)[t’t] and ®y a continuous function on (Zd)[lt ! ]; and

/ dFy, =UY_,, (8)
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and
/(90 o 7Tt>dFt,t = M@; (9)

the multiplication operator with the function .

Proof. We first remark that the conditions in the theorem imply that for any finite

subdivision 0 : t <t; <ty <--- <t, <t and continuous functions ¢; : 7 — C,
/(son oMy, ) - (promy )dFy, = Up_, My, U, - Up_ My, Up . (10)

(Notice that if ¢ : Z? — C is a continuous function then limie| o0 (&) exists so ¢ is certainly
bounded. In defining M., we obviously restrict ¢ to Z%.)
This expression determines a consistent system of measures F, on (Z%)" with values in

B(H) through
/(gpn K- ‘Pl)d t(’T,t = Ug—tnMsonUfn—tn,l e Ug—thmUﬁ_t- (11)

Note that the tensor products @, ® --- ® ¢ form a total system of functions in C((Z%)”).
It follows immediately from the group property of U° that this is a consistent (projective)
system of measures, in the sense that if ¢’ is a refinement of o (i.e. it contains all the points
of o) then the restriction of Ft(,’:t to the functions depending only on the points of ¢ is equal
to £y

tcff,/t © 77;,(1;/ = tc'r,t- (12)

We presently set out to prove that the measures Fy, satisty a uniform bound of the type
1EZ (@) < C(t, ) [[]oc, (13)

where the constant C(t,t') is independent of 0. Given such a bound, we can extend the
measures F7, continuously to a functional Fy, on C((Zd)[t’t]). Indeed, if we define for a

function ® € C((Zd)[t’tl]) of the form ® =V o, [®dFy,, = [T dF7,, then

fous

By the Stone-Weierstrass theorem, the functions ® of the form & = ¥ o 7, for some subdi-

= |F2 ()| < Ct,t)]|¥]|oe = C(t, )| ®||sc-

vision ¢ are seen to be dense in C ( (Zd)[m }), so that Fy ; thus defined extends uniquely to a

continuous linear functional on C ((Zd)[t’t ]).



Remark 1.1 The Riesz-Markov theorem does not hold in general for vector-valued mea-
sures. However, the functionals F; are indeed B(H)-valued Radon measures on Z° provided
the former is equipped with the strong operator topology. This is a consequence of the fact
that the weak topology induced on B(H) by the dual of B(H) with the strong operator

topology, is the same as the weak operator topology: see below.

To prove the bound (13), we need to prove:
d UL 6. UL (&) <Ot T, (14)

In fact, we need a norm estimate on the operator Q; with kernel Q;(¢’,&) = |[UX(&',9)|:
Lemma 1.1 The operator Q; with kernel Qi(¢',&) = |UP(&,€)| satisfies the bounds

Qu(€,6) < e and ||Q,|| < &*.

Proof. Define .

AMk) = (1 —cosk). (15)

=1

By the Taylor expansion with integral remainder, we have,

T dk Tdkg i
v = [ G [ G

2T 2

dk dky y
—th/ — / 27T(1—cosk) k(€'=6)

[ [ S e
2T

The first two terms evaluate to

d
, 1
dere —it » <5é',s = 5(0¢e—e; + 55',5+e]~)> :

j=1
In the remainder term we define

g\, t) = N2 (16)

so that the integrand is g(A(k),t)e*€' =8 We now want to integrate by parts twice in each
variable k; for which & # &;. We have, first of all, for r < d,

0 0 U a"




Differentiating again with respect to ki, ..., ks (s < r) yields

0? 0% 0 0

= ¥ ) (H sin? @) I[] cosk (H sink‘i>

JcA{1,.., jeJ JE{1,.,s}\J i=s+1
ar+|J|
X ST g\ ).
Ot A=A(k)

Note that in particular if s < r all these are zero at the integration bounds k; = £ for

1 > r. The derivatives of g are given by

7

N

g\ 1) = [n(n — 1) (=it)" 2 + 20\ (—it)" " + N2(—it)"] e,

and can be bounded by n(n — 1) 4+ 2nA + A? for ¢t < 1. Since 0 < Z?:l(l —cosk;) < 2d, we

have

'aa—; . 88_1;9 ()\(k),t))’

< 0 (;)((r—l—p)(?” +p—1)+4(r + p)d + 4d*)

p:
= [r(r — 1) + 72 +6rd + 4d*)2" +r(r — 1)27 2
< (12d* — d)2¢ 4 d(d — 1)2772 =: ¢, (17)

We only integrate by parts with respect to those k; such that & # &;. This yields

™ dkq dkg k(e —
S T gk, 1) ek 0 =
/ﬂ% /wz 9(k.?)

= D, H5s;@H(1_5@‘@)H(E’ 1&)

Ic{1,....d} iel icle iele
[ [ (T o)
ele
and hence
‘/ el %g(k e 9‘
Cd
< Z H(S&;veiH(l—%@)g_—g.p
Ic{1,...d} i€l iele i ¢

1
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We now introduce an operator I on ¢?(Z%) and an operator M on (*(Z) with kernels

5 5 = Z ((55/5 + = (55/ E—e; + 55' f_,_e])) (18)
j=1
and
Lo 2

and write My = M ® -+ ® M on (*(Z%). (Note that ' = 2d1 — Hy so 0 < T' < 2d1.) Then,
fort <1,

U (€,6)] < berg + LD (E',€) + t*caMa(€',€). (20)

Dividing, for arbitrary ¢ > 0, the interval [0,¢] into n equal parts such that the length of

each is at most 1, we obtain

Qe =] > ULy (€&). UL 8)

51 ----- £TL71€Z
< > UL, (€ &) UL (L)
51 ~~~~~ Enfl
< Z (0ergn s + (t — ta1)T(E Enmr) + (t — tyo1)?caMa(€, Enr)) ¥
51 ~~~~~ fn—l

o (Bere + D(E1, ) + BeaMa(£1,€))
< Z (e(t*tn—1)F+(t’t"‘1)20de) (&, &n1) - (etlFth%Cde) (&,6)

51 ~~~~~ gnfl
— (etr-"-%t?chd) (5,76) (21)

By Fourier transformation it is easy to see that the operator M is bounded. Indeed, ||M || =
||M][ and

—

(M) (R)| = | D (My)(€)e'™

{eZ

=12 (Z M(f',@e““f’—f)) Y(E)e™

£€Z \¢'€Z

_ Zkf”
2 ri !5”!2 +1°

¢"ez

[ (k)|

2 n
<X bl

£€Z



Hence

|| M| <Z§ = 2w coth(m).

ez

Taking n — oo in (21), we have

Qu(€,€) < () (€8 < e

Moreover, since ||T'|| = 2d,

1Qe]] < >

This bound implies that
||Ftcff,t|| < 2=,

Indeed,

17l = sup [[F7(D)]]

[[@[loo=1

Z Ut’ tn gn . -Ut1—t(§17€)®(§n7"'7§1>g0(§)

.....

= sup sup
[|®f[oc=1[l[[2=1

Z Qu—t,(: &) - - Qu—+(&1, Ep(§)]

&1,
S‘e N

Hsollz 1

< He (t'—t) FH < e2d(t’—t)'
, S <
Fixing ®, we also have, for any ¢, € (2(Z%),

(¢ | F7 (@)

> WUV_%@’,&)...Utl_t@l,s)@(sn,...,&)so@)‘

§7£l7€17"'7£n

> Q- (€ 6) - Qur—i(&1,9)l(&)]
£,881,48n
< v],.(12]),

IN

where the measure vy,  is defined by

V@ = D0 (e () (€6)

§€ €15 6n
() (€, )P (s -, &) 0(E)]-

(22)

(26)



This measure is clearly positive and uniformly bounded by

17,00l = 3 @) (47 (€, 0)le©)] < Il gl (27)
4

It follows that both F, and Fy, are indeed Radon measures on Z“*1 with values in B(H).
In fact, a continuous map on C(X) with values in a quasi-complete locally convex topological

Hausdorff space is a Radon measure if it is weakly compact [9-11]. We have

Lemma 1.2 Denote the strong operator topology on B(H) as Ts. Then the weak topology
o(B(H), (B(H)s)") induced on B(H) by the strong dual agrees with the weak operator topology.

Moreover, bounded subsets of B(H) are weakly compact.

Proof. It is known (see [12], Chapter IV, §2, Prop. 11, or [13], Theorem 4.2.6) that the
strongly continuous linear forms on B(H) are of the form

n

((A) = (v; | Ag))

j=1
for finite sets of vectors 1;, ¢; € 'H, and are therefore weakly continuous. It follows that the
weak topology induced by B(H)’ is just the weak operator topology. But the weak operator
topology is weaker than the ultra-weak topology, which is the weak-* topology induced by
the predual of B(H), i.e. the trace-class operators L!(H): see [14], Theorem 1 of Part I,
Chapter 3, or [13], Theorem 4.2.3. By the Banach-Alaoglu theorem, bounded subsets are
compact in the latter topology, and hence also in the weak operator topology. L]

It remains to remark that the last two conditions ((8) and (9)) are fulfilled by construction,
and the first condition (7) is easily proved by approximating ®; and ®, by functions of the
form W, o 7, and ¥, o 7,, where o is a subdivision including the intermediate point ¢'. [

Remark 1.2 The proof shows that the measures are absolutely continuous with respect
to the positive measure corresponding to the random walk on Z¢. Indeed, et = e2¥e—Hot,

and e~ is the generator of the random walk. This fact was used by Molchanov [7] to

formulate a version of Feynman’s path integral in terms of random walks as follows:

(¢ 0) € = B [utan e (- [ Viatnas) . (28)

where N (t) is the number of jumps of the path before time ¢. (See Prop. 11.3.12 of [8].)



2. REGULARITY OF THE PATHS.

We now show that the measures Fj; are in fact concentrated on paths with values in
Z? which are almost everywhere constant. First consider the Skorokhod space of functions
r : [t,t] — R? which are right-continuous and have limits on the left as well as being

continuous at #'. This is usually denoted D([t,#], R?).

Lemma 2.1 The Skorokhod space D([t,t'], R%) is a Borel set in (RO Moreover, any
Borel subset of D([t,t'], R?) is also a Borel subset of (R4)H],

Proof. This theorem follows in fact from a general theorem (Theorem 5 and Corollary
1 of [15]), which states that if X is a Polish space, continuously embedded into a Hausdorff
space Y then X is a Borel subset of Y. However, for completeness, we provide a simple

direct proof here along the lines of [3]. For €, > 0 define the set Ds[t,t'] by

Ds [t 1] = {$ e RHT: sup  sup fa(s) —x(s) < 6}

SE[t,t') s'E(s,540)

ﬂ{xe(Rd)W: sup sup |x<52>—x<s1>rse}

Se(t,t') 81,82€ (tl —5,t1)

ﬂ {x e (RHY: sup |z(t) —z(s)| < e} : (29)

se(t/—4,t")

We then claim that

D([t, ¢, RY) = [\ | Dslt. 2] (30)

€>06>0

Indeed, suppose that x € (R[] and for all € > 0 there exists § > 0 such that € Dj[t,t'].
Then for all s € [¢,t'), and all € > 0 there is § > 0 so that |z(s") — x(s)| < € whenever
s' € (s,s+0), i.e. limy | 2(s") = x(s), so x is right-continuous at s. Similarly, limyys 2(s")
exists for all s € [¢,#') and limgyp 2(s) = x(t'); the former because a Cauchy condition holds.
Thus z € D([t,¢], RY).

Conversely, suppose = € D([t,t'], R?). Then, for any s € [t,t), limy |, 2(s")

= x(s), so for all € > 0 there exists d; > 0 such that |z(s") — z(s)| < €/2 for s' € (s,5+ ).
Moreover, there also exists dy > 0 such that |z(s) — z(t')] < €/2if s € (t' — oy, t']. We can
now cover [t,t'| with a finite number of intervals (s, sy + ds,/2) (taking the first interval

to be [t,t + 9,/2) and the last (t' — dy/2,t']). Let 6; be the minimum of the corresponding
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ds, /2. Then, if s € [t,t'] and s’ € (s, s+ d1), there exists k such that s € [sy, sk + 05, /2) and
hence

j2(s) — 2(s")] < Jw(s) = xsk)| + [x(sk) —2(s)| < €

since |s' — sg| < 05, /2 + ' < d, /2. Similarly, for all s € (¢,t'] there exists §, > 0 such that
for ', 8" € (s — 0., s], |x(s") —x(s")| < €/2. Covering [t,t'] now with intervals (s}, — 522/2’ sy.)
together with (¢ — 0,/2,t'] we find in the same way that for every s € [t,¢'] and ¢',s" €
(s = 02,5), |2(s") — 2(s")| <€, where 6, = mindy, . Taking § = 0; A d2 we find that z € D .

It is obvious that the sets Ds.[t,t'] are closed. Moreover, they are decreasing in § and
increasing in € so we can restrict the intersection over € and the union over § to numbers of
the form 1/n with n € N. It follows that D([t,#],R?) is a Borel set.

The second statement follows from Theorem 7.1 in [16]. U

Let us denote
S4t, ¢ = D([t, ], RY) N (Fin)[t, ¢'], (31)
where Fin[t,t'] = UpczdgmieAP?] is the set of paths taking finitely many values in Z<.
Since we can restrict the union to a sequence of boxes tending to Z?, the latter is a Borel
subset of (Z?)[*]. Restricting even further, we define S{[t,#] = {z € S?: 2(s*) —x(s7) €
{0}u{ey, —eq, ..., eq, —ed}}. This is easily seen to be a closed subset of S¢[t, '] and therefore

also a Borel subset of (Z4)5],

Theorem 2.1 The measure Fy, is concentrated on S{[t,t']. Moreover, the measures
Flog),e) = (O¢' | Fr10¢) are concentrated on SY[(t',€), (t,€)] = {S{[t.t'] : a(t) = &, =(t') =
5’}, and all these measures are Radon measures w.r.t. the Skorokhod topology on these

spaces.

Proof. By the fact that |(¢ | F,(®)p)| < vj (@) it suffices to prove that the projective
limit vy, of the latter measures is concentrated on S{[t,#']. This follows from a theorem of

Doob [17], but is in fact easy to prove directly in this case. Consider the sets
K = {:c e (ZHE : w(t), 2(t') € Z¢ and Vi € [t,¢] :
either x(s) = x(t1)Vs € [t; — d,t; + 0]
or 3 =*tej, ty € [t1 — 6,81+ 6] 1 x(s1) —a(s2) =¢&

Vs € [tl — 5, t2),82 € [tz,tl + 5]} . (32)
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These are the sets of paths with values in Z¢ such that there is at most one jump in any
interval of length 26 and the jump is of size 1. These sets clearly belong to S[t, '] and they
are compact in the Skorokhod topology. The latter follows from the compactness criterion

for subsets of D([t,t'], R?): see Theorem 6.2 in [16]. In fact (see [18]), for n < 1,
Ks ={x € St 1] : @.(6) < n},
where the quantity @, (J) is given by

@x@):max{ swp (jal(s) — 2(s)] A fe(s”) — a(s)).

s—0<s'<s<s""<s+0

sup [o(s) o0, suwp_[ofs) = o(0)] | (33)
t<s<t+d t'—6<s<t/
Now, given o = (t1,...,t,), it is obvious that 7, *(z1,...,2,) € Ks means that whenever

tey — te, < 20 with ky > ki + 2, then either z; = xp, for ky < k < ko, or there exists k3
with k1 < k3 < kg such that xp = xg, for ky < k < k3 and o = wp,4q for ks < kb < k.
We subdivide the interval [t,t'] into (¢ — t)/(20) intervals of length 25. If z ¢ Kj then
there is a double interval of length 46 which contains points at distance at most 20 where x
jumps. Consider such a double interval and let ¢;,_; be the left-most point of ¢ and tx,+;

the right-most point of o contained in this interval. Now, using the bound

A < T[] e

, where A(t)g ¢ = (") (€,6)(1 — b¢r ),
we have

vy (1At least 2 jumps between tx, and ty,})
ko=l ko

<D > > X
k=k1—1 k' =k+1 & Enveorsbprin EprE0r 41 Enr— 10 Eitl
x> Z €N () (€ 60) - (7)€, €)1 (6)
ErFEkt1 Ekm1,-561,8
ko—1 ko
< DD (e — ) (b — ) [T o) [0
k=k1—1k'=k+1
bhat1 — hy—1 2 2d(t'—t)
< Tl T Tkiclyp
By M T [%e el 119]
ko— k
Sy ¢ t ot a1l gL g
X Z Z k2+1_k1*1_k2_k1+2( - 1+)
k=k1—1 k'=k+1
< 328%d* D[ || (34)
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Since there are (t' —t)/(2J) such intervals,
v] H(K5) < 16(¢ — )5d*e> V||| ]| — 0.

Finally, we notice that, on a metric space, every bounded Borel measure is outer regular,
and inner-regular with respect to closed sets (see [16], Theorem 1.2 of Chapter 2). Since we
have already shown that the measure v, is concentrated on a compact set in S{ up to any

€ > 0, it follows that it is a Radon measure. L]

3. THE FEYNMAN INTEGRAL FORMULA

To derive the Feynman integral formula for the solution of the Schrodinger equation, let,

for simplicity, V' be a bounded potential, V : Z¢ — R. Then the integral

n—oo

/t V(z(s))ds = nll_{goz V(x(ty))(te — te—1) = lim X7 (x) (35)

is well-defined and continuous as a function of x € S{[t,#']. Indeed, s — V(z(s)) is a step
function, hence integrable, and the set of points where x € SI[t, '] has a jump has measure
0. Therefore, if A, is the set of points of discontinuity of z, |{s € [t,t] : d(s,A;) <€} — 0
as € — 0. Now, if z, — z in S{[t, '], let n be so large that p(z,x,) < ¢, where p denotes

the Skorokhod metric:

plz,x') = e L "0 Moo +[|A = id]|oc- (36)
(Here Ht,t'] denotes the continuous increasing functions from [¢, '] onto itself.) Then there
exists A € H such that ||z — x, 0 M| < € and ||\ — id||oc < €. Assuming € < 1 we have:
Tn(s) = x(s) unless d(s, A;) < e. If M = ||V||, and taking t, = t + k(t' —t)/n with 1 <,
we get

n

> V(@) (tr — ter) — Y V(@(te)) (tr — ts)

= k=1

< 2M Z Lik: ditg, a0)<ey (b — i)
k=1
< 2M|{s: d(s,A;) < €}| — 0. (37)

Theorem 3.1 Let H = Hy+V, where V : Z* — R is a bounded potential. Then

t/
eTiH=OH :/ exp —i/ V(z(s))ds
St t

13

Fy (dx). (38)




it —t)H

Moreover, the matriz elements of e are given by

t/
€_i(t/_t)H(§,,§) :/ exp _@'/ V(:E(s))ds
SHGINCED) t

Proof. We only have to prove that

Fy +(dx). (39)

lim [ eV @F,,(dr) = e 01,

n—oo

where the integral is over (Z%)%*1. This follows from the definition and the Trotter product

formula: Writing ¢, (€) = e~ Htt-1)V(E),

—iX7" (x)

e =(pn ® - Q1) 0y, ()

and hence, with ¢, =t + k(t' — t)/n as above,

/e—z‘zan Ft’ (dx) = /(¢n R ® @l)ng;
= MﬁantOn—tn 1M‘Pn—1 et M‘pl Ulg—t

_ <€—z(t tV/nUt, t)/n>

By Trotter’s product formula (in fact, the simple form of Theorem XIII1.30 of [19] suffices),
the right-hand side tends to e~**'~9(Ho+V) = The formula for the matrix elements follows
from the fact that Fiy ¢ (1¢) is concentrated on S{[(¢,€), (', &')]. O

In fact, the Feynman integral formula can be extended to time-dependent potentials:
Assume that V : Z¢ x [t,t'] — R is a uniformly bounded potential which depends continu-
ously on the time (i.e. the second variable). A minor modification of the above argument
shows that ftt/ V(z(s), s)ds is still well-defined and continuous as a function of # € S¢[t,¢'].
We now approximate V' by a step-function, as follows. We subdivide [t,#'] into subintervals
[tr, tes1] as before and put V™ (z(s),s) = V(z(t), tr) if tx < s < tgy1. The solution of the
Schrodinger equation

o,
it = (Ho + V™), (40)
0s
with initial condition ¢! is obviously given by
w)f/n) - Ut(:ztn71 e Ut(ln;)th(f)

where

Us(n) _ pis(HotV (1) 4 tr < 5 < tpyt. (41)
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Now, since V™ — V in L'—norm,

/ttl V) (2(s), s)ds — /tt/ V(z(s),s)ds

for every x € S[t, ], and by the bounded convergence theorem,

/ exp [—i /t "0 a(s). 9)ds

On the other hand, the solution of (40) converges to that of

F(dw)) — exp [—z’ / t v<x<s>,s>ds] 0.

0
i%% = (Ho + V)is. (42)

This follows from Picard’s method (the method of successive approximations) applied to the

corresponding integral equations. We thus have:

Theorem 3.2 Let H = Hy+V, where V : Z¢ x [t,¥'] — R is a uniformly bounded potential
depending continuously on the time. Then, for any initial condition ¥°, the solution of the

Schradinger equation (42) is given by

t/
WPy :/ exp [—z/ V(x(s), s)ds
S{t.t] t
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