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Abstract

The ¢* real scalar field theory on a fuzzy sphere is studied nuniricsiVe refine the phase
diagram for this model where three distinct phases are kriovexist: a uniformly ordered phase, a
disordered phase, and a non-uniform ordered phase whespatialSQ(3) symmetry of the round
sphere is spontaneously broken and which has no classiaslatant. The three coexistence lines
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between these phases, which meet at a triple point, arautigiieicated with particular attention paid
to the one between the two ordered phases and the tripleitsailit In the neighbourhood of the triple
point all phase boundaries are well approximated by sttdiigls which, surprisingly, have the same
scaling. We argue that unless an additional term is addedharee the effect of the kinetic term the
infinite matrix limit of this model will not correspond to aakscalar field on the commutative sphere
or plane.


http://arXiv.org/abs/0903.1986v1

1 Introduction

The fuzzy approximation schemie [1] consists in approxinggtine algebra of functions on a manifold
with a finite dimensional matrix algebra and in principle yides a regularization of field theory on
this space which can be used as an alternative to discgetisinunderlying space as is done in lattice
field theory. Both the two—dimensional commutative [2] anoyill planes can be viewed as the limits
of a fuzzy sphere of infinite radius.

Here, we study a real scalar fielg, with ¢* interaction, in the fuzzy approach using Monte Carlo
simulations. This becomes a Hermitian matrix model on ttezyfuisphere. The study reveals that
the model has three distinct phases: (i) A disordered pHakse; uniformly ordered phase and (iii)
a non-uniformly ordered phase assimilated to a stripedep[@3,[5]. We find the collapsed phase
diagram and in particular we calculate the uniform ordered/uniform ordered line that was absent
in [6] and locate the triple point where the three phases nfeethe mass parameter varies, the non-
uniformly ordered phase is absent for sufficiently smallgimg, but as the coupling is increased this
new phase opens up between the disordered and uniformlyedrgbases. The three phases meet at
a triple point.

The transition from the disordered to the non-uniformlyeseti phase can also be identified with
the one-cut to two-cut transition in matrix model thedry(87/8]. This transition line merges with
the predicted curve obtained from the quartic potentiahefgingle trace pure matrix transition for
sufficiently large couplings, i.e. sufficiently above thiplie point. The qualitative features of the
phase diagram are governed by this triple point. The presehthe non-uniformly ordered phase is
the principal feature that distinguishes the phase diagrathe fuzzy model from its commutative
counterpart.

A preliminary version of these results were presented iidea05 and appeared in [10]. The
principal aspects of these results have been confirmed #egquient studies by Panero [11] 12] and
Das et al.[[13].

The current study could be relatively easily repeated foreantitian scalar field on other fuzzy
spaces. The simplest extension would be to fus%y S? or to fuzzy CP" [14]. Fuzzy versions of
S® andS* are also accessible [15] and will hopefully be studied inrtber future. In all cases, the
structure of the phase diagram should be similar, althohghetis no guarantee that all coexistence
lines will collapse with a consistent scaling as happenth®two dimensional sphere. One prediction
for the general case is that the disordered non-uniformierad line will always be present for
sufficiently large coupling and will again merge with the @une-cut two-cut transition for the pure
matrix model.



In section 2 we review the construction of the fuzzy spherkiasection 3 we present the model,
section 4 describes the Metropolis algorithm, section 8istulimiting models such as the lowest ma-
trix size (two by two) and the pure matrix model, section ectikgs the observables and simulations,
particularly the specific heat which we use to locate tréorsit Section 7 gives our main results and
describes the collapsed phase diagram and locates the giopit. Section 8 gives our conclusions.
The paper ends with some technical appendix for the optiinizaf the simulations.

2 The fuzzy sphere

Before introducing the fuzzy sphere, let us look at somechagiperties of the@rdinary continuum
2—sphere A 2-sphere centered on the origin, with radRiembedded ifR3, denoted simpl\s?, can
be defined as the set of poirfts ,X,,x,) in R* such thaix? + x2 4+ x2 = R%. It can also be expressed
by the angleg9, ¢ ) of spherical coordinates.

Taking two elements of the algebrb(9,¢) andg (9, ¢ ), we define theiinner productas

(flg) = [, 021" (9.9)9(9.0). @

and theimormas

1117 = (1) = [ et (9.0)F @

where/Sz dQ = /Oznd(p /ondﬁ sin(J3). The norm must be finite for any element of the algebra (square
integrable functions). Both equationg] (1) ahd (2), defireHilbert space.s# which allows us to
guantize the theory.

In general, thd_aplace operatorcontains information on the geometry of the spaame, it de-
pends on the metric d8?- = \/—1@&. V/1g]d'-, whereg is the determinant of the metric tensgy, on

Riemannian and pseudo-Riemannian manifolds [16]. In @#di, the Laplacian on the sphere is
2 = 1 9% + 10

" (Rsing)? 042 ' RZsind 99
monicsY, (9,¢) with ¢ =0,1,2,... andm= —¢,—(¢—1),...,(¢{—1),¢ which come as solutions
of the Helmoltz equatiodf +1(I + 1) f = 0 on the unit sphere.

(sinz‘? %). The eigenfunctions of this operator are the spherical har-

A convenient basis to describe any function on the sphereéndpy thesespherical harmonics
Y, (9,¢) since they form a complete set of orthonormal functions dwd,tany square-integrable
function can be expanded as a linear combination of these.

© +/
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Table 1: Some spaces as limits of the fuzzy sphere.

where the orthonormalization condition

/S;deY/;(&,qb)YM (8.6) = S S )

allows us to compute the,, coefficients as

G = [,V (8.9)T(9.0). ©)

We are now ready to define tiiezzy spheré2 of radiusR [17,[18,19]. It is a non-commutative
space defined in terms of tiex N matrix operatorgX;, X2, X3) subject to the relations

D A a A .. . 2R . X
R 4+854+%2=R1, and [Xi,Xj]:|£ijk7Xk:|Eijk@&,

T 1 R (6)

with ©@ = 2R?/+/N2 — 1 andg; ik the totally antisymmetric unit tensor. The operatqreah be related
to the angular momentum operatdrsin their irreducible representation 8U(2) of size (2/+ 1)
with the formula
%zil\lzf_lﬁi:gf_i, ()

where the relation between the matrix sideand the representation of the angular momentum
given byN = 2/ + 1. Replacing the equationl(7) inl (6) we recover the angulanemdum algebra.

In the tablé L we show some limits of the fuzzy sphere in terfiseomatrix sizeN and the radius
of the spherdR. In that way, the fuzzy sphere contains some other spacawniés of the matrix size
and its radius.

From the algebra of matrices of sidg denotedMat,, generated by the position operatarsn”
(€), one can definekldilbert space by introducing aninner product To do that, consider two elements

of the algebraMat,, denotedp andy, their scalar product and associatemtmare defined by

<fplw>=—Tr[rp Y, ol = (ele) = —Tr[co @l (8)



where the normalization was chosen so that the unit mataixd the constant function 1 on the sphere
have the same norm.
The geometry of the spaces is given through derivation ¢pesaln the case @2, the derivations
% correspond to the adjoint actidh;, ] of the angular momentum operatdrs of SU(2). The
Laplacian is then deduced as
Lo=L%G0= 0,5, ). )

Similar to the expansioi}(3) of a functidn(3, ¢ ) onS?, a convenient basis to expand iy N
matrix ¢ on S is the polarization tensorbasis. The polarization tensors are denoted@pywith
0</<(N—-1)and—¢ <m< +/, and are defined as the simultaneous eigenvectors of ttaiapl
£? and axial angular momenturtfs:

gzylm =1(+ 1)?|m7 g?ﬁlm = m?Im7 (10)
and we see tha¥’? is a cut—off version of-[02. They are normalised to form an orthonormal basis

of Matj,
4_71_”

oty 1 _
STV, ] =6,0,, (12)
and transform simply under complex conjugation
Yi=()™ L, (12)
The expansion of in Y, is given by
N-1 +¢ .
(p: ; Z C/mY/m’ (13)
/=0 m=—/
where the coefficients can be computed by means of the ontimahioy condition
4T_
Gm =y " YTl (14)

3 Real scalar field on a fuzzy sphere

Before introducing the real scalar field theory on the fuzaliese, let us look at this theory on an
ordinary continuum 2 sphere.

Let @ be a real scalar field on a sphé&ewith radiusR and ¢* potential, the functional action is
given as

S[(p]:/SZdQ E(qu)%%rchszr%/\quo“ , (15)



where[; (i = 1,2,3) are the usual generators of rotationds the mass parameteand A is the
coupling constanwhich may depend on the radius of the sphere.

Second order phase transitions can not appear in finite whystems, such as the sphere. How-
ever, it becomes possible in tp&nar limit, R — . The ¢* model on a bidimensional plane, which
corresponds to the planar limit of the sphere, is defined éwttion

‘ 1 1 1
_ 2, | = 2, 4 o Ly 4
S[(p]_/dex[Z(Dcp) +5re +4!)\(p].
This model has been widely studied, see for examplz [20, 21].

Similarly, the model to study on the fuzzy sphere ldermitian matrix modelvhich corresponds
to a real scalar field and is given by the action [6, 22]

S[g;N,a,b,c] =Tr [a i, ] f (i, @] + bg? + c<p4] =Tr[ag' (£2@) + be? +c¢*],  (16)

whereN is the size of the matrixX) is the realmass parameterandc is the real, positivegcoupling
constant Similarly to a commutative spher@li,-] are the usual rotation generators wherés the
angular momentum operatan its irreducible representation 80 (2) with sizeN = (2¢+ 1) defined
by the commutation relation&;,(;] = &xLx. The constana is a positive number employed to fix
the units. Thea term, calledkinetic term contains the information on the geometry of the space by
means of the Laplacian, while the rest of the action is caleential termand denote/ ().

The action[(16) approximates the continuum action (15) when

2m  2mR?  TAR?

=N PTTN T TN

These parameters are chosen so that the fuzzy action waslisgthso thag[i] for the unit func-
tion/matrix be the same on the continuum and fuzzy sphere.

17)

The absolute minima of this action can be obtained by saagciuir configurations minimizing
both the kinetic and potential terseparately The kinetic term is obviously positive and is there-
fore minimum when%?¢ = 0, that is whenp = alis proportional to the identity. Replacing this
constraint in the potential term, we get

V (al) = N(ba?+ca®). (18)

The necessary conditions to have a minimum &¢a) = 0 andS’ (a) > 0. If b < 0 then we find
two absolute minima at

Litis possible to scale, b andc to absorka i.e. fit a to one. The scaling for the field is given by:= ¢//+/a, leading to a
scaling for the other parametersﬁm‘: b/a, andc’= c/a’. These changes affect the expectation values by a constaraio
scaling which has no consequence on such things as phasphaselboundary lines.



a=+a,==+ ;—:, (19)
which have energ(@) = —NI?/4c, whereas wheth > 0 there is only one minimum at = 0.
Finally, whenb = 0, there is a critical point a = 0 which is clearly a minimum sincg(a) = Nca*
andc > 0.

There are however othdocal minimato this action which will play an important role in one
of the phases of this model. They can be located approxiynatelooking at the minima of the
potential [6] which are given bW DU whereU is a unitary matrix and a diagonal matrix with
diagonal elementsag. The absolute minima found above correspond to the paatioalse when all

the diagonal entries @ are identical.

4 The Metropolis simulation

We started the simulations by using a standard Metropolist®arlo algorithm[[24, 25] with the
jackknife estimator for the error [26] to account for theaaatrrelation of the samples..

Theinitial conditions i.e. the choice of the first configuration in the Markov chain carob&vo
types: Cold initial conditions which correspond to configurations which are classicaimanof the
action, orHot initial conditions which are configurations chosen randomly in the phase sp&lee
made sure in our numerical simulations that none of our tesldpended on the initial conditions,
whether they were cold or hot.

In general, when we start the simulation the sequence of lesnoptained by Metropolis algo-
rithm goes through a transient regime where it does not abeyésired statistics yet. This is the
thermalization processThis is true even in the case of “cold” initial conditionschese the classical
minima may be probabilistically irrelevant when the fludtoias are important. This actually happens
in one of the phases of our model (the non-uniform orderedgha

Tunnelingis an essential process in our model as there are multiptsick minima which con-
tribute significantly to the probability distribution ofetfield. Typically, tunneling is exponentially
suppressed by the energy barrier separating the classioahan It can therefore be difficult to
account for in the Monte-Carlo algorithm. To improve thelgbility of tunneling, we have tried
various sampling methods.

The two simplest ways of sampling the phase space are to qithlee a big change on the matrix
as a whole or to perturb its entries one by one. The first metttiod/s for big changes and helps
tunneling but usually yields unfavored, high energy, tesifigurations which are rejected and in-



crease the autocorrelation between configurations. Onttiex band, the latter is good at exploring
the phase space locally, but has a low chance of tunnelingn BNernating the two methods to enjoy
both their advantages is not sufficient to produce the timgpelecessary in the model studied.

As we already discussed at the end of sedtion 3, the clagsioaha of the action are located at
+./—b/2c. Thus, the interval where we must vary the real and imagipary of every entry of the
matrix during the sampling should be about [-2./—b/2c;2,/—b/2c]. In practice, we have found

empirically that we need an interval of variation of the fibletween 23 and 26 times bigger.

When we use an interval less thar8R the trace effective probability density distributions of
the matrix will not reproduce the results obtained via diiategration forN = 2. In general, this
effect also appears for any matrix siXe The upper bound does not affect the results so much as the
auto-correlation of samples (more configurations are t&jeby the metropolis algorithm) and thus
the speed of convergence of the code. We have found #Blaiszhe optimum upper bound to balance
speed and precision.

A more sophisticated method we have successfully implesdeist theannealing method25].
The idea is to produce favored decorrelated test configuratdy introducing a temperature-like pa-
rameterf in the probability distribution ex@-£S). The Metropolis sampling is done normally with
B = 1. During that sampling, the field is typically trapped ardume of the classical minima. Peri-
odically, the Metropolis sampling is interrupted, and thisameter is lowered.é. the temperature
is increased) which smoothes out the action and allows the tihemove more freely between the
classical minima. Thei is raised back to ond.é. the temperature is lowered back) trapping the
field around a classical minimum which is hopefully decatedl from the previous one.

The annealing method thus increases the probability ofdiimy between minima of the action
and decreases the autocorrelation between configuratiaiso increases the computation time, but
the gain in efficiency is largely dominant, making this metlery useful and reliable for simulations
with larger matrices.

The computation time can still be too large, making the satioh impossible to run in practice.
We have developed a method where the real time of computddoreases dramatically which we
present in the appendix.

5 Limiting models

In this section we present the lowest dimensional model ki be integrated directly and the pure
potential model which can be solved analytically. They woth be useful to test the validity of our
Monte-Carlo simulation in some particular limits.



5.1 Lowest dimensional model

It is quite useful to investigate the lowest dimensional eidN = 2) as it has only two independent
parameters and can therefore be well understood, and atéedirectly. This provides a good in-
dependent computation to test our Monte-Carlo code agdisthermore, it happens that even this
low dimensional case shows all the features of the [ardjenit!

In the simplest casH = 2, the action[(16) can be simplified by expanding the field imgeof an
orthonormal basig1, oy}, wherel is the 2x 2 identity matrix andoy are the thred?auli matrices
The expansion is

o=al+p T (20)

where the coefficienta andpy are inR. Then, writing down the actiol_(16) in terms of this new set
of variables, we get

S=4ap®+2b(a?+ p?) +2c(a*+6a?p?+ p*) (21)
wherep is the norm ofp.

The action[(ZIL) depends only on the modulus of the vegtorThis property allows us to inte-

grate out the degrees of freedom associated withdtsional symmetrypf the vectorp’, which is
the expression of the gener@U(2) symmetry of the action in two dimensions. The corresponding
effective probability density distribution is given by

Pet [0, 0] = %pze‘s[avp] = %e‘se“[“’p], Z= /dadppze‘sz /dadpe‘s“‘ff, (22)

whereSyr = S— Inp? is the associated effective action.

This simple example depends on two variables only, whichawndtikpossible to integrate numer-
ically without a lot of effort for any set of parametefa, b,c} via the trapezoidal rule or any other
algorithm [27], to get the expectation values. In this semsecan solve directly the model for any
set of parameters making it possible to test our Monte CaslilecAny graph in this section will not
include error bars because, with direct integration, threynagligible.

Because of th&U(2) symmetry of the theory, the expectation valueg|af) and(p) give us the
whole information about the average configurati@n. We can see their behavior in the figlie 1,
computed from a direct integration with= 2, a= 1, and for a typical value af = 50, as a function
of the remaining parametérof the model (scaled tbc1/2). We can see three distinct phases:

1. Disordered phasethe expectation values ¢ft| andp are close to zero, roughly in the interval
(0, +00).

2. Uniform ordered phasethe most important contribution to the configuration isegivby the
expectation value aff, roughly in the interval—oo, —24)



Magnetization

Figure 1: Expectation value ¢ft| andp obtained from direct numerical integration.

3. Non-uniform ordered phas¢he system is ordered but the main contribution to the carditipn
is given by the expectation value pf in between the previous two phases.

The disordered phase has averagefofand p, in the expansion (20), at approximately 0 and
the typical configuration is thus distributed around zersisphase is analogous to tharamagnetic
phasen ferromagnetic materials. Following the analogy, if wieetéhe parametdyas a temperature
parametet, the thermal fluctuations do not allow any kind of orderingthe material when the
temperature is bigger than some critical value. The thefffnatuations are getting stronger and
stronger when the temperature is increased.

The uniform ordered phase is characterized by the fact beatrtost important contribution to
the configurations is given by the coefficiemt in the expansion(20). The expectation value of
p is negligible with respect to the expectation value|@f. This means that the configuration is
approximately proportional to the identity matrix. Thisgsie is analog to thenagnetic phasein
ferromagnetic materials.

In the third and last phase (the non-uniform ordered phds#})) |a| and p contribute to the
configuration but in this region of the parameter spgzés more important thama|. This phase
has orderingi.e. the field has non-zero expectation value but this orderimpisan analog of any
ferromagnetic ordering. It was argued in|[11] 12] that irs thhase, the eigenvalues of the matrix
has two cuts located at the two minima of the actiemg given in [19), whereas [6] speculated that
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Figure 2: Comparison of the unnormalised probability digndistributions of some observables for
N = 2. In most cases, the two curves cannot be distinguished.

the eigenvalues ap would be split equally between positive and negative eigleres. FON = 2, it
means trivially thatp = apo3 up to a freeSU(2) rotation, and thus one would expect|a| >< ag
and< p >~ ag = \/—b/c%5/(4c)%25, This is indeed true in figurg 1, as fer20 < b/,/c < —5,
< p > does curve like,/—b/c05 /20025 ~ \/—b/c%5 /4 and is much bigger thaa |a| >.

As stated earlier, we can also use the results from thisnaltermethod to validate the Monte-
Carlo code folN = 2. The figuré 2 shows the unnormalised effective probahiléygsity distributions
of the quantitiesa andp. In that case, we can compare directly both effective pritiballensity
distributions. The excellent agreement shows that thesstail error bars are negligible, but the most
important thing is that the program has sampled the phase spaperly. We have already checked
many points in the parameter space and we have always abtdieatical results up to error bars.
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At the moment, we have shown the convergence of our simualatiche lowest dimensional
mode) but our goal is of course focused on simulating the modelgusigger matrix sizes to extrapo-
late to thecontinuum limit(N — +-o0). Still we will see that theN = 2 results are already remarkably
good approximations of the lardgélimit.

5.2 Pure potential model

Thepure potential modehterests us for two reasons: it can be solved analyticaity gives a good
approximation for the transition curve between the dis@mdend non-uniform ordered phases dis-
cussed previously [6]. It comes from setting= 0 in the action[(16), only keeping what we called
the potential term. This approximation is increasinglywusate as the transition is tracked to larger
couplings far from the triple point.

This model & = 0,N — ) has been solved by many authadrs|[28, 29]. In term of theirtimi
we can get an expression of the specific heat and other thgmaotdcs quantities which are a good
reference to compare to the numerical results and the agewee of the algorithm when we increase
N.

The specific heat in this approximation has the form

CV:{ +Z L (22-3)/r?+3 T>-1

whereT = b/|bc| with b = —2v/Ncis the critical mass. From equatidn {23) the phase tramsitio
a third order transition because the first derivative of thecic heat has a finite discontinuity in

b=-1.
Another way to detect the phase transition is to look at tlubgloility distribution of the field

(23)

E e N

eigenvalues. In the disordered phase, they are confined sitmle connected region centered around
zero, whereas in the non-uniform ordered phase, they atedpltwo disconnected regions centered
respectively arounek\/T/Zc corresponding to the minima of the polynomial potential eDuithis
characteristic behaviour, we also refer to this as a “onetaat cut” transition. We will also use this
terminology for the disorder/non-uniform transition srttie work of Panero [11, 12] shows that the
transition in the fuzzy sphere model, where: 0, also have this characteristic behaviour.

The phase boundary for this model is given by

b= —2vNc (24)

and is included in the phase diagram shown in fiflire 6 at thettits article.

12
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Figure 3: Specific heat fa = 1 andc = 40.

6 Observables and Simulations

For the model under study, the number of degrees of freeddtf, iwhich corresponds to the number
of independent real entries in a Hermitian matrix. Thus,tHemodynamic limit we are interested
in corresponds to matrices of infinite size. The standardgtore, to take the thermodynamic limit,
is to define a scaling of the parameters of the model suchhbatelevant observables collapse in a
phase diagram independent of the matrix size. If the phaagalin collapses in a reasonable way,
then we can straightforwardly extrapolate it to the therymaohic limit.

The specific heat is a measure of the dispersion of the en¢rggensitive to the phase transitions
which register as peaks in it. We therefore use it as the qaemeter. Typically, it will present one
or, more often, two peaks as we show in figure 3{far= 1, c = 40} and various matrix sizes. The
very obvious peak is located arounN—%/2 = —6+ 0.4, the other one, almost imperceptible is around
bN—3%/2 = —3. For the biggest matrix size investigatdd= 10, simulations for a curve as the one in
figure[3 took about a day. The error bars provided by the jafklalgorithm were omitted as they
are quite small and would only crowd the figure more.

Other observables, such asTr [¢?] > and< [Tr[¢]| > which were used as order parameters in
[6], their susceptibilities, and the internal energyS > have also been collected but are not shown
here. They will be used in sectiéh 7 to identify the phaseadho

12



It is an important remark that the transition, from the naifarm ordered phase to the uniform
ordered phase, presents a very high and wide peak in thepsilitees which can subsume and hide
the smaller one when near the triple point, making it imgaedio determine its exact position. As a
result, the data points of this transition curve in the ptdiagram could not be found near the triple
point. However, Panerd [11], by looking at the eigenvalgtritiution of for c/aN? = 1/2 provides
an additional point on this curve very near the triple point.

In the figure B, the scaling fds, given bybN—%/2, which aligns the peaks (and thus the location
of the phase boundary) for different matrix sizes has airésen included. It is remarkable that with
this scaling, theN = 2 curve has the same qualitative behavior asNhe 10 curve, as announced
previously, but the peak in figufé 3, is already a reasongtypeoximation of the largé\ limit peak
found forN = 10.

This analysis was repeated for a wide range of the pararoeted for matrix sizefN < 10. The
collected results, the interpretation of the phases anddli@psed phase diagram will be presented
in sectior Y.

7 Results

In this section,we will present the collapsed phase diagranvell as an analysis of the three phases
observed.

In the plotsL4 and]5, we can see different profiles of the pritiballensity distributions as a
function of the mass parametefor Tr[g] andp = \/|c, ,[2+ [c,o[>+]|c,,|? which gives the power
in thel = 1 angular momentum mode in (13), wifa = 1, c = 40,N = 4}. There, we can appreciate
the three different phases of the model.

In the uniform order phase, fdirnegative enough, the trace is distributed around two symenet
values centered ot g respectively?, andp is distributed close to zerag. it gives no contribution
to the typical configuration. In this phasgjs approximately proportional to the unit matrix and the
rotational symmetry is thus preserved.

The non-uniform ordered phase, for intermediate valuels, dfas the peculiarity that the most
exterior peaks of the probability of the trace, which copm®l to the absolute minimum of the action
+ap and thus to the field in the uniform order phase, are smalkan the new peaks which arise
between them. Furthermore, the most probable value isfnot close to zero. In this phase, the
power of the configuration is thus in higher angular momentuodes (as defined in the expansion

Zao was defined in[{119) as the location of the absolute minimurhe#fiction.
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(@3) in polarization tensors) and the rotational symme#try been spontaneously broken.

The last curve is representative of the disordered phaghisiphase the configurations (both the
trace angp) are spread over a long interval but very close to zero riestdhe rotational symmetry.

A phase diagram is a map that contains the thermodynamictymigal properties of a given
system. This implies that, to construct a phase diagram, eee guantities in the thermodynamic
limit. As explained in sectiohl6, this is done by finding a st@in the bare parameters of the model,
b andc here, to make it independent of the number of degrees ofdraéd

We had already found in sectiéh 6 that the scaling necessanake the diagram independent of
N wasN~2 for the mass parametér Repeating the simulations for various values aind plotting
the phase boundaries found for all valuesNa§imulated, we found a scaling M2 for the coupling
constantc. This scaling is the same fa@ll the coexistence curves which guarantees a consistent
N — oo limit. We can then define scale—free parameters

- b c
b= VIR T= 2N (25)

Remember that for all the simulations and results in thiepape have sei = 1.

These results are presented in the figure 6 which shows trse ghiagram for theg* model on
a fuzzy sphere. The three phases we identified above areielibyy the coexistence curves which
meet at a triple point. These coexistence curves can be fittgdt an algebraic expression for each

one of them using the scale-free parameters introduceceabd23)
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As mentioned in sectionl 6 we could not access the Disordewmiform order phase boundary
near the triple point. However since the curve is consistétiit a straight line, we can extrapolate it
to the triple point without any difficulty. We find:

Disorder/non-uniform orderc = 2.29(—b) — 4.74. (26)

As expected, for largg, this curve is well approximated by the one obtained for theepotential
model derived il 5]2, given in scale—free parameters by

c=(-b)?/4, (27)

and drawn with a dashed line in the phase diagram, figure 6.

We did not focus on the disorder/uniform order boundary Iméhis paper since it has already
been studied in detail in [6]. It was found there to be a shalime going through the origin. Con-
verting its equation to our scale—free parameters thrd@gj (ve get

Disorder/uniform orderc = 0.23(—b). (28)

Finally, the uniform—non-uniform order phase boundarg imhich was studied in detail in this
paper is approximately straight with equation

Uniform - non-uniform ordert = 0.2(—b) + 0.07 (29)

which just prolongs the disorder/uniform order line, up tmebars.
These three coexistence curvés|((266.28,29), intersedtipteapoint given by

(br,cr) = (—2.3,0.52). (30)

These values are consistent with the data presentédlinlfiijct, figures (11-30) there correspond
precisely toc = 0.5 ~ Tr, and by identifying the point where the eigenvalue densitgaiigoes the
one cut—two cut transition described in secfiod 5.2, onesfihdt his data givelsy ~ 2.3 consistently
for N = 15,17,19,21,23.

If instead one takes the asymptotic form of the disorder maiform order transition line given by
the one cut—twocut transition (27) instead[ofl(26), and fitglmtersection with the disorder—uniform
order transition curve (28), the triple point occurs at

(by,c8) = (—0.92,0.21). (31)

We conclude from this that the effect of the kinetic term isriove the triple point to larger values
along the line governing the disorder/uniform order traosi
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8 Conclusions

In the main part of the paper, we presented the results fondhgerical simulation by means of an
optimized Metropolis algorithm for the¢* matrix model. In the appendix we develop the metropolis
algorithm which makes more efficient the simulation of matniodels. In particular, we argue that the
algorithm proposed presents considerable advantagesesiblect to the usual Metropolis algorithm
in the simulation of matrix model$ [30]. The reduction in fh@cessing time for both non-uniform
ordered and uniform ordered phases will be more evidentafgel matrices and, of course, when we
are far away from the coexistence curves due to the fact tieattinima of the potential are more
separated. A different approach was used with equal suat§kE].

Figure[6 shows the phase diagram for the model giver_ by (16)refines the phase diagram
which was incomplete iri [6]. The data have been collapsethubie scaling form shown on the axis
and defined in[(25). It is consistent with the scaling of thaatxsolution of the pure matrix model
which only fixed the quotient of the two scalings. One of thedmant features of the diagram is that
all three coexistence lines can be collapsed simultangoiisiis did not have to happen and in fact
the corresponding lines do not all collapse together fotaad three dimensional model [31], where
the spacetime is taken to be a fuzzy sphere direct produdtbcaiemporal direction.

This diagram contains the information about three diffefgmases, the well known disordered
and uniform ordered phase, and a new phase, the non-unyffardered phase (where ti80(3)
spatial symmetry of the round sphere is spontaneously hjpks well as the scaling of the model,
and the coexistence curves. We could even estimate theinatas of the triple point which is the
point where the three phases coexist in equilibrium. Thedinates of this triple point are consistent
with the independent simulation [11].

Another article[[18] finds different results, including axtra phase and no scaling. An obvious
reason may be that in the phase diagram they sholN fe25, our scale—free parameteb has a very
small range in our scale—free parameterfo®.13], meaning it only shows a tiny corner of our phase
diagram of figuré 6. Furthermore, they use the probabiliggritiution of g, (denoted®,, there) as
an observable to detect the transition between the twoeddshases. First, this does not seem to be a
physically meaningful observable, especially given3u2) symmetry of the model. Furthermore,
they obtain a curve somewhat similar to the one cut curvehimetgenvalues ap, but they locate the
transition when this profile gets deformed with a dip at zerstead of when it switches to two cut (if
it ever does). This boundary line is absent in our phase aimgnd in previous ones|[6,111,/12], and
we find no evidence for such a transition or a new phase inefgisn of the phase diagram. As for the
lack of scaling for the other phase boundaries, it is diffitmldecide the cause, but it is disquieting

19



that their simulations sometimes depend on the initial &g such as when they find hysteresis.

In the largeN limit the model witha = 0 has a third order phase transition between disordered
and non—-uniform ordered phasesl[28], 29]. The disorderesgepisadescribed by a single connected
eigenvalue distribution called a “one cut phase” distiit whereas the ordered phase is described
by an eigenvalue distribution split into two disconnectéstributions centered on opposite values
and called a “two cut phase” distribution. The transitiocurs when the two cuts merge to become
a single cut forc = b?/4N. Figure[T confirms numerically the convergence of the disad/non—
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Figure 7: Plot of the specific heat at the disordered/norfetmiordered transition for increasimgand
its N — oo limit, the exact pure potential model, given by Eg.1(23).

uniform ordered transition towards this exact criticakliof the pure potential model as the coupling
is increased. The simulations of Panerol [11, 12] confirm thigt transition for the full model is
indeed a one cut—two cut transition though the eigenvalsigilgition now has a richer structure.

We expect that the existence of the cut transition of matixlets and of a triple point is a generic
feature of fuzzy scalar field models, since all such modedsistreduce to a pure matrix model when
the kinetic term becomes subdominant. This means that fszahar field models should generically
have an exotic phase with spontaneously broken spacetimensiry.

Numerically, it is not difficult to find the coexistence curldetween the uniform ordered and
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disordered phases which exist for low valuex.00n the other hand, the coexistence curve between
the two ordered phases is difficult to evaluate becauseahiag a jump in the field configuration and
tunneling over a wide potential barrier.

In the current model the triple point is estimated to be ledatt

(br,cr) = (—2.3,0.52). (32)

This is obtained by extrapolating the three coexistenaesliill they meet. Surprisingly good agree-
ment with this result was obtained in| [7] by performing pdpation theory in the kinetic term.e.

by expanding in the parametatto second order. It is not however, totally clear that thelérpoint
identified there coincides with the one here as a differealirag of the parameters was necessary, but
the salient features are the same.

The position [(3l1) where the curve {27) intersects the deyed /uniform order transition line
suggests that the effect of the kinetic term is to push thwesitian, and hence the triple point, to larger
negative values db. This is a positive feature since it indicates that addindggadr derivative term
to the model will allow one to tune the triple point to largeupting. The conjecture is that this will
be sufficient to eliminate the UV/IR mixing problems [22] amtover the commutative theory with
the correct fluctuations [23].

It still remains to be seen what thermodynamic limits can tzvd from the phase diagram and
the scalings in each of the limits of the fuzzy sphere intoedlin tabld 1L: the ordinary sphere, the
ordinary plane, and the Moyal plane.

To that end, we want to reexpress the positions of the cemdstcurved (26, 48,P9) which depend
ona=1,b, candN as a function of parameters well defined in the thermodyndimit. These are
the radius of the spher@ and the non-commutative parame@r= 2R?/v/N2 — 1 appearing in[{(6)
and in the list of possible limits of the fuzzy sphere of TdBleandr andA appearing in the action
(1617).

Using the scalings of (25) ard ~ 2R?/0, we find

red/? A0

b= ,C= . 33
2v2R 481 (33)
which can now be replaced in the algebraic fits for the coemest curves to get
Disorder/non-uniform:  (A@) = 122(— reRS/z) —~715 (34)
Disorder/uniform order:  (A0) =123 (—%) (35)
Uniform/non-uniform order: (A0©) =10.7 (— reRs/z) +10.6 (36)
A i r @3/2
Triple point: (— T— =651,0= 78.4) . (37)
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Since the phase boundary lines and the triple point all Soalee same way, it is not surprising to
find that, out of the four physical quantities available,yorlo are independent:©%?2/R and A @.
As a result there are not enough physical parameters to fiintiiteng procedure. For instance, if the
limiting space, represented B/and©, is fixed, one can still scale the field model parameteaad

A freely.

A Optimized algorithm for matrix models

We now present an improved Monte-Carlo scheme we used td sjpeeur simulations.

The probability transition function (denoted By F for short) of a Monte-Carlo algorithi ;
from an initial stataé with probability R to a final statef with probability Ps, must satisfy the detailed
balance equation

RW; i =W ¢Ps. (38)
The MetropolisPTF
. P
Wi = min [l, —f:| (39)
R
is the best known example of one such, but another introduncf82] is given by
. Pf W,
B i.f
W = w;,min {L EW_J ; (40)

which is a generalization of the MetropofsTF whenw,; #w, . In our case, we have selected the
further generalization

W, = min {1, &] : (41)

pi

which is equivalent to the MetropolRRTF using a different probability distributiopyet to be defined.
TheBoltzmann probability density distribution(R) to find a configuration in the volume, x + dx)
is defined by
P(x) = %e*s[xl, (42)

whereS]x| is the action or energy, ardlis thepartition functionwhich contains the whole relevant
information of the system. In general, it is not possiblelitat an exact expression for the partition
function analytically or numerically. The Monte—Carlo alighm via the MetropoliPTF (38) is so
important because it does not dependZon

With AS= S[x] — S[x], putting [42) in [39) gives us theTF in terms of the Boltzmann proba-
bility density distribution (denote®DDfor short), that is

Wi = min[1,e79] . (43)
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AS<O AS>0
As<0 | WB = min[1,e 459 WB — g aSths
AS > O WfBI frd eﬁAS WfB| — mln [e*AS, efASJ

Table 2: Possible cases in the evaluation of the ProbaBitapsition FunctiorWE.

In the same way as (42), we can associate a kind of ersfgyto the probability distributionp

introduced in[(411)

p(y) = Ze . (44)
Now, the newMetropolis-BoghosiaP TF which comes from the equatioris {40),1(41).,1(42) (44)
is given by

WE = min [1,e% min [1,e45"%] = min [1,e7%,e725,e 4549, (45)

whereAs = s[x¢] — s[x] is the equivalent of thASdefined above. All the possible cases for B~
(45) are presented in the table 2.

We can ask why we might need tiRI'F (45) when we have a simpler function {43) already?
When the evaluation oAS is quite simple, for instance for the Ising model, this meltiogy is
counterproductive because more exponential functiong bausvaluated. On the contrary, when the
evaluation ofASis computationally very expensive, as the matrix models theePTF (45) avoids
the evaluation of very improbable changes in the configomattdue to the implementation of the filter
As, which reduces the processing time.

Numerically, we do not want to evaluate bai¥$ andAs. If sis a good approximation of the
effective potential created b$ but simpler to evaluate then, we can use the Metropolis iihgor
with the actions to refuse or accept the new configurations before the evatuaf AS (which is
complicated to evaluate and only will take machine time).

In this section, we propose a variant calculatiofP®@f (45) shown in tablgl3, where we avoid the
evaluation ofASwhen the previous evaluation of Metropolis algorithm withrefuses the attempt to
change the configuration.

A.1 Relative error

The newPTF, denoted bV’ can not satisfy the detailed balance equafion (39). Thidriroduces
deviations in the probabilities, in exchange for a compoma time reduction, sincAswill be chosen
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[ AS<O0 AS> 0
As< 0 | WF = min[1,e72585) | WF = eS+s — min[1,e7S+A]
As>0 Wf'i —g0ls Wfli —g0s

Table 3: Proposition for a faster Probability TransitiomEtion.

AS<O0 AS>0

As<O0 0 0

0 if AS<As
1—eBStAs jf AS> As

As>0 0 {

Table 4: Relative errof (46) between the probability trleiosifunctions,\/VfBi andeFi.

simple to calculate. Anyway, we will make sure to keep undertol the error introduced by this
breaking of the detailed balance equation.
In accordance to this, the relative error betwwﬁ'] andV\/fFi is defined as

B

L

ermr=|1- ¢
fi

: (46)

and its values are shown in table 4. As we can see in that w@fllethe caséAS> As > 0 presents a
relative error different from zero. This error goes to zefewAS > Asand it goes to one whekS >

As. Similarly, whenAS>>> 1 we can almost take for granted the rejection of the new cor#tgpn by
Metropolis. Thus, the introduction of tH&TF Wﬁ is very convenient to estimate tRRSF given by
(@3) breaking the detailed balanced equation, where weexpegct a tolerably small deformation in
the averages (specifically in regions with low probabilityj}h respect to the averages obtained from
thePTF's (43) and [(45).

In our experience, we can obtain a better approximation wiemeplaceAs — (AS)' only in
the caseAS > As > 0. The prime indicate the difference of energy obtained byriymlis one step
before under the conditioAS > As > 0. In that way, the algorithm has a kind of “auto—regulation”
which reduces the deviation of the averages with respebet®TF which obeys the detailed balance
eguation. With this auto—regulation we only update the gnezference level.
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A.2 Application to the fuzzy scalar field model

We can now adapt this scheme to the matrix madel (16) we argid@ning in this article. A finite
variation of the action, from a configuratignto a configurationp+ @ is defined byAS= S[cp+@] —
S[¢], where@ must be a Hermitian matrix. The evaluation(&fS),,, for the ¢* matrix model for a
single entry(u,v), involves the evaluation of a cubic polynomial in the matrikhis is a highly
non-local function which causes the main slow—down in theeco

Figure[8 shows a comparison for the same set of internal mems(Monte Carlo time, ther-
malization time, decorrelation time, etc.), at a collapgeint (b,c) = (—2%2 1) from the phase
diagram -Figur&l6- corresponding to the non-uniform ordgrigase, between the results obtained by
direct integration (explained in Sectibn b.1), and the MoBarlo simulations via either of the three
probability transition functions presented above: Mebig) Metropolis-Boghosian, and Metropolis-
Boghosian-Fergar (the one in Table 3). The small deviatfonise) of the Monte—Carlo simulations
with respect to the direct integration are a normal effedhefMonte Carlo simulations and can be
reduced by increasing the number of samples produced bytee c

Going back to the choice of the filtarintroduced in[(44), we want a function that incorporates
the main features ddbut is easier to evaluate.

We can notice that the action (16) for a fixed erjy v) of the matrixg correspond to a quartic
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polynomial in the entryy,, thus
S, =Cdfl, +B@, +A

where the coefficientd, B andC depend on the rest of the entries in the matrix. In that semee,
propose
S =C'@l +B'@, +A, (47)

whereA', B' andC’ are constant coefficients. This, goes toS,, when{A’,B',C'} — {A,B,C}. We
will obtain a better concordance between bagandAs by choosing a set of parametd&’,B',C'}
close to the non-primed parameters. As a first approximatiertook

{O,b,c} if p=v
{A,B,C'} =
{0,0,c} if p#v

whereb and ¢ are respectively the bare mass and interaction parametehe anodel [16). For
simplicity we have fixed\' = 0 but in general, we can use any other real number and it wilhfiect
As. This set of primed parameters fgrwas chosen to contain the most basic information of the full
modelS.

At the end of section]3, we have shown that the action (16) Wwassymmetric minima with
respect to the trace. Those minima are located ifp[Tl+= +N \/—7% Thus,we can consider that

every single diagonal entry in the matrix contributes totitaee minima withg,, = + —%, where

(H=1,2,...,N). Asimple function ofg,, with the same set of minima has been given in the equation
(@7) with the parameter@®\’ = 0,B' =b,C’ =c).

For non-diagonal entries, we have observed that their pitityadistribution is around zero. Thus,
it is enough to consider the functidn {47) with the paransetat=0,B' = 0,C' =c).

A.3 The algorithm

The algorithm is basically the same as the usual Metroplg@rithm although with some adaptations
to the current setting. In the figuré 9 we show the flow chartferimplementation of the new method
that we have proposed.

Internal variables in the flow chdrt 9.

e x andx: random numbers uniformly dis- e MetropolisAf): indicates the Metropolis
tributed in the open intervdD, 1). algorithm using the difference of energy
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Figure 9: Flow chart of the Optimized Monte—Carlo method.

Af. e p: ratio of implementation of the new
« B: represents the difference of the energy method with respect to the standard one.

from a Monte—Carlo step which had been e @: part of the subroutine where we avoid
evaluated before. to evaluateAS.

In the flow chart presented above, we have emphasizehthe step in the simulation where
we avoid the evaluation d&S. This would seem to be insufficient to reduce in a significaay w
the processing time but it is not true at all. The number oksrthat the algorithm passes trough
@ divided by the total number of times that the Modified Metiigp Algorithm (MMA for short)
has been used, will be an estimation of the efficiency of thve method with respect to the Usual
Metropolis Algorithm UMA for short).

Let us first define an efficiency parameter for &MA to compare it to th&JMA. If T, is the
Monte Carlo time to run the simulation fof x N Hermitian matrices under the model{16), anithe
number of times that the algorithm passes trough the ne\urﬁs@, then

T

MC

defines the efficiency of the modified algorithm. In particuift,,, is the time for a run with & MA,
which is without our routing 1) and,, the time with it then, we have, ~ (1 eff)t,,.
Remember that the figuké 9 only represents one attempt totswite entry and, iB has been
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updated then it must be saved for the next one.

The modification of the Metropolis algorithm presented iis thapter allows us to simulate ma-
trix models with a decrease of the calculation time with egsgo the usual method. The explicit
breaking of the detailed balance equation by our propesitiwolves a systematic error which we
can keep under control at any time.

A.4 The optimized Metropolis method

As a second part, we present the results obtained with timiaptd Metropolis method. As explained
in sectio_A.2, this method was successfully tested in the$d dimensionaN = 2 case.

As we saw in the figurgl9, the Modified Metropolis Algorithm (dMA ) had to evaluate three
exponential functions compared with the Usual Metropoligofithm (orUMA ) where we only have
to evaluate one. Thus, when the efficiency eff definefih @8&a small, it could be better to use the
UMA. . This happens for instance, in tHesordered phasethe difference in processing time between
UMA andMMA is not appreciabfe Even worse, the processing time MMA could be a little
bigger in that phase.

It is not the same for the other two phases where tunnelingsga important role. There the
efficiency eff goes to one and thdMA is greatly more efficierit

To keep under control theelative error when eff is close to one, we have to adjust theatio.
Thus, pa~ 0 means a fast run, but could present a considerable rektive At the other extreme,
when p ~ 1, the run will be slow but the relative error will be very sialWe have to look for a
balance between accuracy and speed. We have lsetween (65 and 070 but it is also possible to
set it dynamically.

As an example, in the figufe 10, we show the behavior of thegasing time per configuration
with respect to the matrix size obtained by means of the Uudealopolis algorithm for some given
processorwhena = 1, b= —4 andc = 0.10 which corresponds to thaiform ordered phasehere
we expect some gain. And indeed, the best fit for this curve £n1.49+0.02x 1076)N? + (3.18+
0.02x 10~8)N*s grows likeN*.

3They have approximately the same velocity of processinguse a large percent of attempts will be in the range of

fluctuations of.
“4In these phases, the new method is faster than the old onedseadarge percentage of attempts could be out of the range

of fluctuations ofs, thus avoiding the evaluation AfS.
5In this example we have usedviobile Intel(R) Pentium(R) Il CPU - M 800MHz, 369.10Mb RA®N gcc-4.0.2 2005-

10-01, Ubuntu, kernel 2.6.12-10-386. Kubuntu 5.10 Breeagdgr.
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Figure 10: Processing time per configuration for tHdA .

Starting from a random configuration, it can be thermalizediecorrelated using thmMBF
method described by Tallé 3, then we can use the usual Még@bgorithm to evaluate the prob-
ability of transition between the old configuration and thésv sample obtained froBF . Doing
this, we save processing time and, at the same time, we datnodiice any systematic error because
the usual Metropolis algorithm will reject or accept the neanfiguration which only contains the

statistical error.
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