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https://medium.com/@karpathy/software-2-0-a64152b37c35• Computationally homogeneous

Benefits of Software 2.0 

• Simple to bake into silicon

• Constant running time

• Constant memory usage

• Highly portable & agile

• Modules can meld into an optimal whole

• Better than humans 

Andrej Karpathy
Director of AI at Tesla. Previously Research Scientist at OpenAI and PhD student 
at Stanford. I like to train deep neural nets on large datasets.

Writing software 2.0 by gradient search in the program space 

Differentiable Programming



Demo: Inverse Schrodinger Problem
Given ground state density, how to design the potential ? 

[−
1
2

∂2

∂x2
+ V(x)] Ψ(x) = EΨ(x)

https://github.com/QuantumBFS/SSSS/blob/master/1_deep_learning/schrodinger.py
https://math.mit.edu/~stevenj/18.336/adjoint.pdf



What is under the hood ? 



Composes differentiable components to a program 
e.g. a neural network, then optimizes it with gradients 

What is deep learning ?



“comb graph“

Automatic differentiation on 
computation graph
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• Accurate to the machine precision 

• Same computational complexity as the function evaluation: 
Baur-Strassen theorem ’83 

• Supports higher order gradients

Advantages of AD: 
�   accurately to machine precision 
 
�

Accuracy of AD can achieve machine precision�

Usual finite difference has truncation and round-off error. 
However, the accuracy of AD can be up to machine precision.�

Advantages of AD: 
�     AD can evaluate arbitrary order derivatives 

Computational Cost of automatic differentiation�

Advantages of automatic differentiation 



Applications of AD 

Sorella and Capriotti  
J. Chem. Phys. ’10

234111-8 S. Sorella and L. Capriotti J. Chem. Phys. 133, 234111 (2010)

components in a system containing several water molecules,
remains approximately four times larger than the cost to com-
pute only the total energy. This factor 4 is a very small cost,
if we consider that the main adjoint instance has to be eval-
uated twice, one for the local energy and the other for the
WF logarithm, and that, on the other hand, VMC is the fastest
method in QMC. For instance, we can evaluate forces within
LRDMC with only a small overhead, as the cost to gener-
ate a new independent configuration within LRDMC is about
ten times larger than VMC, and therefore, for this more ac-
curate method, the cost to compute all force components will
be essentially negligible. Analogous consideration holds dur-
ing an energy optimization. We have to consider that in this
case AAD can be used to compute not only the force com-
ponents, but also all the energy derivatives with respect to all
variational parameters {ci } of the WF, essentially at the same
computational cost, even when the number p of variational
parameters is extremely large.

Though we have not implemented AAD for this general
task, we expect a further speed up (and simplification) of the
code, once AAD will be fully implemented for all possible en-
ergy derivatives. We believe this will become common prac-
tice for future quantum Monte Carlo packages. At present, in
order to have consistent forces within VMC, all variational
parameters have to be optimized,18 and to this purpose we
have used the standard way to compute energy derivatives.

We have applied the efficient evaluation of the forces for
the structural optimization of the water monomer. We have
used energy-consistent pseudopotentials19 only for the oxy-
gen atom. In the calculation we have adopted a huge basis
set to avoid basis superposition errors. The molecular orbitals
are expanded in a primitive basis containing 24s22p10d6f1g
on the oxygen and 6s5p1d on the hydrogen atom. The ex-
ponents of the Gaussians are optimized by minimizing the
energy of a self-consistent DFT calculation within the LDA
approximation.7 The accuracy in the total DFT energy is well
below 1 mHa for the water dimer, implying that we are es-
sentially working with an almost complete basis set. For the
Jastrow factor we have also used a quite large basis, to achieve
similar accuracy in the total energy, within a VMC calculation
on a WF obtained by optimizing the Jastrow over the LDA
Slater determinant. The final optimized basis for the Jastrow
contains a contracted basis 6s5p2d/3s3p1d on the oxygen and
an uncontracted 1s1p basis on the hydrogen atom.

In the following we describe the first application of this
method for optimizing the structure of simple water com-
pounds. The variational parameters of the WF—molecular
orbitals and Jastrow factor—are optimized, by energy mini-
mization, with the method described in Ref. 6. At each step
of optimization, we compute the ionic forces by AAD, and
we employ a standard steepest descent move of the ions
Ra → R′

a:

R′
a = Ra + !τFa, (23)

where !τ = 1/2 a.u. After several hundred iterations both
the variational parameters and the atomic positions fluctuate
around average values, and we use the last few hundred it-
erations to evaluate the error bars and the mean value of the
atomic positions, as illustrated in Fig. 3.

FIG. 3. Oxygen–oxygen distance as a function of the number of iterations for
determining the equilibrium zero-temperature structure of the water dimer.
All the 18 atomic coordinates, as well as about 1000 variational parameters
of the electronic many-body WF are fully optimized with an iterative scheme
(Refs. 6 and 8).

In Table II we show the optimized structure of the wa-
ter monomer. As it is clearly evident our final atomic po-
sitions are almost indistinguishable from the experimental
ones. Generally speaking our calculation appears more accu-
rate than simple mean field DFT methods, and comparable
with state of the art quantum chemistry techniques, such as
CCSD(T). The accuracy of the VMC method has been also
confirmed recently in another context.20

In the dimer structure the situation is slightly different.
As shown in Table III, the oxygen–oxygen distance is in quite
good agreement with experiments, whereas the OHO angle is
overestimated by few degrees. Probably in this case the quan-
tum corrections should affect the hydrogen position between
the two oxygens, because the dimer bond is very weak. Indeed
we have also checked that, with the more accurate LRDMC
calculation, the equilibrium structure obtained by the VMC
method remains stable as all the force components are well
below 10− 3 a.u. On the other hand LRDMC increases the
binding of the dimer by about 1 kCal/mol, showing that, from
the energetic point of view, the LRDMC calculation may be
important, as also confirmed in previous studies.6, 21 All the
above calculations can be done with a relatively small compu-
tational effort (few hours in a 32 processor parallel computer),
and therefore the same type of calculation, with the same level
of accuracy, can be extended to much larger systems contain-
ing several atoms with modern supercomputers.

Stimulated by the above success we have tested the finite-
temperature molecular dynamics simulation introduced some
time ago,1 using 4 water molecules in a cubic box with
4.93 Å side length, mimicking the density of liquid water at
ambient conditions. Since we are interested in static equilib-
rium properties we have used for the oxygen the same mass
of hydrogen. Though the system is very small we have been

TABLE II. VMC optimized structure of the water monomer.

Exp VMC LDAa BLYPa BPa CCSD(T)b

dO H (A) 0.957c 0.954(1) 0.973 0.973 0.974 0.95829
̸ H O H (deg) 104.5d 104.61(10) 104.4 104.6 104.1 104.454

aFrom Ref. 23
bFrom Ref. 24
cFrom Ref. 25
dFrom Ref. 26

Computing force

Tamayo-Mendoza et al 
ACS Cent. Sci. ’18

Variational Hartree-Fock
LEUNG, ABDELHAFEZ, KOCH, AND SCHUSTER PHYSICAL REVIEW A 95, 042318 (2017)
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FIG. 1. Sample computational graph for automatic differentia-
tion. Automatic differentiation utilizes the decomposition of the
multivariable cost function C(u) into its computational graph of
elementary operations, each of which has a known derivative. In
reverse-accumulation mode, all partial derivatives of C are evaluated
in a recursion from the top level (C) back towards the outermost
branches (variables u).

denote subsequent numerical evaluation of the enclosed term.
(Function arguments are suppressed for brevity.)

Automatic differentiation has become a central tool in
machine learning [75] and equally applies to the problem of
optimal control of quantum systems. In this approach, the
gradient of a set of elementary operations is defined and more
complex functions are built as a graph of these operations. The
value of the function is computed by traversing the graph
from inputs to the output, while the gradient is computed
by traversing the graph in reverse via the gradients. This
methodology gives the same numerical accuracy and stability
of analytic gradients without requiring one to derive and
implement analytical gradients specific to each new trial cost
function.

All cost functions summarized in Table I can be conve-
niently expressed in terms of common linear-algebra opera-
tions. Figure 2 shows the network graph of operations in our
software implementation, realizing quantum optimal control
with reverse-mode automatic differentiation. For simplicity,
the graph only shows the calculation of the cost functions C2
and C5. The cost-function contributions C1,C6, and C7 are
treated in a similar manner. The suppression of large control
amplitudes or rapid variations, achieved by C3 and C4, is
simple to include since the calculation of these cost-function
contributions is based on the control signals themselves and
does not involve the time-evolved state or unitary. The host
of steps for gradient evaluation is based on basic matrix
operations such as summation and multiplication.

Reverse-mode automatic differentiation [19] provides an
efficient way to carry out time evolution and cost-function
evaluation by one forward sweep through the computational
graph, and calculation of the full gradient by one backward
sweep. In contrast to forward accumulation, each derivative is
evaluated only once, thus enhancing computational efficiency.
The idea of backward propagation is directly related to the
GRAPE algorithm for quantum optimal control pioneered by
Khaneja and co-workers [2]; see the Appendix. While the
original GRAPE algorithm bases minimization exclusively on
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FIG. 2. Computational network graph for quantum optimal con-
trol. Circular nodes in the graph depict elementary operations with
known derivatives (matrix multiplication, addition, matrix exponen-
tial, trace, inner product, and squared absolute value). Backward
propagation for matrices proceeds by matrix multiplication or, where
specified, by the Hadamard product ◦. In the forward direction,
starting from a set of control parameters uk,j , the computational
graph effects time evolution of a quantum state or unitary, and the
simultaneous computation of the cost function C. The subsequent
“backward propagation” extracts the gradient ∇uC(u) with respect
to all control fields by reverse-mode automatic differentiation. This
algorithm is directly supported by TensorFlow [72], once such a
computational network is specified.

the fidelity of the final evolved unitary or state, advanced cost
functions (such as C5 through C7) require the summation of
cost contributions from each intermediate step during time
evolution of the system. Such cost functions go beyond
the usual GRAPE algorithm, but can be included in the
more general backward propagation scheme described above.
[The Appendix shows analytical forms for gradients for cost
functions that are based on time evolution ({C1,C2,C5}).]
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Leung et al 
PRA ’17

Quantum optimal control



More Applications…

Hoyer et al  
1909.04240 
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Figure 2: Schema of our approach to reparameterizing a structural optimization problem with a
neural network. Each of these steps – the CNN parameterization, the constraint step, and the physics
simulation – is differentiable. We implement the forward pass as a TensorFlow graph and compute
gradients via automatic differentiation.

neural network. We use this approach to solve 116 structural optimization tasks and obtain solutions
that are quantitatively and qualitatively better than the baselines.

2 Methods

While we apply our approach to structural optimization in this paper, we emphasize that it is generally
applicable to a wide range of optimization problems in computational science. The core strategy is to
write the physics model in an automatic differentiation package with support for neural networks,
such as Jax, TensorFlow, or PyTorch. We emphasize that the differentiable physics model need not
be written from scratch: adjoint models, as these are known in the physical sciences, are widely used
[21, 9, 13], and software packages exist for computing them automatically [10].

The full computational graph begins with a neural network forward pass, proceeds to enforcing
constraints and running the physics model, and ends with a scalar loss function (“compliance" in the
context of structural optimization). Figure 2 gives an overview of this process. Once we have created
this graph, we can recover the original optimization problem by performing gradient descent on the
inputs to the constraint step (x̂ in Figure 2). Then we can reparameterize the problem by optimizing
the weights and inputs (✓ and �) of a neural network which outputs x̂.

Structural optimization. We demonstrate our reparameterization approach on the domain of struc-
tural optimization. The goal of structural optimization is to use a physics simulation to design
load-bearing structures, given constraints such as conservation of volume. We focus on the general
case of free-form design without configuration constraints, known as topology optimization [6].

Following the “modified SIMP" approach described by [2], we begin with a discretized domain of
linear finite elements on a regular square grid. The physical density x̃ij at grid element (or pixel)
(i, j) is computed by applying a cone-filter with radius 2 on the input densities xij . Then, letting
K(x̃) be the global stiffness matrix, U(K,F ) the displacement vector, F the vector of applied forces,
and V (x̃) the total volume, we can write the optimization objective as:

min
x

: c(x) = UTKU, such that: KU = F, V (x) = V0, and 0  xij  1 8(i, j). (1)

We implemented this algorithm in NumPy, SciPy and Autograd [19]. The computationally limiting
step is the linear solve U = K�1F , for which we use a sparse Cholesky factorization [7].

One key challenge was enforcing the volume and density constraints of Equation (1). Standard
topology optimization methods satisfy these constraints directly, but only when directly optimizing
the design variables x. Our solution was to enforce the constraints in the forward pass, by mapping
unconstrained logits x̂ into valid densities x with a constrained sigmoid transformation:

xij = 1/(1 + exp[x̂ij � b(x̂, V0)]), such that: V (x) = V0. (2)

where b(x̂, V0) is solved for via binary search on the volume constraint. In the backwards pass, we
differentiate through the transformation at the optimal point using implicit differentiation [14].
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Figure 1: An unrolled simulator as a model for protein structure. NEMO combines a neural
energy function for coarse protein structure, a stochastic simulator based on Langevin dynamics
with learned (amortized) initialization, and an atomic imputation network to build atomic coordinate
output from sequence information. It is trained end-to-end by backpropagating through the unrolled

folding simulation.

protein folding (Dill et al., 2017), in which the folds that natural protein sequences adopt are those
that minimize free energy. Without the availability of external information such as coevolutionary
information (Marks et al., 2012) or homologous structures (Martı́-Renom et al., 2000) to constrain the
energy function, however, contemporary simulations are challenged to generate globally favorable
low-energy structures in available time.

How can we get the representational benefits of energy-based models with the sampling efficiency of
directed models? Here we explore a potential solution of directly training an unrolled simulator of
an energy function as a model for data. By directly training the sampling process, we eschew the
question ‘when has the simulator converged’ and instead demand that it produce a useful answer
in a fixed amount of time. Leveraging this idea, we construct an end-to-end differentiable model
of protein structure that is trained by backpropagtion through folding (Figure 1). NEMO (Neural
energy modeling and optimization) can learn at scale to generate 3D protein structures consisting of
hundreds of points directly from sequence information. Our main contributions are:

• Neural energy simulator model for protein structure that composes a deep energy func-
tion, unrolled Langevin dynamics, and an atomic imputation network for an end-to-end
differentiable model of protein structure given sequence information

• Efficient sampling algorithm that is based on a transform integrator for efficient sampling
in transformed coordinate systems

• Stabilization techniques for long roll-outs of simulators that can exhibit chaotic dynamics
and, in turn, exploding gradients during backpropagation

• Systematic analysis of combinatorial generalization with a new dataset of protein se-
quence and structure

1.1 RELATED WORK

Protein modeling Our model builds on a long history of coarse-grained modeling of protein
structure (Kolinski et al., 1998; Kmiecik et al., 2016). Recently, multiple groups have demonstrated
how to learn full force fields using likelihood-based approaches (Jumper et al., 2018; Krupa et al.,
2017), similar to our maximum likelihood loss (but without backpropagtion through folding for fast
sampling). While this work was in progress, two groups reported neural models of protein structure
(AlQuraishi, 2018; Anand & Huang, 2018), where the former focused on modeling structure in
terms of backbone angles and the latter in terms of residue-residue distances. We show how an
energy function provides a natural framework to integrate both kinds of constraints, which in turn is
important for achieving sample-efficient structural generalization.

Learning to infer or sample Structured prediction includes a long history of casting predictions
in terms of energy minimization (LeCun et al., 2006). Recently, others have built hybrid neural
networks that use differentiable optimization as a building block in neural architectures (Wang et al.,

2

Protein 
folding

Ingraham et al  
ICLR ‘19



McGreivy et al  2009.00196
Coil design in fusion reactors (stellarator)  



Coil parameters Total cost

McGreivy et al 1909.04240 

Computation graph

Differentiable programming is more than training neural networks



https://colab.research.google.com/
github/google/jax/blob/master/

notebooks/autodiff_cookbook.ipynb

Black  
magic box 

Chain  
rule

Functional 
differential geometry 

Differentiating a general computer program (rather than neural 
networks) calls for deeper understanding of  the technique



Reverse versus forward mode

Reverse mode AD: Vector-Jacobian Product of primitives

• Backtrace the computation graph 
• Needs to store intermediate results 
• Efficient for graphs with large fan-in

∂ℒ
∂θ

=
∂ℒ
∂xn

∂xn

∂xn−1
⋯

∂x2

∂x1

∂x1

∂θ

Backpropagation = Reverse mode AD applied to neural networks



Reverse versus forward mode

Forward mode AD: Jacobian-Vector Product of primitives

• Same order with the function evaluation 
• No storage overhead 
• Efficient for graph with large fan-out

∂ℒ
∂θ

=
∂ℒ
∂xn

∂xn

∂xn−1
⋯

∂x2

∂x1

∂x1

∂θ

Less efficient for scalar output, but useful for higher-order derivatives



How to think about AD ?
• AD is modular, and one can control its granularity 

• Benefits of writing customized primitives 

• Reducing memory usage 

• Increasing numerical stability 

• Call to external libraries written agnostically to AD
(or, even a quantum processor)

https://github.com/PennyLaneAI/pennylane



Example of primitives

Loop/Condition/Sort/Permutations are also differentiable 

…

~200 functions to cover most of  numpy in HIPS/autograd
https://github.com/HIPS/autograd/blob/master/autograd/numpy/numpy_vjps.py

Primitives with gradients implemented in Autograd�



Differentiable programming tools

HIPS/autograd

SciML



Differentiable Scientific Computing
•  Many scientific computations (FFT, Eigen, SVD!) are differentiable 

•  Differentiable ray tracer

•  Differentiable Monte Carlo/Tensor Network/Functional RG/
Dynamical Mean Field Theory/Density Functional Theory/
Hartree-Fock/Coupled Cluster/Gutzwiller/Molecular Dynamics…

•  ODE integrators are differentiable with O(1) memory 

Differentiable fluid simulationsand

Differentiate through domain-specific computational processes 
to solve learning, control, optimization and inverse problems

https://people.maths.ox.ac.uk/gilesm/files/NA-08-01.pdf
https://people.csail.mit.edu/tzumao/diffrt/
https://arxiv.org/abs/1806.07366
https://rse-lab.cs.washington.edu/papers/spnets2018.pdf


V ΨH

matrix
diagonalization

  ℒ

Inverse Schrodinger Problem

Differentiable Eigensolver

Useful for inverse Kohn-Sham problem, Jensen & Wasserman ‘17 



Differentiable Eigensolver

H Ψ = ΨE
Forward mode: What happen if H → H + dH Perturbation theory

Reverse mode: How should I change 

?

∂ℒ/∂Ψ ∂ℒ/∂Eand ?
Inverse

perturbation theory!
H given

Hamiltonian engineering via differentiable programming 

https://github.com/wangleiphy/DL4CSRC/tree/master/2-ising See also Fujita et al, PRB ‘18



Dynamics systems Principle of least actions

Optics, (quantum) mechanics, field theory…

S = ∫ ℒ(qθ, ·qθ, t)dtdx
dt

= fθ(x, t)

Classical and quantum control

Differentiable ODE integrators
“Neural ODE” Chen et al, 1806.07366



Quantum optimal control

No gradient: 
not scalable

Forward mode: 
slow

Reverse mode w/ discretize steps:  
piesewise-constant assumption

i
dU
dt

= HU

https://qucontrol.github.io/krotov/
v1.0.0/11_other_methods.html

Differentiable programing (Neural ODE) for 
unified, flexible, and efficient quantum control



Dynamics systems Principle of least actions

Optics, (quantum) mechanics, field theory…

S = ∫ ℒ(qθ, ·qθ, t)dtdx
dt

= fθ(x, t)

Classical and quantum control

Differentiable ODE integrators
“Neural ODE” Chen et al, 1806.07366



Differentiable functional optimization

T = ∫
x1

x0

1 + (dy/dx)2

2g(y1 − y0)
dx

The brachistochrone problem 
Johann Bernoulli,1696

https://github.com/QuantumBFS/SSSS/tree/master/1_deep_learning/brachistochrone



Differentiable Programming Tensor Networks 

Liao, Liu, LW, Xiang, 1903.09650, PRX ‘19 https://github.com/wangleiphy/tensorgrad



 

“Tensor network is 21 century’s matrix”

Neural networks and 
Probabilistic graphical models

—Mario Szegedy

Quantum circuit architecture,  
parametrization, and simulation
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Figure 2. (a) The iteration step of TRG. (b) The iteration step of
CTMRG. Each tensor is a node in the computation graph. The prim-
itive functions in the computation graphs are SVD and tensor con-
tractions.

to rescale the tensor elements after each iteration. The com-
putational cost of TRG method scales O(�6) and the memory
cost scales asO(�4). After unrolling the iterations, the compu-
tation graph of the TRG method is similar to the simple chain
graph shown in Fig. 1(a). Within each iteration step, the basic
operations are tensor index permutation, truncated SVD and
tensor contractions. Since each of these operations is di↵er-
entiable, one can backpropagate through the TRG procedure
to compute the derivative of a downstream objective function
with respect to the input tensor.

2. Corner transfer matrix renormalization group

The computation graph of the corner transfer matrix renor-
malization group (CTMRG) [64] has a more interesting topol-
ogy. The goal of CTMRG calculation is to obtain converged
corner and edge tensors which represent the environment de-
grees of freedom of the bulk tensor.

In cases where the bulk tensor has the full symmetry of the
square lattice, the step of one CTMRG iteration is shown in
Fig. 2(b). 1� Contract the bulk tensor with the corner and edge
tensors to form a 4-leg tensor. 2� Perform truncated SVD to
the 4-leg tensor, keeping the singular dimensions up to the
cut o↵ �. Keep the truncated singular matrix as the isomet-
ric projector. 3� Apply the isometry to the 4-leg tensor from
the first step to find a new corner tensor. 4� Apply the same
isometry to find a new edge tensor for the next step. And iter-
ate this procedure until convergence. One sees that the same
bulk tensor with bond dimension d appears in each step of the

CTMRG iteration. Due to this reason, the converged environ-
ment tensors will depend on the bulk tensor in a complicated
way.

Unlike the TRG method [57], the CTMRG approach grows
the system size linearly. So one may need to iterate a bit
more steps to reach convergences in CTMRG. On the other
hand, the computational complexity O(d3�3) and memory
cost O(d2�2) of CTMRG are smaller than the ones of TRG
in terms of the cuto↵ bond dimension.

III. TECHNICAL INGREDIENTS

To compute gradients of a tensor network program using
reverse mode automatic di↵erentiation, one needs to trace the
composition of the primitive functions and propagate the ad-
joint information backward on the computation graph. Thank-
fully, modern di↵erentiable programming frameworks [50–
54] have taken care of tracing and backpropagation for their
basics data structure, di↵erentiable tensors, automatically.

What one needs to focus on is to identify suitable primitives
of tensor network programs and define their vector-Jacobian
products for backpropagation. The key components of tensor
network algorithms are the matrix and tensor algebras. And
there are established results on backward through these op-
erations [68–70]. First of all, it is straightforward to wrap
all BLAS routines as primitives with customized backward
functions. Next, although being less trivial, it is also possible
to derive backward rules for many LAPACK routines such as
the eigensolver, SVD, and QR factorization [68]. By treating
these linear algebra operations as primitives, one can com-
pose a di↵erentiable program with e�cient implementations
of matrix libraries.

There are, however, a few practical obstacles to stable and
scalable implementation of di↵erentiable tensor network pro-
grams. First, the backward for the eigensolver and SVD may
face numerical instability with degeneracy in the eigenvalues
or singular values. Second, the reverse mode automatic di↵er-
entiation may incur large memory consumption, which pre-
vents one from reaching the same bond dimension of an ordi-
nary tensor network program. We present solutions to these
problems in below.

A. Stable backward through linear algebra operations

We present several key results on matrix derivatives involv-
ing linear algebra operations that are relevant to tensor net-
work algorithms. Recall the modular nature of reverse mode
automatic di↵erentiation, one just needs to specify the local
backward function to integrate these components into a di↵er-
entiable program. We will comment on their connections to
physics literature and pay special attention to stable numeri-
cal implementations [39]. For more information, one can refer
to [68–70].

Differentiate through tensor renormalization group 
Computation graph

ln Zβ Truncated SVD Contraction
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Figure 2. (a) The iteration step of TRG. (b) The iteration step of
CTMRG. Each tensor is a node in the computation graph. The prim-
itive functions in the computation graphs are SVD and tensor con-
tractions.

to rescale the tensor elements after each iteration. The com-
putational cost of TRG method scales O(�6) and the memory
cost scales asO(�4). After unrolling the iterations, the compu-
tation graph of the TRG method is similar to the simple chain
graph shown in Fig. 1(a). Within each iteration step, the basic
operations are tensor index permutation, truncated SVD and
tensor contractions. Since each of these operations is di↵er-
entiable, one can backpropagate through the TRG procedure
to compute the derivative of a downstream objective function
with respect to the input tensor.

2. Corner transfer matrix renormalization group

The computation graph of the corner transfer matrix renor-
malization group (CTMRG) [64] has a more interesting topol-
ogy. The goal of CTMRG calculation is to obtain converged
corner and edge tensors which represent the environment de-
grees of freedom of the bulk tensor.

In cases where the bulk tensor has the full symmetry of the
square lattice, the step of one CTMRG iteration is shown in
Fig. 2(b). 1� Contract the bulk tensor with the corner and edge
tensors to form a 4-leg tensor. 2� Perform truncated SVD to
the 4-leg tensor, keeping the singular dimensions up to the
cut o↵ �. Keep the truncated singular matrix as the isomet-
ric projector. 3� Apply the isometry to the 4-leg tensor from
the first step to find a new corner tensor. 4� Apply the same
isometry to find a new edge tensor for the next step. And iter-
ate this procedure until convergence. One sees that the same
bulk tensor with bond dimension d appears in each step of the

CTMRG iteration. Due to this reason, the converged environ-
ment tensors will depend on the bulk tensor in a complicated
way.

Unlike the TRG method [57], the CTMRG approach grows
the system size linearly. So one may need to iterate a bit
more steps to reach convergences in CTMRG. On the other
hand, the computational complexity O(d3�3) and memory
cost O(d2�2) of CTMRG are smaller than the ones of TRG
in terms of the cuto↵ bond dimension.

III. TECHNICAL INGREDIENTS

To compute gradients of a tensor network program using
reverse mode automatic di↵erentiation, one needs to trace the
composition of the primitive functions and propagate the ad-
joint information backward on the computation graph. Thank-
fully, modern di↵erentiable programming frameworks [50–
54] have taken care of tracing and backpropagation for their
basics data structure, di↵erentiable tensors, automatically.

What one needs to focus on is to identify suitable primitives
of tensor network programs and define their vector-Jacobian
products for backpropagation. The key components of tensor
network algorithms are the matrix and tensor algebras. And
there are established results on backward through these op-
erations [68–70]. First of all, it is straightforward to wrap
all BLAS routines as primitives with customized backward
functions. Next, although being less trivial, it is also possible
to derive backward rules for many LAPACK routines such as
the eigensolver, SVD, and QR factorization [68]. By treating
these linear algebra operations as primitives, one can com-
pose a di↵erentiable program with e�cient implementations
of matrix libraries.

There are, however, a few practical obstacles to stable and
scalable implementation of di↵erentiable tensor network pro-
grams. First, the backward for the eigensolver and SVD may
face numerical instability with degeneracy in the eigenvalues
or singular values. Second, the reverse mode automatic di↵er-
entiation may incur large memory consumption, which pre-
vents one from reaching the same bond dimension of an ordi-
nary tensor network program. We present solutions to these
problems in below.

A. Stable backward through linear algebra operations

We present several key results on matrix derivatives involv-
ing linear algebra operations that are relevant to tensor net-
work algorithms. Recall the modular nature of reverse mode
automatic di↵erentiation, one just needs to specify the local
backward function to integrate these components into a di↵er-
entiable program. We will comment on their connections to
physics literature and pay special attention to stable numeri-
cal implementations [39]. For more information, one can refer
to [68–70].
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A. Computing the gradient

The objective function f that we want to minimize [see
Eq. (6)] is a real function of the complex-valued A, or,
equivalently, the independent variables A and Ā. The gradient
is then obtained by differentiating f (Ā,A) with respect to Ā,

grad = 2 × ∂f (Ā,A)
∂Ā

= 2 × ∂Ā ⟨"(Ā)| H |"(A)⟩
⟨"(Ā)|"(A)⟩

− 2 × ⟨"(Ā)| H |"(A)⟩
⟨"(Ā)|"(A)⟩2 ∂Ā⟨"(Ā)|"(A)⟩,

where we have clearly indicated A and Ā as independent
variables. In the implementation we will always make sure
the PEPS is properly normalized, such that the numerators
drop out. By subtracting from every term in the Hamiltonian
its expectation value, the full Hamiltonian can be redefined as

H → H − ⟨"(Ā)|H |"(A)⟩, (7)

such that the gradient takes on the simple form

grad = 2 × ∂Ā⟨"(Ā)|H |"(A)⟩.
The gradient is thus obtained by differentiating the energy
expectation value ⟨"(Ā)| H |"(A)⟩ with respect to every Ā
tensor in the bra level and taking the sum of all contributions.
Every term in this infinite sum is obtained by omitting one
Ā tensor and leaving the indices open. The full infinite

summation is then obtained by letting the Hamiltonian operator
and this open spot in the network travel through the channels
separately, just as in the case of the structure factor in Sec. II D.

Let us first define a new tensor that captures the infinite sum
of Hamiltonian operators acting inside a channel,

= + + + . . .

= ,

where the big tensor is again the inverted channel operator of
Eq. (4) with momentum zero. Because we have redefined the
Hamiltonian in Eq. (7), the inversion of the channel operator
is well defined, because the vector on which the inverse acts
has a zero component along the channel fixed point ρL.

With this blue tensor all different relative positions of the
Hamiltonian terms and the tensor Ā that is being differentiated
(the open spot) can be explicitly summed, similarly to the
expression for the structure factor [Eq. (5)]. There are a few
more terms because every Hamiltonian term corresponds to a
two-site operator and has different orientations.

The full expression is

grad = + + +

+ + + +

+ + + +

+ + + +

+ + + +

+ + + + ,
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FIG. 1. Illustration of the three common steps of hybrid quantum-classical algorithms. These steps have

to be repeated until convergence or when a su�ciently good quality of the solution is reached. 1) State

preparation involving the quantum hardware capable of tunable gates characterized by parameters “n (blue),

2) measurement of the quantum state and evaluation of the objective function (red), 3) iteration of the

optimization method to determine promising changes in the state preparation (green). Notice that a single

parameter “n may characterize more than one gate, for example see “1 and “6 in the blue box. In practice,

many state preparations and measurements are necessary before proceeding with a single update of the

parameters.

quantum state, records the outcomes and analyze them to obtain the value of the objective function

corresponding to the prepared state. The third step is the classical optimization iteration that,

based on previous results, suggests new parameter values to improve the quality of the state. We

pictorially illustrate these three parts and their interplay in Fig. 1.

As mentioned, the goal of variational algorithms is to find an approximate solution to certain

problems. The quality of such approximation is given by the value of the objective function that one

desires to maximize (or minimize). The objective function is expressed as a quantum observable,

noted here with Ĉ, of the qubit register. It can be a genuinely quantum quantity, as is the case

for the energy of molecular systems, or classical in nature, for example when it is associated to

combinatorial optimization, scheduling problems or financial modeling. Given the quantum register

in state |„Í, the objective function is given by the expectation value È„| Ĉ |„Í.

⟨H⟩θ
Peruzzo et al,  

Nat. Comm. ’13 
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are computed with Gaussian process regression [47], which
interpolates the energy surface based on local errors from
the shot-noise-limited expectation value measurements in
Fig. 2(a).
Errors in our simulation as a function of R are shown in

Fig. 3(b). The curve in Fig. 3(b) becomes nearly flat past
R ¼ 2.5 Å because the same angle is experimentally
chosen for each R past this point. Note that the exper-
imental energies are always greater than or equal
to the exact energies due to the variational principle.
Figure 3(b) shows that VQE has substantial robustness to
systematic errors. While this possibility had been pre-
viously hypothesized [23], we report the first experimen-
tal signature of robustness and show that it allows for a
successful computation of the dissociation energy. By
performing (inefficient) classical simulations of the circuit
in Fig. 1, we identify the theoretically optimal value of θ at
each R . In fact, for this system, at every value of R there
exists θ such that E ðθÞ ¼ E 0. However, due to experi-
mental error, the theoretically optimal value of θ differs
substantially from the experimentally optimal value of θ.
This can be seen in Fig. 3(b) from the large discrepancy
between the green diamonds (experimental energy errors
at theoretically optimal θ) and the red dots (experimental
energy errors at experimentally optimal θ). The exper-
imental energy curve at theoretically optimal θ shows an
error in the dissociation energy of 1.1 × 10−2 hartree,
which is more than an order of magnitude worse. One
could anticipate this discrepancy by looking at the raw
data in Fig. 2(a), which shows that the experimentally
measured expectation values deviate considerably from
the predictions of theory. In a sense, the green diamonds
in Fig. 3(b) show the performance of a nonvariational

algorithm, which in theory gives the exact answer, but in
practice fails due to systematic errors.

III. PHASE ESTIMATION ALGORITHM

We also report an experimental demonstration of the
original quantum algorithm for chemistry [2]. Similar to
VQE, the first step of this algorithm is to prepare the system
register in a state having good overlap with the ground state
of the Hamiltonian H. In our case, we begin with the
Hartree-Fock state jϕi. We then evolve this state under H
using a Trotterized approximation to the time-evolution
operator. The execution of this unitary is controlled on an
ancilla initialized in the superposition state ðj0iþ j1iÞ=

ffiffiffi
2

p
.

The time-evolution operator can be approximated using
Trotterization [34] as

e−iHt ¼ e−it
P

γ
gγHγ ≈UTrotðtÞ≡

"Y
γ
e−igγHγ t=ρ

#
ρ
; ð5Þ

where the Hγ are local Hamiltonians as in Eq. (1) and the
error in this approximation depends linearly on the time
step ρ−1 [34]. Application of the propagator induces a
phase on the system register so that

e−iHtjϕi ¼
"X

n

e−iE ntjnihnj
#
jϕi ¼

X

n

ane−iE ntjni; ð6Þ

where jni are eigenstates of the Hamiltonian such that
Hjni ¼ E njni and an ¼ hnjϕi. By controlling this evolu-
tion on the ancilla superposition state, one entangles the
system register with the ancilla. Accordingly, by measuring
the phase between the j0i state and j1i state of the ancilla,

FIG. 2. Variational quantum eigensolver: raw data and computed energy surface. (a) Data showing the expectation values of terms in
Eq. (1) as a function of θ, as in Eq. (3). Black lines nearest to the data show the theoretical values. While such systematic phase errors
would prove disastrous for PEA, our VQE experiment is robust to this effect. (b) Experimentally measured energies (in hartree) as a
function of θ and R . This surface is computed from (a) according to Eq. (4). The white curve traces the theoretical minimum energy; the
values of theoretical and experimental minima at each R are plotted in Fig. 3(a). Errors in this surface are given in Fig. 6.

P. J. J. O’MALLEY et al. PHYS. REV. X 6, 031007 (2016)
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the case of H2, remove two qubits associated with the spin–parity 
 symmetries, reducing the Hamiltonian to a six-qubit problem that 
encodes eight spin orbitals. A similar approach is used to map LiH 
onto four qubits. The Hamiltonians for H2, LiH and BeH2 at their 
 lowest-energy interatomic distances (bond distance) are given  explicitly 
in Supplementary Information.

The results from an optimization procedure are illustrated in Fig. 2, 
using the Hamiltonian for BeH2 at the interatomic distance of 1.7 Å. 
Although using a large number of entanglers UENT helps to achieve 
better energy estimates in the absence of noise, the combined effect 
of decoherence and finite sampling sets the optimal depth for opti-
mizations on our quantum hardware to 0–2 entanglers. The results 
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Figure 2 | Experimental implementation of six-qubit optimization. The 
minimum energy of the six-qubit Hamiltonian describing BeH2 with an 
interatomic distance of l =  1.7 Å (data points) is plotted along with the 
exact value (black dashed line). For each iteration k, the gradient at each 
control θk is approximated using 1,000 samples for energy estimation  
at θ+k  (blue) and θ−k  (red), which are perturbations to θk along opposite 
directions of a random axis in parameter space. The error bars correspond 
to the standard error of the mean. The inset shows the simultaneous 

optimization of 30 Euler angles that control the trial state preparation. 
Each colour refers to a particular qubit (Q1–Q6; q =  1, 2, …), following the 
colour scheme in Fig. 1. The final energy estimate (green dashed line) is 
obtained using the average angle over the last 25 angle updates (indicated 
by the green dotted arrow), to mitigate the effect of stochastic fluctuations, 
and with a higher number of samples (100,000), to obtain a more accurate 
energy estimation.
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Figure 3 | Application to quantum chemistry. a–c, Experimental results 
(black filled circles), exact energy surfaces (dotted lines) and density plots 
(shading; see colour scales) of outcomes from numerical simulations, 
for several interatomic distances for H2 (a), LiH (b) and BeH2 (c). The 
experimental and numerical results presented are for circuits of depth 
d =  1. The error bars on the experimental data are smaller than the 
size of the markers. The density plots are obtained from 100 numerical 

outcomes at each interatomic distance. The top insets in each panel 
highlight the qubits used for the experiment and the cross-resonance 
gates (arrows, labelled CRc–t; where ‘c’ denotes the control qubit and ‘t’ the 
target qubit) that constitute UENT. The bottom insets are representations 
of the molecular geometry (not to scale). For all the three molecules, 
the deviation of the experimental results from the exact curves is well 
explained by the stochastic simulations.
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Parametrized gate of the form

e− iθ
2 Σ Σ2 = 1 with

e.g., X, Y, Z, CNOT, SWAP…
∇⟨H⟩θ = (⟨H⟩θ+π/2 − ⟨H⟩θ−π/2)/2
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Differentiable2 quantum circuits
compute gradient in classical simulations

Unfortunately, forward mode is slow 
Reverse mode is memory consuming



Quantum circuit computation graph
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The same “comb graph” as the feedforward neural network,  
except that quantum computing is reversible
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Train a 10,000 layer, 
300,000 parameter 
circuit on a laptop

https://yaoquantum.org/

according to Wirtingers derivative [53] for com-
plex numbers, where L is a real-valued objective
function that depends on the final state. Start-
ing from L = 1 we can obtain the adjoint of the
output state.

To pull back the adjoints through the compu-
tational graph, we perform the backward calcu-
lation [54]

. . .

|ÂkÍ = U †
k
|Âk+1Í

|ÂkÍ = U †
k
|Âk+1Í

. . .

(2)

The two equations above are implemented
Yao.AD with the apply_back! method. Based
on the obtained information, we can compute the
adjoint of the gate matrix using [54]

Uk = |Âk+1ÍÈÂk|. (3)

This outer product is not explicitly stored as a
dense matrix. Instead, it is handled efficiently by
customized low rank matrices described in Ap-
pendix E. Finally, we use mat_back! method to
compute the adjoint of gate parameters ◊k from
the adjoint of the unitary matrix Uk.

Figure 6 demonstrates the procedure in a con-
crete example. The black arrows show the for-
ward pass without any allocation except for the
output state and the objective function L. In the
backward pass, we uncompute the states (blue
arrows) and backpropagate the adjoints (red ar-
rows) at the same time. For the block de-
fined as put(nbit, i=>chain(Rz(–), Rx(—),
Rx(“))), we obtain the desired –, — and “ by
pushing the adjoints back through the mat func-
tions of PutBlock and ChainBlock. The imple-
mentation of the AD engine is generic so that
it works automatically with symbolic computa-
tion. We show an example of calculating the
symbolic derivative of gate parameters in Ap-
pendix G. One can also integrate Yao.AD with
classical automatic differentiation engines such as
Zygote to handle mixed classical and quantum
computational graphs, see [55].

Listing 9: 10000-layer VQE⌥ ⌅
julia> using Yao, YaoExtensions

julia> n = 10; depth = 10000;

julia> circuit = dispatch!(
variational_circuit(n, depth),
:random);

julia> gatecount(circuit)
Dict{Type{#s54} where #s54 <:

AbstractBlock,Int64} with 3 entries:
RotationGate{1,Float64,ZGate} => 200000
RotationGate{1,Float64,XGate} => 100010
ControlBlock{10,XGate,1,1} => 100000

julia> nparameters(circuit)
300010

julia> h = heisenberg(n);

julia> for i = 1:100
_, grad = expect�(h, zero_state(n)=>

circuit)
dispatch!(-, circuit, 1e-3 * grad)
println("Step $i, energy = $(expect(

h, zero_state(n)=>circuit))")
end⌃ ⇧

To demonstrate the efficiency of Yao’s AD en-
gine, we use the codes in Listing 9 to simulate
the variational quantum eigensolver (VQE) [56]
with depth 10, 000 (with 300, 010 variational pa-
rameters) on a laptop. The simulation would
be extremely challenging without Yao, either due
to overwhelming memory consumption in the re-
verse mode AD or unfavorable computation cost
in the forward mode AD.

Here, variational_circuit is predefined in
YaoExtensions to have a hardware efficient ar-
chitecture [57] shown in Fig. 9. The dispatch!
function with the second parameter specified to
:random gives random initial parameters. The
expect function evaluates expectation values of
the observables; the second argument can be a
wave function or a pair of the input wave func-
tion and circuit ansatz like above. expect� eval-
uates the gradient of this observable for the in-
put wave function and circuit parameters. Here,
we only make use of its second return value.
For batched registers, the gradients of circuit pa-
rameters are accumulated rather than returning
a batch of gradients. dispatch!(-, circuit,
...) implements the gradient descent algorithm
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https://github.com/QuantumBFS/Yao.jl

• Reversible AD engine for quantum circuits 
• Batch parallelization with GPU acceleration 
• Quantum block intermediate representation

Features:

Xiu-Zhe Luo (IOP, CAS → Waterloo & PI)
Jin-Guo Liu (IOP, CAS → QuEra Computing & Harvard)

Yao.jl: Extensible, Efficient Framework for  
Quantum Algorithm Design

Luo, Liu, Zhang and LW, 1912.10877
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