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Topological systems, such as fractional quantum Hall igupromise to successfully combat environmental
decoherence while performing quantum computation. Thigggyhcorrelated systems can support non-Abelian
anyonic quasiparticles that can encode exotic entangédsst To reveal the non-local character of these en-
coded states we demonstrate the violation of suitable Betjualities. We provide an explicit recipe for the
preparation, manipulation and measurement of the destedlations for a large class of topological models.
This proposal gives an operational measure of non-locaditanyonic states and it opens up the possibility to
violate the Bell inequalities in quantum Hall liquids or sgattices.

Quantum mechanics is a non-local theory: it allows for cor-of the Hilbert space can be thought of as a tensor product
relations between distant systems that cannot be explainedd = Hjocai ® Hnon-loca, Where the first factor describes lo-
in terms of a local preparation. Many believed that non-cal degrees of freedom, which we will ignore, and the sec-
locality was due to incompleteness of quantum theory. Einond describes topological degrees of freedom associatéd wi
stein, Podolsky and Rosen (EPR) in their seminal wdik [ the anyons. These topological degrees of freedom may arise
aimed to resolve this by introducirlgcal hidden variables. as a result of nontrivial topology of the space supportirgy th
Their values would complement the information supplied byanyons. For Abelian anyons, this is in fact the only posisybil
guantum mechanics, thus restoring locality. Bell ineguali in the Abelian toric code models][for instance, the non-local
ties aim at validating or rejecting this view from experirtedn  degrees of freedom are described by elements of the first ho-
data []. To date, unlike local hidden variable (LHV) theories, mology groups of the surface with finite group coefficients. |
the predictions of quantum mechanics have been consisteptinciple, one probe non-local correlations in these togl
with all Bell tests. cal degrees of freedom, but the observables involved would

Particle exchange gives a striking example of non-localityneed to be non-local themselves. |
in quantum mechanics. For bosons and fermions, one can dealFor non-Abelian anyons, even on a contractible surface,
with the exchange interactions by imposing non-local conthere are non-local degrees of freedom associated with the
straints on the form of the wave function. More generally,different fusion outcomes. A number of proposals have been
the wave function can transform in a nontrivial represémtat made on how the associated quantum numbers, or topolog-
of the fundamental group of configuration space when partiical charges, might be measured by interferometry, 8ge [
cles are adiabatically exchanged. [For planar systems, this [9] for further references andL{] for an overview of the
group is the braid group and particles transforming in ientr measurement theory. We will not go into the details of in-
ial braid group representations have been dulsmgdns[4].  terferometric measurements here, but rather just assume th
Anyonic exchange interactions are topological in naturé anwe can do projective measurements onto the various fusion
do not change on variation of the distance between the partehannels. The non-local Hilbert state spaceno&nyons
cles, or the metric of the spacetime manifold. One mechanisnte,, a,,...a,) with total chargec has din{#non loca) =
for such interactions is the Aharonov Bohm effeit | S bybonbn s NgllazNglz N3 --Ng .- This Hilbert space

It is natural to ask if the non-local correlations of anyonsysually does not a%f'mf’tzag tensor product structure, e.g. the
can in principle be explained using local hidden variablesdimension could be prime, and thus does not obviously fit
In this paper we answer this question for a number of anyotthe usual paradigm for tests of non-locality. Nevertheless
models, by constructing a Bell test for anyonic degreess#Hr  we show that topological interactions can indeed be used to
dom and showing violation of the associated Bell inequediti - demonstrate non-locality in the EPR sense. In order to do

Anyons can be split into two main categories, they can behis, we consider two classes of anyonic theories:3B€2)y
Abelian or non-Abelian. Given labelg;} for the different models, including the Fibonacci modé][and a model based
types of anyons we assign fusion rules that determine the oubn discrete gauge theory 1, 17]. These models are impor-
come of bringing two anyons togethes,x aj = S Ngikajak. tant both for their potential to process quantum infornmatio
HereN§, € N counts the number of ways of combiniagnd  fault tolerantly and for their viability for experimentagal-

b to obtainc. Non-Abelian anyons havg.N§, > 2 forsome ization. For these cases the fusion spaces are at most one
pair a,b, while in the Abelian case, the labels of the fuseddimensional, i.eN§ < 2 for all (a,b,c). Non-commuting
anyons determine a unique outcome which can be determinefeasurements project onto different ways of combining par-
in a unique way. ticlesa,b,c to yield d. Measurement bases are labelled by

In a physical system with anyons, the low energy partthe intermediate productsandx' obtained by fusing,b,c
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and are related by the recoupling formul|éab)c — d;x) =

S (o)X (a(be) — dix!). A T s
To date, most Bell tests have been performed on entan-

gled light beams, but there is certainly an interest in shgwi @ @

that material media can be used to demonstrate non-locality

Experiments involving a photon and an atom, two atoms, or
even kaons have been proposed or even carriedlGutThe . . . o
ever new media for Bell tests. As we shall see, some of therju"€mMent (large oval) on all six particles is made and thelrespt

. . . . It the total charge (or spin) is zero. Alice performs measants of
could be implemented in a fractional quantum Hall liquigl [ total charge on pairs,2 and 23 and Bob performs measurements

while others can be associated with arrays of Josephson jungp pairs 45 and 56. For some quantum states the correldu
tions [L4] or atoms in optical latticeslf]. exceeds the bound set by local hidden variable theories.

In order to build intuition for the anyonic case we describe
the general framework by employing distinguishable spin-
1/2 partlc!es with non-trivial fusion properties. The fusion aim is to find a violation of the classical upper bound in the
r_ules are interpreted as the angular momentum decomposéhbspace of states wiskt = 0. Note that our protocol allows
tlpr_1 of tgnsor produgts of vector Spaces. Consider a syste r measuring correlations without the need of a shared-refe
divided |nt_o two spatially nonToverIappmg subsystefusnd ence frame between Alice and Boh] thus giving a simple
B, conveniently labeled as Alice and Bob, each one POSSESZhg unambiguous test of Bell inequalities. In the anyonseca

ng thre_e .sp|n—12 particles, as seen in Fig. First, we per- o o104 helow the operators; also have eigenvaluel when
form a joint measurement on the total s = 35 and the fusion outcome is the vacuum and otherwise.

post-select théo = 0 outcome that has state space dimen- There are two natural orthonormal bases for a three particle

sion five. Second, we define a set of measurement operato§§ : :
T 22 . stem based on the two different orders of fusing the three
{Y?Z’Y?S’YE&YEG}' whereY;; = (§ +§;)”— 1 The eigen- particles. These are graphically represented by fusi@s tire

values ofY;,; are+1 IQ the triplet space and1 for the singlet Fig. 2b. The unitary transformation that describes the change
and the operatorg"® act on the subsysten®{B). The op-  fom one of these bases to the other is given by the so called
erator pair withinA or B is non-commuting butf,, Y?,] =0. £ matrices. The basis change for three particles with charges
Consider the expectation value of the operator (a,b,c) fusing tod is given by a matrix denotdégj‘b‘c. For the
W = YA, VB + YR, Y8 YALYB, 1 YA, YB. (1) case ofJ (2_) these ma_trices _just describe angular ‘momen-
- - T T tum recoupling and their matrix elements are the Wignér 6-
For a classical theory, even in the presence of local hiddesymbols. For six particles with total spin 0, we get four nat-
variables (LHV) [LE], the Bell inequality for W ig(W)_nv | < ural product bases from the two pairs of bases for each triple
2. This can be derived straightforwardly as followis/f ~ The contributing particle labels are the spin Vall{le,%,l, %}
Assume independence of the two subsystems (locality) sand the only relevarft-matrix for changing between bases is
that the joint pr_obgpilities for pai_r_s_ of out_comes is juse th Fl%l ., which, for theSU (2) case is given by
product of the individual probabilities which could depend 223
on a hidden variable\, drawn from a fixed distribution 1 1/ 1 V3
p(A). For the above quorum of observables with outcomes F=F2, = > < /3 -1 >
[, Mg, B MEg) € 1 we have
S in the basis given by fusion trees with intermediate spinsd a
(M3 + M )My s — (Mh3 — M) ME g = £2. 1. We find the following set of orthonormal states for the six
particle system, in the local fusion basis as defined in Eig.

lgo) = [0)al0), 1) =[1)Al0)B, |@2) =[0')A|L)e,

Hence, in the LHV model, the outcomes must satisfy

Merv] = 1] dARR) (V12N Yes(M) ) = [V)alLe, ) = 113, 2)alL(3.3)e.
+Y2, (N YE6(A) — Y25(M) YE(N) mEmE 2)
+Y55(N) Y5 (M) where|x) = [x(3,2)) and|X) = 4 FX|X). In spin components

= |fdAp(A)(nr§3(A)+nfi2(A))mE‘5(A) we have@) = |¥ )12® W )34® |W )56, Where|W—) =
—(M3(A) —m,(A)mEg(N)| (| TL)=111))/v2, so the statép) has three adjacent singlet
<2 ' ' pairs. Notice that in order to have trivial total charge theall

bases occur in pairs that share the same Igtzed defined in
Quantum mechanically, the maximum value|@)| is ob-  Fig. 2.

tained for eigenstates W with maximum eigenvalue, i.e. In the basig[|0)|0), |0)[1),]1)|0),|1)|1)} LI |qu), we have

|(W)| < /7. For arbitrary operators in Eql)that have the ‘s, ‘s, ‘s s a ot ,
same commutation structure and squard.tquantum me- W= (F'0'F®F 0F+F'0’F@0*+0"®@F '0°F —0"®0%)
chanics satisfies Tsirelson’s inequalify?], |(W)| < v/8. Our ©2|qu) (@l ®3)



FIG. 2: The state space of anyons in our protocol represeaded

fusion trees. (a) An arbitrary state of sixtype anyons with trivial
total charge expanded in terms of fusion outcomes loca &nd
B. In the models considered hefgjs its own antiparticle, but it is
straightforward to generalize. (b) A “local” fusion baskgtisfying
Y33/X(a1,B))a = £x(@,B))a and Y7, |X (a, B))a = £[X (a1, B))  for

X avacuum state or a particle and similarly BorFor each subsystem
the bases are related by Bmove: | (a,B)) = ZX(F&G)Q |x(a,B)).

The Hilbert space splits into different sectors labeledpby
which are conserved by the action\W. There is a four di-

mensional sector witp = 1/2 and a one dimensional sector

with B = 3/2, containing|qs). No Bell violation can occur

in the B = 3/2 sector, since the measurement operators Comgether must be trivial
mute in that sector. Maximally Bell violating states areghu

orthogonal tdqs). For the one parameter family of states

@) = (1) + o) + vb‘i""zucm—|<pz>>, @

with (—=1 < a < 1) we plot the expectation valu@V) seen
in Fig. 3. The maximal violation (W)maxmin = +7 ~

+2.6458) is obtained folmy = F4/(7+2V7)/14.

3

matrix. The statéqo) is obtained by creating spin/2 parti-
cle anti-particle pairs at positioit$, 2), (3,4), (5,6) out of the
vacuum. For the one parameter family of stdtéa)) we find
maximal violation at

L 2mn 2n
a = - cog(Z%) + 4 cog 2%
\/8005{%)4»005(]%)4»5 [ (k+2) $k+2)
1
7

+ \/ZCoé‘(an)(Scos(%)+cos(%)+5)+2

®)

and ata_ = (/1—a2, where

(W) = +seé (Fnz) \/4005(%) + % cos(%) + g

It is possible to verify thak — o« corresponds t&J (2). A
qualitative difference between anyonic systems and the spi
systems discussed before is that, while zromponents of

the spins of all particles are in principle measurable, gher
are not necessarily any observables associated witle-the
components of the ‘g-spins’ of the anyons. Oy (2)q
invariant quantities, such as the total g-spins of groups of
anyons, can be observables, or at any rate topologically pro
tected observables. This can be traced back to the superse-
lection rule that says that the total g-spin of all anyons to-
If it were possible to measure zhe
components of every anyons’ g-spin, then the state obtained
would no longer be invariant und&u (2). In fact, a similar

rule would hold for confined particles in gauge theory and so
for a better analogy, one may think of t8g (2)q invariance

as begin closer to aflJ (2) gauge symmetry rather than spin.

It was shown by Freedmaat al. [21] that the anyonic the-
ories withk > 3, k # 4 are universal for quantum computa-
tion. Hence, for those theories, the Bell violating states loe
obtained by topological braiding operations alone actfog,

Consider now a two dimensional system with quasiparticlesxample, on the fiducial staty). We now check to see if it
excitations described b§U (2)x Chern-Simons-Witten theo- js possible to generate a state which violates the inegualit
ries. The corresponding fusion rules satisfy the additibn othek — 2 case. Th&U (2), anyons are believed to exist in the

angular momentum with the constrairjtsx j» — j only if
i1,J2, ] <k/2andj1+ j2+ j <k. Itis quickly verified that for

v = 5/2 plateau of the fractional quantum Hall effe@t][ up
to charge factors that affect the Abelian part of braidinigeyr

k>3, the total chargeero sector of six particles labeled by come in three varieties, the vacuum, 1, the fermipnand
spin 1/2 again has five states, labeled by the same fusion trege non-Abelian anyong, that satisfy the non-trivial fusion

as in theJ (2) case. Thé= matrices will differ, but for our

~ 1
purposes, the only relevant recoupling is $§fl, ;. Comput-
222
ing the quantum g-symbols, we find (see for instance])
1 1 1 3] )
F=F2,=— 4
222 [2q < Blq -1

. ) /2_q-m/2
where the quantum integers are definedrdg = %

for minteger. For theU (2)i theoriesg = ez, In the limit

k — o, then[m|q — m. As before, we can label the states in

the local fusion basis, as in Eg, but with the appropriate

rules,0 x c=1+y,0x P =0 andy x P =1. The counter-
clockwise exchange of two particles, which fuse to either 1
or Y, results in the matrix evolutioR = 1@ i expressed in the
basis labeled by the fusion channélsy}. The state evolu-
tion produced by the exchange of particles with no immediate
fusion channel is found by employing the recoupling matrix
F. Expressedin the basi$x(o,0))aly(0,0))s; X,y € {1, W} },

we have the following representation of the generators@f th
braid groupsg

Y Y HRLLY
Bi = €37 @1y By=e 47 @1y, B3 =e 13097,
i TT =X iNM~Z
By = 12®€7|30,B5:12®87|30

(6)
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whereB; results from the exchange pfindj + 1 particlesin  to implement the local unitary '8 = e 149" 159" 49" on
a counterclockwise manner. As a simple initial state we carlice’s side to obtain a Bell violation. Therotation is sim-
consider|@) that is produced front1,2), (3,4) and (5,6)  ply achieved by bringing anyons 2 and 3 near each other as
pairs created from the vacuum. above, and similarly thg rotation is performed by pushing 1
and 2 together. Note that the maximal Bell violation in these
two constructions actually saturates the Tsirelson inktgua
of making theSU (2), case at the same time ‘maximally quan-

tum mechanical’ and ‘topologically classical’.

Let us turn now to Fibonacci anyons from tB88(3)3 the-

ory. This is the theory obtained fro8U (2)3 but using only
integer spin particles: the vacuum 1 and the non-Abelian
anyont, with non-trivial fusion rulet x T = 1+ 1. All par-
- ticles are their own anti-particles and the quantum dinwrssi
ared; = 1 andd; = = (1+ +/5)/2. The relevant recoupling
matrix is

05 , J10

FIG. 3: The expectation value of the Bell witnédsas a function 1 1/2

of the amplitude of mixing for the total charge zero statéa)) in F=F4.= < (81/2 ¢ 4 >

Egs. @). The yellow, blue, and red lines correspond to%h(2), ¢ -0

SO(3)3, I (2), theory with six spin-12, o, T particles, respectively. . ) . .

The shaded region corresponds to states which violate dypiatity ~ €Xpressed in the basis of 1 and The dimension of the
derived for local hidden variable models. topological Hilbert space ofn+ 1 typet anyons with total

charge zero idn, themth Fibonacci number, hence there are
five states in the fusion space. These states can be decom-
The braid group generatorB;, are in the Clifford group, posed into superpositions of products of local basis staes
so we cannot generate a dense setSin4) by braiding in Eq. 2 where|0) = |1(t,1)) and|1) = |1(1,T1)) and|q@s) =
alonef1]. But can we still obtain Bell violating states? In |t(t,1))a|t(t,1))s. The statéq) is the state obtained by cre-
Refs. P4, 25 a LHV model was introduced for a pair of ating typet particle anti-particle pairs ofi,2), (3,4), (5,6)
qubits that exactly reproduces the set of allowed operationout of the vacuum. For the one parameter family of states
in the present model. There are two distinct configuratidns ojr(a)) we find the same maximal violation as in E§. for

shared vacuum pairs (up to relabeling of particles by Alice 0 g (2)3 (W) = £2 /—7+ 45~ +2.7887. This is not very
Bob) both of which can be obtained fro) by braiding.  gyrprising, considering that theJ (2)3 theory is equivalent

Hence it is not possible to build Bell violating states St@t 4 the product of the Fibonacci theory and an Abelian theory
out from thre_e shared vacuum pairs using topologically proy,itp 7, fusion rules (see for instancéd)). The action un-
tected operations alone. der braiding is represented by the mafix = €4V5 ¢ 71/5
Despite the impossibility of producing a Bell violating®a  expressed in the bas{4,1}. We obtain the following repre-
from |qo) by topological gates, one can in fact straightfor- sentation of the generators of the braid graagexpressed in

wardly obtain a maximally Bell violating state using non- the pasis{|0)|0),[0)|1), |1)|0), |1)|1)} LI |g):
topological gates{?]. Let us employ the non-Clifford gate

D=e '8 1. This can be implemented by bringing the B; = [FRuF 1@ 1)@ (d79)
2 and 30 anyons nearby, thus shifting the energy of the p, [Re ® 1] @ (671V5)

fermionic fusion channel Z[7] such that a relative phase _ _ _ ML mi

& is accumulated on that channel. From these opera- Bs = O'[€"V@ ™5 e™sg < MO MO )]O )
tions one can build the controlled phase gate in the follow- By = [LOFRF Yo (ei7T[/5) oo

ing way CP = €VB,B,B,B; B, !B, 'Bs. A simple search- Bs — [1o®Ru] @ (6775)

ing algorithm provides us with the sequence that produces
Ir(a_)) = —CPB3B4DB;Bs|qn), with (W) = —21/2, thus sat-
urating the Tsirleson bound.

In fact, it is indeed possible to realize a maximally violat-
ing state without braiding at all. Consider a stagg) given
by a distribution of singlet pairs ofi,6), (2,5) and (3,4).

whereO maps the product basis to the ba§jg;) j‘:o, and

M = (F%;) ReFY,. Alength 25 braid word produces a Bell
violation: |W) = [B3B, B, 'B;'B,]%|qo) with (W|W|W) =
2.5310.
. . Lo A . In the models above, measurements by Alice and Bob had
;@isﬁiﬂﬁﬁ llasrz:\(iaolla\}vidrélf t?iﬂdﬁ((:|lgfl>dl|?)t>”bit|lgr; (Tf1>p a;'ri by two outcomes for the two fusion products of the anyons. To
9 %) = (10940} Al=/B accommodate more outcomes we can use higher dimensional
B, 'B; 'BsB4B3B2|qo). This state would be maximally vio- Bell witnesses 9. We demonstrate how this works in an-
lating if we could measure in arbitrary local bases. For ouiother anyonic model with excitations in one to one corre-
fixed measurement quoruig,) is related to the maximally vi- - spondence with irreducible representations of a Hopf ateb
olating state by 8% & 1|¢p) = |r(a;)) and hence it suffices  D(G), the quantum double of a finite gro@[11, 17]. The
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particles can carry electric and magnetic charge and are la- Either by using the representation theoryl(Ss), or by

beled byl'l[ ] o) where|a] denotes a conjugacy class Gf solving the pentagon and hexagon equations directly, we find
the following recoupling and braid matrices, expressedhé t

basis{1,A\, ¥},
_1% 100
2 R=Ropop = 0-10].

0 01

which Iabels the magnetic charge, aR@,)) denotes a uni-
tary irreducible representatidr of the centralizer of an el-
ement in the conjugacy claga], which labels the electric
charge. The dimension of the carrier space for each irre-

ducible representation, WhICh equals the quantum dimansio” — Fooo =

of the particIeI'I[R] al) |sd = |[a]||[R(Nig)|. The quan- V2 V2

tum dimensions Satlsfy the sum rLEE(dEE]N )2=|G|2. We We notice immediately thak has eigenvalues1, so that we

o will end up with a representation of the permutation group
when ‘braiding’ the anyons. Nevertheless, these anyons are
not bosons or fermions, since this representation is non-
Abelian. The fact that we have a permutation group repre-
sentation does signal the fact that braiding in this theenoit
universal for quantum computation. This is in fact a general

NI NIl
[y
= NIl NIl

focus on the simplest non-Abelian finite grod, the group
of permutations on three objects. ElementsSpfare orga-
nized into three conjugacy classdst = {e} the identity el-
ement,[t] = {to,t1,t2} the transpositions, and] = {c.,c_}

the cyclic permutations. The 8 irreducible representation

D(S) are property of braiding in discrete gauge theories.
n[:]* d=1 (vacuum A basi_s of the eleven dimen_siona_\l vacuum sector of th_e_ Six
o . anyon Hilbert space can be given in terms of superpositions
I'I%C My, d=2,3 (pure magnetic charggs ®) of products of local basis states, as defined in figlire
e nl _ i
e [, 4712 (pure elecic chargss {zyFlyM@ P)AlL(P, D)), 5y FAY(®, ©)alL(®, D))
I'I[[3 ,I'IH I'I\[,l} d=2,2,3 (dyonic combinations ?Iy (D, P))A|L(P,D))B, Ty F] [Y(P, D))l A(P, ®))5
F/)\/ Y(®@, PHAIA(P, ®))B, 3y Fo|y(P, P)AIA(P, P))s
A complete derivation of the fusion rules for this modelis 5, JS/M ,P))A|P(P, D)), 5y FAIV(P, P))A|P(P, D))
givenin [30]. In the toric code realization of these anyon mod- 5, F, D))a |<D(CD D))B, |P(DP,N))aA|P(P,A))B

olY(®P,
els, the quantum dimensiodéogN[a]) = |[a]||R(Nq))| actually |CD(‘D 1)al®(®,1))8} = {|9)}2-

count local degrees of freedom associated with the anyon. Irl'he state|q) is obtained by creating typ® particle anti-
the discrete gauge theory context, these degrees of freedo rticle pairs or(1,2), (3,4), (5,6) out of the vacuum. Each

are also presentin th_e descrlp.tlon of the system, but some ch vacuum magnetic charge pair is writté®; &: (i, j)) —
them are gauge. A single particle’s electric charge and mag-1 (e, (D) +1ccs (i )

netic charge can always be measured locally (or at leasirwith v2 +C | h + ' died & (2 "
a region of size characteristic of the particles), by bragdi VoW in analogy to the cases studied & (2), we cou

with other locally prepared charge pairs and measuring th ok for a E;\ell like inequality but Iusmrg]; measurement oper-

outcome of fusion of the pairs. Truly non-local properties a ators with three outcomes. Let Alice have one operaty

contained in the fusion space To explore this we pick a quhICh measures the outcome of total charge for particles 1
and 2 with outcomeg1,A,®} and another, non commut-

]
sion subalgebra oD (S3): {HR+’ Bo} VYh'Ch we label ing operatorY’é"3 that measures total charge for particles 2
for conveniencd1,A\,®}. The non tr|V|aI fusion rules are and 3 with outcomes{l,/\,(D}. In other words,Y’iz is a
AxAN=1 AxP=0d, OxP=1+A+O. measurement in the baqumu) ly(a,B))a} with outcome

m, =y € {1L,A,®} andY3; is a measurement in the basis
These fusion rules are the same as the fusion rules for thﬁy a,B))a} with outcomen‘é3 —vy. Similarly, let Bob have

representations dfs itself and also the same as the fusmntwo measurement operator‘ﬁ% that measures in the basis
rules of the integer spin sectors 88 (2)4. The particles are )

their own anti-particles. The magnetic chagewith quan- {(Ffac)"ly(a, B))} with outcomem; s =y, andYg, which

tum dimension 2 carries non-Abelian statistics and theofusi measures onto the badig/(a,3))s} with outcomemE“6 =vy.

of n such particles gives®" = 32" 1+ (1) (L+A) +  Now (Flyo)l = Scodyo = (Fipe))s SO in the subspace of
%(2”4— (=) 1d. As before, we will work in the superse- {|@),|@0)}, the measurement operators all commute. These
lection sector with total trivial charge. The smallest nanb states cannot yield a Bell violation and we can focus on the
of particles in this sector that could hope to violate a Bell i states in the 9 dimensional orthogonal subspace which-s iso
equality should have fusion space dimensiod. If we are  morphic to the Hilbert space of two three dimensional parti-
to pick measurement operators for Alice and Bob that meaeles (qutrits).

sure total charge on pairs of particles and we want two non  In Ref. [29] it was shown how to construct Bell inequalities
commuting operators on each side then we require at least sfer bipartite systems of equal but arbitrary finite dimemnsio
particles in total. Exactly six particles suffices, givingldért  In particular for two qutrits the authors introduce the \e&8
space dimension eleven for the vacuum sector. I3 which for all LHV theories satisfiegls)| < 2, whereas for



quantum mechanical systeri$s)| < 4. To simplify notation  at least six anyons shared between two parties arises fgecaus
let us introduce the projectors, = |y(®,P))(y(®,P)| and each party needs three anyons in order to have two non-
Ty, = FTy(®, ®)) (y(®,®)|F. For the quorum of observables commuting topologically protected observables. It is fizies

above, the Bell witnesk is: this could be reduced using a shared resource which fixes a
L . . common gauge, akin to using a shared reference frames to re-
I3 = Tu@TY+Th @ Th + Tl @ Tl + Tl © Tl + T4 @ Ty veal non-locality in mode entanglement with bosord[The

FT® Tlo + Ty © T4+ Th @ Th + Tl @ Tl + T @ T size of the maximum violation depends on the recoupling ma-
TN+ To T — T OTA +TA X To +Te ®T4 tricesF and the ability to generate Bell violating states begin-
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The state with the largest violation hds) = —2.5216. Finally, it would be very interesting to have an experimen-
We obtain the following representation of the generatorg,| yemonstration of (some of) the schemes presented here.
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