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THEORY OF AN INVERTED PENDULUM WITH TRIFILAR 
SUSPENSION 

ABSTRACT 

The theory of small oscillations is applied to the inverted, trifilar suspension pendulum. The potential energy in a small displacement is calculated from geometrical considerations using vectorial methods. The periods of the principal modes of oscillation are found . The theory is applied to the O'LEARY Seismograph (mass It tons) at Rathfarnham Castle and gives n.sults in close agreeme11t with the measured values. 

The pendulum discussed in the following pages was designed by the REv. WILLIAM O'LEARY, S.J., and incorporated in two seismographs he built and in a later model constructed at Rathfarnham. It is an inverted, vertical pendulum and achieves a long period by its 
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4 THEORY OF AN INVERTED PENDULUM 

trifilar suspension. The fundamental periods of this pendulum are calculated and compared 
with the existing models. Previous, unpublished solutions for the motion in one particular 
plane were given by REv. D. O'CoNNELL, S.J., REv. P. HEELAN, S.J. and REv. R. E. INGRAM 

S.J. and also by DR. A. CoNWAY, PRoF. A. O'RAHILLY and REv. W. O'LEARY, though of 
these there is no record in the observatory. 

The theory, as developed here, makes three umptions. (I) The suspension wires 
remain constant in length when the pendulum o cillat . (2) The stiffness of the wires is 
not involved in the energy terms of the system. (3) Th motion of the pendulum is smalL 

The pendulum is a heavy cylindrical m M fitted to a long shaft at the end of 
which there is a small circular plate A (Fig. I). Three suspension wires of equal length l are 
attached to symmetrical points A 1 , A , A , apic s of n equilateral triangle (Fig. II) at equal 
distances a from the centre of the plate A and to adjustabl points of support Bu B2 , Ba 
in a horizontal plane just below the cylindrical mass. These points of support can move 
on lines which, if produced, would meet on the central axis and have angles of intersection 
equal to 21'l/ 3. But they are always kept at equal distances b from the central axis and 
with b greater than a. As the supports are moved out ( b is increased) the period of the 
oscillation increases until stability is lost. The points A 1 , A 2 , A 3 move on spheres whose 
centres are B 11 B 21 B 3 and which have the same radii 1. With the pendulum in its 
undisplaced, central position the wires would meet, if produced, in a point I below the 
lower plate. The horizontal axis about which the pendulum begins to rotate is through 
this point and perpendicular to the plane of initial motion. The pendulum may also rotate 
about the vertical axis. We will find the periods T and T' corresponding to these twO 

principal modes of oscillation. 

Let 
M = Mass of pendulum 

Mk 2 = Moment of inertia about a horizontal axis through the centre of gravity 
Mk' 2 = Moment of inertia about central axis 

l = Length of each wire (A 1B 11 AtB 2 , A 8B3) 

h = Height of centre of gravity G above lower plate . f 
a = Radius of lower plate, or distance of end of each wire from central 3X1S 0 

pendulum 
b = Distance of each point of support from the central axis of the pendulum at 

rest ; b can be varied 
d = Vertical distance of lower plate beneath plane of support 
P = Distance of instantaneous centre below lower plate 

12 = (b - a)2 + d2, 

p(b - a) = ad . 
~ith the pendulum at rest and its axis vertical, we take a reference frame of Cart.;:: 

co-ordmates fixed .in space th~ough G, z vertically upwards, x in the p~e GBtl and t~ a' as 
B1 and Y perpend1cular to thlS plane to form a right hand system (Frg. II). We ~urn at 
a ro~ v~ctor and a as a column vector and have the following scheme for the pend 
rest m 1ts central position. 

Coordinates 
ai ( - a cos a, a sin a, - h ) 
b; ( - b cos a, b sin a, d - h) 

yvhere a= n, n/3,- n/3 as j = I, 2, ~ 
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FIG. II -Diagram of the Pendulum in Equilibrium P itjon 
Fie. Ill- Di~am f the P ndulum in D' pi P uion 
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x'x + 2x'(R - J)ai- 2x'(bi- a) - 2b~ (R - J)aj (I) 

Rotations 01 , 021 03 about axes fixed in the body give 

sin 02 ) 

- sin 01 cos 61 

cos 01 cos o, ( 

cos 02 cos 03 , cos 0. sin 03 , 

R = sin fJ1 si.n 02 cos fJ 3 + c~s 01 s~n 03 , c~s 01 cos 03 - sin 01 s~n 0 2 s~n 0 3 

- cos 0 1 sm 0 2 cos 0 s + sm 01 sm 0 3 , sm 0 1 cos 0 3 + cos 01 sm 0 2 sm 0 a 

To the second order of small quantities 

( 

l - -! ( f)~ + 0~) ' - 0 3 

R = 01 0 2 + 0 3 , l - ~ ( 0~ + 0~) 

- 02 + 0103 , 01 + 02 Oa 

( 
0 , 003 , - ~021 ) 

I- R = - 03 , V 

02 , -01 ' 

p + Q 

To solve the equations of constraint (I) for (x, y, z), we take the first ordet 
approximation as given by 

x' (bj - a) = bj P ai (2) 

( 

- (b - a) cos a) 
bj - ai = (b ~a) sin a 

b~ P ai = - [ad + h(b -a)] ( 01 sin a + 02 cos a) 

z=O 

p = adj(b- a) 
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Since the oscillations are about a position of equilibrium, z is obviously of the second order 
in small quantities. 

Let x'1 = (x 11 y 11 z 1) be the second order approximation to the solution of the constraint 
equations (I). We have, on neglecting terms of order higher than the second, 

x'x - 2x'Pa.- 2x'(b.- a.) - 2x'1(b.- a.) =- 2b'. Pa.- 2b'- Qa. J J J 1 J J J I J 
using (2) 

and by (3) 

(p + h)2 ( Oi + 0~) - 2(p + h) [h( Of + 0~) - a 01 03 cos a + a 02 03 sin a + 
+ 2 x 1(b - a) cos a - 2 y 1 (b - a) sin a - 2dz1] = 

= - ab( 0~ + 05) cos 2a - 2ab 01 02 sin a cos a - ab( Oi + 05) sin2a - 2a(d - h) 01 83 cos a 
+ 2a(d - h) 01 03 sin a + h(d - h) ( 8i + 0~ . 

- 2X1(b - a) cos a + 2y 1 (b - a) sin a + 2dz 1 = 
= (p 2 - hd + ab sin2a) Or + (p 2 

- hd + ab cos2a) &~ -+- ab o; 1- 2ab 01 02 sin a cos a + 
-+- 2a (p + d) 01 03 cos a - 2a (p + d) Os 83 sin a 

Replacing a by n, n/ 3 and - n/ 3 and solving 
2Z 1 d = (p2 - hd + ab( I - COS :t/ 3)] 8i + (p- - hd + ab COS :t/ 3] 0~ + ab 8j 

The potential energy is 
Mg ( I 

2d I p- hd ab) o:. 
2 I 

hd 
ab 

0
_ 

2 t 
I 

abO, i 

The initial kinetic energy is 

~ M (kr Of k~ b~ ki l'i ~) r ~ M (p hP( Or 8;> 
The equations of motion are 

M [ kr (p 

M [ k~ (p 

Mg 
p

d 
ab 

hd + 01 = (j 

t- Mg p-- hd 
d 

ab 
Mg d o, u 

2 

Smce k 1 '= k 2 - k and k 3 k', the periods are 

and 

with b until 
b incr 

rauly. 

T' = T, 

Id fks 

g ( p1 - hd 



THEORY OF AN INVERTED PENDULUM 

APPLICATION OF THE THEORY TO EXISTING MODELS 

Two models of the O'LEARY seismograph are in existence. The larger one, with a mass 
of I£ tons, is installed at the Seismological Observatory of Rathfarnham Castle and has given 
daily records for the past 37 years. The smaller one, with a mass of 50 lbs., is at present 
in an experimental setup at the School of Cosmic Physics. It is being converted for electro
magnetic pickup and photographic recording. 

The large seismograph was installed in a narrow pit to reduce thermal effects but unfor
tunately in such a manner that it is not now possible, without dismantling, to ascertain what 
is the true manner of oscillation and whether assumptions I and 2 mentioned at the beginning 
are applicable. No records of details of the construction are available and it is assumed that 
the suspension wires consist of steel cables about a quarter of an inch in diameter which 
are probably strong but flexible enough to satisfy the assumptions. 

For the large O'LEARY Seismograph at Rathfarnham Castle 

M = 3,940 lbs. 
h = 8g ins. 

k 2 = I72 ins 2
• 

k' 2 = 84 ins 2• 

1 = 7I ms. 
3 . 

a = 3r6 ms. 

With b = 5 · 7 ins., the calculated values of the periods are 

T = I5'7 secs and T' = 5"7 secs. 

The measured values are 

T = I5·6 secs and T' = 6·o secs 

which is as good an agreement as can be expected. 

It is intended that, whenever the routine observations can be suspended for a 
while, the seismograph will be dismantled, the various constants remeasured and the suspea· 
sion wires inspected. . 

The case of the small seismograph is quite different. The suspension wires are 0.£ pJaJIO 
~e with di~eters within the range 25 to 42 thousandths of an inch. F?r small d_iam: 
Wl!es assumpuon I would not hold but 2 would, while for the larger dtameter W1l'e5. 
reverse is more likely. Suitable small steel cables which might satisfy both assump~ 
hav~ not been obtained as yet ; the only available samples, because they are not under sufficiall 
tenston, act like small springs and in fact with them it is not practicable to keep the penduluJD 
upright. ' 

The periods of this pendulum, not surprisingly, do not agree with the theory deveW_ped 
above and both experimental and theoretical work is being continued to solve the behaVWUt 
of this seismograph. 

Seismologi~ Observatory, 
Rathfarnham Castle, 
Dublin, 


