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What is a calculation and how do we perform them?

6+10 Binary

Example
define algebraic 

procedure on new 
representation

obtain result in 
new 

representation

convert into 
different 

representation

10000

convert back

16

• Note, final solution manifold consists of 2^5 states

• However, convergence to ‘correct’ result very fast,  
as algorithm provides most direct path to solution state

• Puzzling: For this example, algebraic operation on original representation 
much simpler for human mind. 
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Protein-folding and Levinthal’s Paradox

• Elongated proteins fold to same state within 
microseconds

• Some proteins have 3    conformations    300

• Levinthal’s Paradox (1969):  
Sequential sampling of states would take 
longer than lifetime of Universe (even if 
only nanoseconds per state spent)

• Solution: No sequential sampling, but 
rapid descend into the potential minimum. 
In  proteins due to protein folding 
intermediates

Solution of mathematical problem 
can be found quickly if encoded in 
ground state of complex system 
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The classical (NN) approach

Input

Layer

Hidden

Layers

Output

Layer

• NN used in various ways. It is foremost a self-adaptive 
optimisation algorithm

• Let’s construct a complex system to optimise
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Many options for 
activation function f, e.g.

tanh

sigmoid

bias

calculate loss 
for output layer
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Gradient descent

• After forward propagation, ie. establishing the weights for all 
nodes (including the output node), we evaluate the loss function, 
to establish the error we are making.

• Gradient descent: change network such, that you move towards 
the error minimum.


• Compute gradient -> get direction towards error minimum.

Loss function = difference between predicted and true function,
e.g. 
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Universal approximation theorem: [Hornik et al ’89]

[Hornik ’91]
feed-forward network with a single hidden layer containing a finite 
number of neurons can approximate continuous functions on compact 
subsets of Rn, under mild assumptions on the activation function.

Expression of the output of a neural net:

m outputs

hidden
final

n inputs

single hidden layer 
with k units

Our method can solve any equation that can be cast as an optimisation 
problem, i.e. can be brought into the form

[Piscopo, MS, Waite 1902.05563]
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Application to differential equations 

(but used also for differo-integral equations)

Build the full function, here a DE into the loss function, incl boundary conditions

Build the full function, here a DE into the loss function, incl. boundary conditions

identify trial solution with network output

• Each part of the NN is differentiable (activation functions are chosen such)

• Hyperparameters can be optimised for speed of convergence and accuracy:

activation function, nr hidden layers, width of NN, learning rate, epochs…
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Applied to solution of simple differential equation
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solution

domain

Differential equation:

boundary conditions
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Semiclassical calculations for bubbles and phase transitions
12.1 Bounces in a scalar field theory 255

tv! ! !
!

V

topfv

Fig. 12.1. A typical potential with a false vacuum.

To go from the false vacuum through a series of spatially homogeneous configura-
tions would require traversing an infinite potential energy barrier. The tunneling
amplitude for this vanishes. Instead, the false vacuum decays by a tunneling pro-
cess that takes a spatially homogeneous state to one with a region of approximate
true vacuum—a bubble—embedded in a false vacuum background. Because the
bubble can be nucleated anywhere, the decay rate is proportional to the volume
of space, and thus formally infinite. The finite physically measurable quantity
that we need is the bubble nucleation rate per unit volume, !/V.

One can envision many paths through the space of field configurations that
connect the pure false vacuum to a configuration with a bubble. Two of these are
illustrated in Fig. 12.2. Each path specifies a series of field configurations that
define a slice through the potential energy barrier. A plot of U [!(x)] along the
path would be similar to the one-dimensional potential energy barrier shown in
Fig. 9.3. The end point of the path, corresponding to the field configuration at
the time that the bubble nucleates, has the same potential energy as the initial,
pure false vacuum, configuration; quantum tunneling conserves energy.

As described in Chap. 9, the tunneling amplitude is dominated by the path
that minimizes the barrier penetration integral B. This path can be found by
finding the bounce solution to the Euclidean equation of motion [226], which in
the present case is the field equation

0 =
d2!

d"2
+ !2!! dV

d!
(12.3)

that follows from the Euclidean action1

1 Because almost all actions in this chapter will be Euclidean, I will generally omit an explicit
subscript E on the action.

256 Vacuum decay

Fig. 12.2. Two of the infinite number of paths through the potential energy
barrier that connect the pure false vacuum, on the left, with a configuration
of the same energy, on the right, that contains a true vacuum bubble in a false
vacuum background. In the upper path the bubbles are all of the same size,
with the field in the interior progressing through the barrier in V (!). In the
lower path the bubble interior is always in the true vacuum, while the bubble
radius increases from zero to that of the nucleated bubble.
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I will denote the bounce solution by #b(x, t). The nucleation rate is then of the
form

!
V = Ae!B (12.5)

where
B = S(#b)! S(#fv) . (12.6)

Here S(#b) is the Euclidean action of the bounce solution and

S(#fv) =
!

d! d3xVfv (12.7)

that of the homogeneous false vacuum. Although both are infinite, their di"erence
is finite.

Solving Eq. (12.3) is equivalent to finding a static solution in four spatial
dimensions. It might appear that this is forbidden by Derrick’s theorem. However,
the proof of Derrick’s theorem assumes that # approaches the absolute minimum
of V at spatial infinity, which is not the case for the bounce. For a theory in D
spatial dimensions we can define
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false
true

Potential energy

Transition from false to true via tunnelling. Bubble 
can nucleate anywhere, with nucleation rate per unit 
volume:

256 Vacuum decay

Fig. 12.2. Two of the infinite number of paths through the potential energy
barrier that connect the pure false vacuum, on the left, with a configuration
of the same energy, on the right, that contains a true vacuum bubble in a false
vacuum background. In the upper path the bubbles are all of the same size,
with the field in the interior progressing through the barrier in V (!). In the
lower path the bubble interior is always in the true vacuum, while the bubble
radius increases from zero to that of the nucleated bubble.

S =
!

d! d3x

"
1
2

#
"#

"!

$2

+
1
2
(!#)2 + V (#)

%
. (12.4)

I will denote the bounce solution by #b(x, t). The nucleation rate is then of the
form

!
V = Ae!B (12.5)

where
B = S(#b)! S(#fv) . (12.6)

Here S(#b) is the Euclidean action of the bounce solution and

S(#fv) =
!

d! d3x Vfv (12.7)

that of the homogeneous false vacuum. Although both are infinite, their di"erence
is finite.

Solving Eq. (12.3) is equivalent to finding a static solution in four spatial
dimensions. It might appear that this is forbidden by Derrick’s theorem. However,
the proof of Derrick’s theorem assumes that # approaches the absolute minimum
of V at spatial infinity, which is not the case for the bounce. For a theory in D
spatial dimensions we can define

Methods to calculate bubble nucleation:

• Thin-wall approximation

• over/undershoot method
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Need to find stationary points of Euclidean action:

Growth of bubble via classical equation of motion 

CHAPTER 2. VACUUM DECAY, BACKGROUND 20

If we assume that the size of the bubble is not too small, we can describe the subsequent evolution

of the field by its classical (Lorentzian) equations of motion

✓
�

@2

@t2
+r

2

◆
� =

@

@�
V (�) . (2.29)

Comparison between Eq. (2.15) and Eq. (2.29) shows that the solutions of the Lorentzian

equations of motion are the analytic continuations of their Euclidean counterparts and can be

obtained by replacing ⌧ ! it in the Euclidean solutions. Therefore

�(~x, t) = �(~x, i⌧) = �(⇢) = �(|~x|2 � t2) . (2.30)

As seen from Eq. (2.30), the O(4) symmetry of the Euclidean solution translates into the

O(3, 1) symmetry for the consequent expansion of the bubble. Again we can get intuition about

the solution by going to the thin-wall limit. In this approximation, the location of the wall is at

|~x|2 � t2 = R2 . (2.31)

The bubble radius R is determined by the potential as described in the previous subsection. It

should be of the same order as the energy scales of the scalar field and therefore a relatively short

length compared to macroscopic lengths. This means that immediately after the nucleation of the

bubble, the wall moves almost at the speed of light and starts eating away more and more of the

false vacuum. The wall’s Lorentz factor � = (1� v2)�1/2 from Eq. (2.31) is

� =
x

R
. (2.32)

During the conversion of the false vacuum into the true vacuum, some energy is released. This

energy is spent on accelerating the wall. It is easy to show that in the thin-wall limit, all the energy

gained from the transition is exactly converted into the kinetic energy of the wall. This means that

when the bubble passes a point, there is no ripple or radiation left behind it and only the true

vacuum region at rest is created.

2.4.3 Path integral approach

Coleman and Callan [17] used a path integral approach in Euclidean spacetime to calculate the

tunneling exponent and prefactor for the decay of metastable vacua. In this section we follow

• Polygon approximation

• Neural-Net approach [Piscopo, MS, Waite ’19]

[Guada, Maiezza, 
Nemevsek ’18]
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Can be used for various other examples, flexible and powerful
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• NN-approach often more reliable and more precise than dedicated PT solver, 
e.g. CosmoTransitions, BubbleProfiler

•       is measure for quality of the solution

• Many applications for phase transitions 
and beyond
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[Piscopo, MS, 
Waite ’19]

see [Balaji, MS, Tamarit 2010.08013] 
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The Quantum Computing approach

Why quantum computing for computations?

•  We know that in theory quantum computers can perform certain tasks much 
faster than classical computers/algorithms,  
e.g. search of unstructured database with N entries in a time prop. to sqrt(N)

classically only random guess or exhaust search

P - solvable, deterministically in 
polynomial time

NP - non-deterministic polynomial. 
Solutions verifiable in polynomial time

• But how do we use real imperfect, 
quantum machines to solve problems 
particle physicists care about?

Not the defining question for us
We want use QC as quantum lab for FT
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The Quantum Computing approach

Quantum computing has long and distinguished history but is only now 
becoming practicable.

Type Discrete Gate Quantum Annealer

Property
Universal (any quantum 

algorithm can be 
expressed)

Not universal —  
certain quantum 

systems

How? IBM - Qiskit  
~ 50 Qubits

DWave - LEAP  
~5000 Qubits

What?
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• Both QC systems operate on the Bloch sphere: 

As we stated in the introduction, the purpose if this
study is not to recover these classical instanton solutions
for the tunnelling per se, as they are well-known, but
rather to demonstrate that the corresponding field-theory
configuration can be suitably encoded into a quantum
annealer. Once we have established this as a working
principle, one could even envisage testing for the above
behaviour directly. Therefore we will in what follows fo-
cus on using a quantum annealer to recover the simple
c = 0 solution required for the thin-wall regime, as a
proof of principle. We will therefore set ourselves the
task of minimising the corresponding action integral,

S1 =

Z 1

0
d⇢

1

2
�̇
2 + U(�) , (7)

which should yield a solution of the form shown in Fig.2b.

III. ENCODING THE FIELD THEORY

Let us start with the central problem, which is how
to formulate a continuous scalar field theory on quantum
annealers. A quantum annealer is based on the adia-
batic theorem of quantum mechanics, which implies that
a physical system will remain in the ground state if a
given perturbation acts slowly enough, and if there is a
gap between the ground state and the rest of the system’s
energy spectrum [24]. For the annealer to provide a so-
lution to a mathematical problem, e.g. the calculation
of �(⇢) for Eq. 7, we have to find a mapping such that
the expectation value of its Hamiltonian can be identi-
fied with its solution, i.e. that it allows in this example
to identify

�(⇢) () lim
t!0

hHQA(t)i . (8)

The form of the Hamiltonian available to a quantum
annealer is that of a general Ising model, in addition to
a time-dependent transverse field:
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X
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Z
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where �
Z
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✓
1 0
0 �1

◆
(�Z |0i = |0i, �Z |1i = �|1i) is

the Pauli Z operator, with the subscript indicating which
spin it acts upon, and �

X is its friend pointing in the X-
direction. The gradual decrease of �(t) ! 0 from a large
value should drive the system into the ground state of
the time-independent part of the Hamiltonian, and this
is where we will put the field theory:

H =
X

i

X

j

Jij�
Z
i �

Z
j +

X

i

hi�
Z
i . (10)

It is worth noting that the couplings Jij and hi could
also be adiabatically adjusted in the annealing process,
and this could ultimately be used to adjust the potential

U(�) of a system in the quantum annealer so as to observe
tunnelling, assuming it can be encoded. We will further
split the Hamiltonian into three generic pieces, as

H = H(chain) +H(QFT) +H(BC)
. (11)

Here, H(QFT) is the Hamiltonian corresponding to the
minimisation of the action in Eq. 7 and H(BC) is a Hamil-
tonian that we add to enforce the boundary conditions2.

However our first task is to encode continuous field
values over a continuous domain, with only the discrete
Ising model to hand: this is what H(chain) is for. We begin
by splitting the radius variable ⇢ into M � 1 discrete
values and the field value at the `’th position into N � 1
discrete values:

⇢` = `⌫ = ⌫ . . .M⌫

�(⇢l) = �0 + ↵l⇠ = �0 + ⇠ . . . �0 +N⇠ ,

where in the present context one might for example take
a fiducial value �0 ⇡ �a and ⇠ = 2a/N , with M⌫ =
�⇢. Thus our Ising interaction Jij is an (MN)⇥ (MN)
matrix, while hi is an (NM)-vector.

We must now separate those spins in the annealer that
correspond to fields at different values of `, effectively
splitting Jij and hi into N ⇥ N sub-blocks. To do this
we will utilise the Ising-chain domain wall representation
introduced in [47]. That is for every position ` we add to
the Hamiltonian
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As shown in [47], taking ⇤ to be much larger than ev-
ery other energy scale in the overall Hamiltonian, these
terms will constrain the system to remain in the ground
subspace of the Hamiltonian, where exactly one spin po-
sition, ↵` say, is frustrated for each `. These states are
of the form

|11...100...0i` =) �(⇢`) = �0 + ↵`⇠ , (13)

where in the above the discretised field value is repre-
sented by the position ↵` of the frustrated domain wall.
Conversely the field value at the `’th position can be
found by making the measurement

�(⇢`) =
1

2

N�1X
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(�0 + j⇠) h�Z
`N+j+1 � �

Z
`N+ji , (14)

which only receives a contribution from frustrated spin
position with j = ↵`. For later, it is useful to note that
this is equivalent to

�(⇢`) = �0 +
N⇠

2
� ⇠

2

NX

j=1

h�Z
`N+ji . (15)

2 For a classical neural network-based approach to solving Eq. 2
by treating it as an optimisation problem see [46].
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is where we will put the field theory:
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It is worth noting that the couplings Jij and hi could
also be adiabatically adjusted in the annealing process,
and this could ultimately be used to adjust the potential

U(�) of a system in the quantum annealer so as to observe
tunnelling, assuming it can be encoded. We will further
split the Hamiltonian into three generic pieces, as

H = H(chain) +H(QFT) +H(BC)
. (11)

Here, H(QFT) is the Hamiltonian corresponding to the
minimisation of the action in Eq. 7 and H(BC) is a Hamil-
tonian that we add to enforce the boundary conditions2.

However our first task is to encode continuous field
values over a continuous domain, with only the discrete
Ising model to hand: this is what H(chain) is for. We begin
by splitting the radius variable ⇢ into M � 1 discrete
values and the field value at the `’th position into N � 1
discrete values:

⇢` = `⌫ = ⌫ . . .M⌫

�(⇢l) = �0 + ↵l⇠ = �0 + ⇠ . . . �0 +N⇠ ,

where in the present context one might for example take
a fiducial value �0 ⇡ �a and ⇠ = 2a/N , with M⌫ =
�⇢. Thus our Ising interaction Jij is an (MN)⇥ (MN)
matrix, while hi is an (NM)-vector.

We must now separate those spins in the annealer that
correspond to fields at different values of `, effectively
splitting Jij and hi into N ⇥ N sub-blocks. To do this
we will utilise the Ising-chain domain wall representation
introduced in [47]. That is for every position ` we add to
the Hamiltonian
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As shown in [47], taking ⇤ to be much larger than ev-
ery other energy scale in the overall Hamiltonian, these
terms will constrain the system to remain in the ground
subspace of the Hamiltonian, where exactly one spin po-
sition, ↵` say, is frustrated for each `. These states are
of the form

|11...100...0i` =) �(⇢`) = �0 + ↵`⇠ , (13)

where in the above the discretised field value is repre-
sented by the position ↵` of the frustrated domain wall.
Conversely the field value at the `’th position can be
found by making the measurement
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which only receives a contribution from frustrated spin
position with j = ↵`. For later, it is useful to note that
this is equivalent to
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2 For a classical neural network-based approach to solving Eq. 2
by treating it as an optimisation problem see [46].
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As we stated in the introduction, the purpose if this
study is not to recover these classical instanton solutions
for the tunnelling per se, as they are well-known, but
rather to demonstrate that the corresponding field-theory
configuration can be suitably encoded into a quantum
annealer. Once we have established this as a working
principle, one could even envisage testing for the above
behaviour directly. Therefore we will in what follows fo-
cus on using a quantum annealer to recover the simple
c = 0 solution required for the thin-wall regime, as a
proof of principle. We will therefore set ourselves the
task of minimising the corresponding action integral,

S1 =
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2
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2 + U(�) , (7)

which should yield a solution of the form shown in Fig.2b.

III. ENCODING THE FIELD THEORY

Let us start with the central problem, which is how
to formulate a continuous scalar field theory on quantum
annealers. A quantum annealer is based on the adia-
batic theorem of quantum mechanics, which implies that
a physical system will remain in the ground state if a
given perturbation acts slowly enough, and if there is a
gap between the ground state and the rest of the system’s
energy spectrum [24]. For the annealer to provide a so-
lution to a mathematical problem, e.g. the calculation
of �(⇢) for Eq. 7, we have to find a mapping such that
the expectation value of its Hamiltonian can be identi-
fied with its solution, i.e. that it allows in this example
to identify
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The form of the Hamiltonian available to a quantum
annealer is that of a general Ising model, in addition to
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U(�) of a system in the quantum annealer so as to observe
tunnelling, assuming it can be encoded. We will further
split the Hamiltonian into three generic pieces, as
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Here, H(QFT) is the Hamiltonian corresponding to the
minimisation of the action in Eq. 7 and H(BC) is a Hamil-
tonian that we add to enforce the boundary conditions2.

However our first task is to encode continuous field
values over a continuous domain, with only the discrete
Ising model to hand: this is what H(chain) is for. We begin
by splitting the radius variable ⇢ into M � 1 discrete
values and the field value at the `’th position into N � 1
discrete values:
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a fiducial value �0 ⇡ �a and ⇠ = 2a/N , with M⌫ =
�⇢. Thus our Ising interaction Jij is an (MN)⇥ (MN)
matrix, while hi is an (NM)-vector.

We must now separate those spins in the annealer that
correspond to fields at different values of `, effectively
splitting Jij and hi into N ⇥ N sub-blocks. To do this
we will utilise the Ising-chain domain wall representation
introduced in [47]. That is for every position ` we add to
the Hamiltonian

H(chain)
` = �⇤

0

@
N�1X

j=1

�
Z
`N+j�

Z
`N+j+1 � �

Z
`N+1 + �

Z
`N+N

1

A .

(12)
As shown in [47], taking ⇤ to be much larger than ev-
ery other energy scale in the overall Hamiltonian, these
terms will constrain the system to remain in the ground
subspace of the Hamiltonian, where exactly one spin po-
sition, ↵` say, is frustrated for each `. These states are
of the form

|11...100...0i` =) �(⇢`) = �0 + ↵`⇠ , (13)

where in the above the discretised field value is repre-
sented by the position ↵` of the frustrated domain wall.
Conversely the field value at the `’th position can be
found by making the measurement

�(⇢`) =
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which only receives a contribution from frustrated spin
position with j = ↵`. For later, it is useful to note that
this is equivalent to
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2 For a classical neural network-based approach to solving Eq. 2
by treating it as an optimisation problem see [46].

3

where                              are the possible eigenvector equations.

• each i represents a single qubit

• A discrete quantum gate system is good for looking at things like 
entanglement, crypotgraphy, Shor’s, Grover’s algorithms, etc.

• Quantum annealer is good for network problems, but it is also more natural tool 
to think about field theory. It is based on the general transverse field Ising 
model: [Kadowaki, Nishimori]

measuring
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matrix, while hi is an (NM)-vector.
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As shown in [47], taking ⇤ to be much larger than ev-
ery other energy scale in the overall Hamiltonian, these
terms will constrain the system to remain in the ground
subspace of the Hamiltonian, where exactly one spin po-
sition, ↵` say, is frustrated for each `. These states are
of the form

|11...100...0i` =) �(⇢`) = �0 + ↵`⇠ , (13)

where in the above the discretised field value is repre-
sented by the position ↵` of the frustrated domain wall.
Conversely the field value at the `’th position can be
found by making the measurement
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• What does the “anneal” mean?
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34

induces bit-hopping in the Hamming/Hilbert space

• The idea is to dial this parameter to land in the global 
minimum (i.e. the solution) of some “problem space” 
described by J, h:

initial Hamiltonian

(ground state = superposition of qubits with 0 and 1)

final Hamiltonian

(encodes actual problem)

• Anneal idea: transition from ground state of initial 
Hamiltonian into ground state of problem Hamiltonian
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Thermal (classical) and Quantum Annealing are complementary:

• Thermal tunnelling is fast over broad shallow potentials  
(Quantum “tunnelling” is exponentially slow)

• Quantum tunnelling is fast through tall thin potentials  
(Thermal “tunnelling” is exponentially slow - Boltzmann suppression)

• Hybrid approach can be useful depending on solution landscape
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• More specifically - thermal annealing uses Metropolis algorithm: 
accept random        flips with probability
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• Quantum tunnelling in QFT happens with probability 
so by contrast it can be operative for tall barriers if they are thin
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Simple example of Ising encoding

Example 1: how many vertices on a graph can we colour so that none touch?

Let non-coloured vertices have               and coloured ones have

Add a reward for every coloured vertex, and for each link between vertices 
i,j we add a penalty if there are two +1 eigenvalues:

NP problem
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Example 2: N^2 students are to sit an exam in a square room with NxN 
desks 1.5m apart. Half the students (A) have a virus while 
half of them (B) do not.  
How can they be arranged to minimise the number of 
infections due to <2m social distancing?

There are N^2 spins            arranged in rows and columns. We do not care 
if A>=<A or B>=<B, but if A>=<B then we put a penalty of 2+ on the 

Hamiltonian (ferromagnetic coupling)
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Finally we need to apply constraint that #A=#B:
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• Example 2 done with classical thermal annealing using the Metropolis 
algorithm. Note this represents a search over solution space of 2^100 
configurations

• Importantly the constraint hamiltonian cannot be too big otherwise the hills 
are too high and it freezes too early. This makes the process require a 
(polynomial sized) bit of “thermal tuning”.

• Could be done more easily on quantum annealers as constraints could be high 
and it would still work, e.g. D-Wave quantum annealer. However, architecture 
(connectivity of J, h) is limited.
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Instantons on spin-lattice

2

spin of this lattice is subsequently replaced at random.
Then, the change in action, �S, due to the replacement
is measured and the new spin is accepted with probabil-
ity exp (��S/~). That is, in a working case, the system
will slowly converge to a microstate of lower and lower
action.

Note that, while ~ is usually understood as a physical
constant (~ = 1), here, we treat it as a free parameter to
control the convergence rate of the optimization. That
is, by slowly changing ~ ! 0, this makes sure that the
field configurations are properly sampled from the field
space and do not settle in a local minimum of the loss
function. For instance, the same strategy has success-
fully been applied to study the formation of skyrmionic
spin textures in three-dimensional chiral magnets [17].
There, the minimal energy configuration of the spin lat-
tice is found at finite temperature, which, at least naively,
controls the thermal fluctuations of the system. Along
the same lines, here, ~ controls the quantum fluctuations
around the instanton saddle points. In the following sec-
tions we now want to apply these MC methods to one-
and two-dimensional chiral magnets.

III. THE ONE-DIMENSIONAL SPIN CHAIN

As a first example, let us consider solitonic field con-
figurations of a one-dimensional spin chain. In the con-
tinuum limit it is described by an O(3) sigma model (see,
e.g., [12]),

S =

Z
d⌧dx
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(1)

where we consider a Euclidean spacetime. Here,  de-
notes the Dzyaloshinskii-Moriya (DM) interaction [20?
], µ is an anisotropy coupling and B can be interpreted
as a magnetic field.

The field n takes values on a sphere, n : R2 ! S2, i.e. it
is subject to the constraint

P3
a=1 (n

a)2 = 1. However, in
general, we can impose non-trivial boundary conditions
at infinity, |x| ! 1. In this case, we can interpret its do-
main as a sphere, R2[{1} ' S2, too. Therefore, from a
topological point of view, the possible field configurations
can be classified by maps between spheres that cannot be
continuously deformed into each other. Mathematically,
this means that they are classified by elements of the
homotopy group ⇡2

�
S2

�
= Z. Naively, these count how

many times a sphere winds around another sphere, which
labels the di↵erent topological sectors of the theory.

In principle, the action (1) defines the microscopic de-
grees of freedom, for which we aim to find the (topological
non-trivial) field configurations as local extrema. How-
ever, in fact, as the field takes values on a sphere, there
exists a mapping that transforms (1) into a much simpler
theory. As was pointed out in [12], the DM interaction

can be completely removed by a simple field redefinition,

n1 = cos (x) n̂1 + sin (x) n̂2 ,

n2 = � sin (x) n̂1 + cos (x) n̂2 ,

n3 = n̂3 .

(2)

In terms of the fields n̂a the theory can be written as [12]
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Z
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In practice, the DM interaction has been absorbed
into canonical kinetic terms as well as the quadratic
anisotropy coupling. In the following, we therefore evolve
our discussion of topological instantons around this ac-
tion.
Let us now move to the explicit realisation of instan-

tons in the theory of a one-dimensional chiral magnet.
As we have pointed out in Section II, in practice, we
study the theory (3) on a lattice of classical spins. The
associated lattice action is given by

Slat = a⌧ax
X

xk
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a)2 � V (n̂a)

◆
, (4)

where the sum runs over discrete points of the space-
time lattice, xk. We denote the lattice spacing in x-
and ⌧ -direction by ax and a⌧ , respectively. Further-
more, we have defined the lattice (forward) derivative
by 4in̂a ⌘ a�1

i (n̂a(x+ aiei)� n̂a(x)), where ei de-
notes the unit vector in the i-th direction. For simplic-
ity, let us assume an isotropic lattice in the following,
i.e. a⌧ = ax = a.
After all, we are interested in minimizing lat. There-

fore, it is su�cient to write the theory as a close cousin
to the Ising model1,
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Note that here, we denote the field values at each lattice
site by n̂a

i = n̂a(xi) and sum over all spins together with
its nearest-neighbour pairs, denoted by hiji.
Along the lines of Section II, we could now naively

identify the lattice action with the loss function of the
MC algorithm, L = Slat, which would then be subse-
quently minimized by flipping spins at random. This
way, the algorithm would always be driven towards the
global minimum of L. While this is desirable from the
MC point of view, so far, the global minimum of L would

1
Carefully note that this form is not exact. In fact, schematically,

the kinetic term would rather read Skin =
P

hiji
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1� n̂a

i n̂
a
j

⌘
.

However, as constant terms do not play a role in an optimization

problem, we can drop them for simplicity.
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spin of this lattice is subsequently replaced at random.
Then, the change in action, �S, due to the replacement
is measured and the new spin is accepted with probabil-
ity exp (��S/~). That is, in a working case, the system
will slowly converge to a microstate of lower and lower
action.

Note that, while ~ is usually understood as a physical
constant (~ = 1), here, we treat it as a free parameter to
control the convergence rate of the optimization. That
is, by slowly changing ~ ! 0, this makes sure that the
field configurations are properly sampled from the field
space and do not settle in a local minimum of the loss
function. For instance, the same strategy has success-
fully been applied to study the formation of skyrmionic
spin textures in three-dimensional chiral magnets [17].
There, the minimal energy configuration of the spin lat-
tice is found at finite temperature, which, at least naively,
controls the thermal fluctuations of the system. Along
the same lines, here, ~ controls the quantum fluctuations
around the instanton saddle points. In the following sec-
tions we now want to apply these MC methods to one-
and two-dimensional chiral magnets.
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figurations of a one-dimensional spin chain. In the con-
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where we consider a Euclidean spacetime. Here,  de-
notes the Dzyaloshinskii-Moriya (DM) interaction [20?
], µ is an anisotropy coupling and B can be interpreted
as a magnetic field.

The field n takes values on a sphere, n : R2 ! S2, i.e. it
is subject to the constraint
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a)2 = 1. However, in
general, we can impose non-trivial boundary conditions
at infinity, |x| ! 1. In this case, we can interpret its do-
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topological point of view, the possible field configurations
can be classified by maps between spheres that cannot be
continuously deformed into each other. Mathematically,
this means that they are classified by elements of the
homotopy group ⇡2

�
S2

�
= Z. Naively, these count how

many times a sphere winds around another sphere, which
labels the di↵erent topological sectors of the theory.

In principle, the action (1) defines the microscopic de-
grees of freedom, for which we aim to find the (topological
non-trivial) field configurations as local extrema. How-
ever, in fact, as the field takes values on a sphere, there
exists a mapping that transforms (1) into a much simpler
theory. As was pointed out in [12], the DM interaction

can be completely removed by a simple field redefinition,

n1 = cos (x) n̂1 + sin (x) n̂2 ,

n2 = � sin (x) n̂1 + cos (x) n̂2 ,

n3 = n̂3 .

(2)

In terms of the fields n̂a the theory can be written as [12]
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In practice, the DM interaction has been absorbed
into canonical kinetic terms as well as the quadratic
anisotropy coupling. In the following, we therefore evolve
our discussion of topological instantons around this ac-
tion.
Let us now move to the explicit realisation of instan-

tons in the theory of a one-dimensional chiral magnet.
As we have pointed out in Section II, in practice, we
study the theory (3) on a lattice of classical spins. The
associated lattice action is given by

Slat = a⌧ax
X

xk
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where the sum runs over discrete points of the space-
time lattice, xk. We denote the lattice spacing in x-
and ⌧ -direction by ax and a⌧ , respectively. Further-
more, we have defined the lattice (forward) derivative
by 4in̂a ⌘ a�1

i (n̂a(x+ aiei)� n̂a(x)), where ei de-
notes the unit vector in the i-th direction. For simplic-
ity, let us assume an isotropic lattice in the following,
i.e. a⌧ = ax = a.
After all, we are interested in minimizing lat. There-

fore, it is su�cient to write the theory as a close cousin
to the Ising model1,
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Note that here, we denote the field values at each lattice
site by n̂a

i = n̂a(xi) and sum over all spins together with
its nearest-neighbour pairs, denoted by hiji.
Along the lines of Section II, we could now naively

identify the lattice action with the loss function of the
MC algorithm, L = Slat, which would then be subse-
quently minimized by flipping spins at random. This
way, the algorithm would always be driven towards the
global minimum of L. While this is desirable from the
MC point of view, so far, the global minimum of L would
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spin of this lattice is subsequently replaced at random.
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tice is found at finite temperature, which, at least naively,
controls the thermal fluctuations of the system. Along
the same lines, here, ~ controls the quantum fluctuations
around the instanton saddle points. In the following sec-
tions we now want to apply these MC methods to one-
and two-dimensional chiral magnets.
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As a first example, let us consider solitonic field con-
figurations of a one-dimensional spin chain. In the con-
tinuum limit it is described by an O(3) sigma model (see,
e.g., [12]),

S =

Z
d⌧dx


1

2
(@in

a)2 + 
�
n1@xn

2 � n2@xn
1
�

+
µ

2

⇣
1�

�
n3

�2⌘
+Bn3

�
,

(1)

where we consider a Euclidean spacetime. Here,  de-
notes the Dzyaloshinskii-Moriya (DM) interaction [20?
], µ is an anisotropy coupling and B can be interpreted
as a magnetic field.
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In practice, the DM interaction has been absorbed
into canonical kinetic terms as well as the quadratic
anisotropy coupling. In the following, we therefore evolve
our discussion of topological instantons around this ac-
tion.
Let us now move to the explicit realisation of instan-
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study the theory (3) on a lattice of classical spins. The
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where the sum runs over discrete points of the space-
time lattice, xk. We denote the lattice spacing in x-
and ⌧ -direction by ax and a⌧ , respectively. Further-
more, we have defined the lattice (forward) derivative
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i (n̂a(x+ aiei)� n̂a(x)), where ei de-
notes the unit vector in the i-th direction. For simplic-
ity, let us assume an isotropic lattice in the following,
i.e. a⌧ = ax = a.
After all, we are interested in minimizing lat. There-
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Note that here, we denote the field values at each lattice
site by n̂a

i = n̂a(xi) and sum over all spins together with
its nearest-neighbour pairs, denoted by hiji.
Along the lines of Section II, we could now naively

identify the lattice action with the loss function of the
MC algorithm, L = Slat, which would then be subse-
quently minimized by flipping spins at random. This
way, the algorithm would always be driven towards the
global minimum of L. While this is desirable from the
MC point of view, so far, the global minimum of L would
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also be the global minimum of the action, which does not
correspond to an instanton but is trivial from a topolog-
ical point of view instead. Therefore, we need to modify
the global minimum of L in a way, such that it corre-
sponds to a topologically non-trivial vacuum of the ac-
tion, i.e. to an instanton solution. For instance, this can
be done by explicitly taking the topological properties
of a given field configuration into account. The latter
is characterized by the topological charge (or instanton
number), given by Q =

R
d⌧dx ⇢Q (see, e.g., [21]), where

⇢Q denotes the instanton number density2,

⇢Q =
1
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In practice, any two field configurations of di↵erent topo-
logical charge are distinct in the sense that they cannot
continuously be deformed into each other. Therefore, the
charge, which takes integer values, labels the di↵erent
topological sectors of the theory. In practice, we add the
topological charge as a Lagrange multiplier to the action,

L = S + �Q (Q�Q0)
2 . (7)

Now, for a certain value of the Lagrange multiplier �Q,
minimizing the loss function amounts to finding extrema
of the action S that in addition satisfy the topologically
non-trivial constraint Q = Q0. Therefore, naively im-
posing Q0 6= 0 allows us to select a specific topological
sector of the theory within the MC approach.

We remark that, while the loss function (7) is, in princi-
ple, su�cient to obtain any instanton configuration of the
one-dimensional spin chain, the specific form of L might
still require additional terms, such as boundary condi-
tions imposed on the field. That is, the exact form of
L will depend on the particular topological sector within
the a choice of couplings. In the following, we will exem-
plify this by studying di↵erent instanton sectors of the
one-dimensional spin chain.

A. Instanton sectors

Before shedding light on the di↵erent topological sec-
tors of the theory that feature instantons, let us briefly
review the topologically trivial vacuum phases of the spin
chain (3) discussed in [12]. Obviously, these vacua are
completely characterized by the couplings µ,  and B.

As the field na takes values on a sphere, the di↵erent
ground states of the theory can be described by a col-
lection of points on the latter. For instance, if µ � 2,
the vacuum state requires n̂a to point towards the north
(n̂3 = 1) for B < 0 or the south (n̂3 = �1) pole for

2
Note that we use the redefined fields n̂a

here. In terms of the

original fields, the charge density takes the familiar form ⇢Q =

(4⇡)�1✏abcna@xnb@⌧nc
.

FIG. 1. Domain wall instanton with Q = 1 interpolating
between spin up and spin down, at µ > 

2 and B = 0. Here,
the field configuration for n

a is illustrated, that corresponds
to the realization of the one-dimensional spin chain. The color
denotes the value of the n

3 component of the field and ranges
from red (n3 = 1) to blue (n3 = �1).

B > 0, respectively. Contrary, if µ  2, the field favours
the equator (n̂3 = 0) instead, such that helical states con-
stitute the vacuum. The altitude of the latter (i.e. the n̂3

component) is again determined by the magnetic field.
In the critical point, where µ = 2 and B = 0, the vac-
uum is maximally degenerate, i.e. all helical states (at
any latitude) source the same action.
Having identified all these global vacuum states of the

theory, we can now move on to determine the higher in-
stanton saddles associated to it. While these have already
been treated analytically [12], we will use this as a test
bed for our approach.

1. Domain walls

Let us first discuss the region of parameter space where
µ > 2. According to our previous discussion, in this
regime the global vacuum will either be spin-up if B < 0
or spin-down for B > 0. Therefore, if the magnetic field
vanishes, B = 0, we expect instantons that interpolate
between the spin-up and spin-down vacuum of the theory.
This can happen in the spatial as well as the temporal
direction. Intuitively, for the latter case, the simplest in-
stanton solutions withQ = 1 are called domain walls [12].
In order to obtain this solution within the MC ap-

proach, we minimize the loss function

L = S + �Q (Q� 1)2 , (8)

while at the same time we fix the boundary conditions to
n̂3 (⌧ ! ±1) = ⌥1. We show the resulting field config-
uration in Fig. 1. Note that, while all computations are
carried out in terms of the field n̂a, here we show the field
configuration for na that corresponds to the realization
of the one-dimensional spin chain.
It is clearly visible how the instanton domain wall in-

terpolates between the spin-up vacuum at ⌧ = �1 and
the spin-down vacuum at ⌧ = 1. The tunneling process
appears to be localized around ⌧ = 0 (hence the name

4

FIG. 2. Meron field configuration with fractional charge Q =
1/2 at µ� 

2 = �1 and B = 1/2. Here, the field n
a (instead

of n̂a) is shown.

instanton) and is, to some extent, analogous to the typi-
cal tanh (mx) instanton profile of a domain wall in scalar
�4-theory.

2. Merons

In the regime where µ < 2, the global vacuum of the
theory is given by helical states, i.e. the vacuum man-
ifold topology is equivalent to a circle. The latitude
of this circle on the target space of the fields in turn
depends on the value of the magnetic field and reads
n3 =

p
(2 � µ+B) / (2 � µ�B) [12].

It was shown in [12] that in this regime, topologi-
cally non-trivial vacua are populated by instanton so-
lutions with fractional charges, so called merons (see,
e.g., [21, 22]). These can be interpreted as the con-
stituents of instantons, i.e. a single instanton is thought
to be composed of two merons. In this sense, merons
carry half-fractional charges, Q = ±1/2.

In practice, this means that our loss function takes the
form

L = S + �Q

✓
Q� 1

2

◆2

. (9)

In addition, we impose the boundary condition condition
n3 (|x| ! 1) =

p
(2 � µ+B) / (2 � µ�B), i.e. the

vacuum is taken into account at the boundaries.
An example of such meron configuration found by our

MC approach is illustrated in Fig. 2. In particular, in
this example, we choose µ� = � 1 and B = 1/2.

3. Instantons in the critical point

We expect the richest topological structures to arise
in the critical point of the O(3) non-linear sigma model,
where µ = 2 and B = 0. Here, the theory corresponds
to a CFT with just a kinetic term, such that, in principle,
analytic solutions of the equations of motion can be found
(see, e.g., [21]). In particular, one can show that in each

FIG. 3. Single instanton (Q = 1) field configuration in the
critical point, µ = 

2 and B = 0. Here, the field configuration
for na is illustrated, that corresponds to the realization of the
one-dimensional spin chain.

topological sector of the theory the action is bounded
from below by

S �
����4⇡Q+ 

Z
d⌧dx @⌧ n̂

3

���� , (10)

where the right hand side is often identified as the Bo-
gomol’nyi–Prasad–Sommerfield (BPS) bound [23, 24]. If
the BPS bound is satisfied, the field configuration corre-
sponds to a BPS instanton solution, which we attempt
to find on the spin lattice.
However, when minimizing the loss function (7) on the

spin lattice, there are some subtleties that have to be
treated carefully. Most importantly, by construction we
are using a spin lattice of finite volume, thereby breaking
the scale invariance of the CFT in the critical point. At
the same time this means that the size of an instanton
obtains a physical meaning and we must ensure that it
can be suitably localized inside the finite volume. In par-
ticular, we want to enforce the instanton solution to be
a localized configuration in the centre of the spin lattice,
provided the latter is chosen large enough for the instan-
ton to be captured. For instance, this can be done by
imposing the following boundary conditions

@n̂a
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����
⌧=⌧±

= 0 ,
@n̂a

@⌧
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x=x±

= 0 . (11)

Essentially, this means that the field is required not to
source any dynamics at the boundaries of the spin lattice.
Therefore, the loss function to satisfy the BPS bound can
be written as

L = S+�Q (Q�Q0)
2+�BC
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An example is illustrated in Fig. 3.

IV. THE TWO-DIMENSIONAL SPIN FILM

Let us now turn to the two-dimensional case and con-
sider the magnetic spin texture of a thin surface. As

4

FIG. 2. Meron field configuration with fractional charge Q =
1/2 at µ� 

2 = �1 and B = 1/2. Here, the field n
a (instead

of n̂a) is shown.
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treated carefully. Most importantly, by construction we
are using a spin lattice of finite volume, thereby breaking
the scale invariance of the CFT in the critical point. At
the same time this means that the size of an instanton
obtains a physical meaning and we must ensure that it
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Let us now turn to the two-dimensional case and con-
sider the magnetic spin texture of a thin surface. As
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also be the global minimum of the action, which does not
correspond to an instanton but is trivial from a topolog-
ical point of view instead. Therefore, we need to modify
the global minimum of L in a way, such that it corre-
sponds to a topologically non-trivial vacuum of the ac-
tion, i.e. to an instanton solution. For instance, this can
be done by explicitly taking the topological properties
of a given field configuration into account. The latter
is characterized by the topological charge (or instanton
number), given by Q =

R
d⌧dx ⇢Q (see, e.g., [21]), where

⇢Q denotes the instanton number density2,
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In practice, any two field configurations of di↵erent topo-
logical charge are distinct in the sense that they cannot
continuously be deformed into each other. Therefore, the
charge, which takes integer values, labels the di↵erent
topological sectors of the theory. In practice, we add the
topological charge as a Lagrange multiplier to the action,

L = S + �Q (Q�Q0)
2 . (7)

Now, for a certain value of the Lagrange multiplier �Q,
minimizing the loss function amounts to finding extrema
of the action S that in addition satisfy the topologically
non-trivial constraint Q = Q0. Therefore, naively im-
posing Q0 6= 0 allows us to select a specific topological
sector of the theory within the MC approach.

We remark that, while the loss function (7) is, in princi-
ple, su�cient to obtain any instanton configuration of the
one-dimensional spin chain, the specific form of L might
still require additional terms, such as boundary condi-
tions imposed on the field. That is, the exact form of
L will depend on the particular topological sector within
the a choice of couplings. In the following, we will exem-
plify this by studying di↵erent instanton sectors of the
one-dimensional spin chain.

A. Instanton sectors

Before shedding light on the di↵erent topological sec-
tors of the theory that feature instantons, let us briefly
review the topologically trivial vacuum phases of the spin
chain (3) discussed in [12]. Obviously, these vacua are
completely characterized by the couplings µ,  and B.

As the field na takes values on a sphere, the di↵erent
ground states of the theory can be described by a col-
lection of points on the latter. For instance, if µ � 2,
the vacuum state requires n̂a to point towards the north
(n̂3 = 1) for B < 0 or the south (n̂3 = �1) pole for
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FIG. 1. Domain wall instanton with Q = 1 interpolating
between spin up and spin down, at µ > 

2 and B = 0. Here,
the field configuration for n

a is illustrated, that corresponds
to the realization of the one-dimensional spin chain. The color
denotes the value of the n

3 component of the field and ranges
from red (n3 = 1) to blue (n3 = �1).
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the equator (n̂3 = 0) instead, such that helical states con-
stitute the vacuum. The altitude of the latter (i.e. the n̂3

component) is again determined by the magnetic field.
In the critical point, where µ = 2 and B = 0, the vac-
uum is maximally degenerate, i.e. all helical states (at
any latitude) source the same action.
Having identified all these global vacuum states of the

theory, we can now move on to determine the higher in-
stanton saddles associated to it. While these have already
been treated analytically [12], we will use this as a test
bed for our approach.

1. Domain walls

Let us first discuss the region of parameter space where
µ > 2. According to our previous discussion, in this
regime the global vacuum will either be spin-up if B < 0
or spin-down for B > 0. Therefore, if the magnetic field
vanishes, B = 0, we expect instantons that interpolate
between the spin-up and spin-down vacuum of the theory.
This can happen in the spatial as well as the temporal
direction. Intuitively, for the latter case, the simplest in-
stanton solutions withQ = 1 are called domain walls [12].
In order to obtain this solution within the MC ap-

proach, we minimize the loss function
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while at the same time we fix the boundary conditions to
n̂3 (⌧ ! ±1) = ⌥1. We show the resulting field config-
uration in Fig. 1. Note that, while all computations are
carried out in terms of the field n̂a, here we show the field
configuration for na that corresponds to the realization
of the one-dimensional spin chain.
It is clearly visible how the instanton domain wall in-

terpolates between the spin-up vacuum at ⌧ = �1 and
the spin-down vacuum at ⌧ = 1. The tunneling process
appears to be localized around ⌧ = 0 (hence the name
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the global minimum of L in a way, such that it corre-
sponds to a topologically non-trivial vacuum of the ac-
tion, i.e. to an instanton solution. For instance, this can
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of a given field configuration into account. The latter
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In practice, any two field configurations of di↵erent topo-
logical charge are distinct in the sense that they cannot
continuously be deformed into each other. Therefore, the
charge, which takes integer values, labels the di↵erent
topological sectors of the theory. In practice, we add the
topological charge as a Lagrange multiplier to the action,

L = S + �Q (Q�Q0)
2 . (7)

Now, for a certain value of the Lagrange multiplier �Q,
minimizing the loss function amounts to finding extrema
of the action S that in addition satisfy the topologically
non-trivial constraint Q = Q0. Therefore, naively im-
posing Q0 6= 0 allows us to select a specific topological
sector of the theory within the MC approach.

We remark that, while the loss function (7) is, in princi-
ple, su�cient to obtain any instanton configuration of the
one-dimensional spin chain, the specific form of L might
still require additional terms, such as boundary condi-
tions imposed on the field. That is, the exact form of
L will depend on the particular topological sector within
the a choice of couplings. In the following, we will exem-
plify this by studying di↵erent instanton sectors of the
one-dimensional spin chain.

A. Instanton sectors

Before shedding light on the di↵erent topological sec-
tors of the theory that feature instantons, let us briefly
review the topologically trivial vacuum phases of the spin
chain (3) discussed in [12]. Obviously, these vacua are
completely characterized by the couplings µ,  and B.

As the field na takes values on a sphere, the di↵erent
ground states of the theory can be described by a col-
lection of points on the latter. For instance, if µ � 2,
the vacuum state requires n̂a to point towards the north
(n̂3 = 1) for B < 0 or the south (n̂3 = �1) pole for
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original fields, the charge density takes the familiar form ⇢Q =
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FIG. 1. Domain wall instanton with Q = 1 interpolating
between spin up and spin down, at µ > 

2 and B = 0. Here,
the field configuration for n

a is illustrated, that corresponds
to the realization of the one-dimensional spin chain. The color
denotes the value of the n

3 component of the field and ranges
from red (n3 = 1) to blue (n3 = �1).

B > 0, respectively. Contrary, if µ  2, the field favours
the equator (n̂3 = 0) instead, such that helical states con-
stitute the vacuum. The altitude of the latter (i.e. the n̂3

component) is again determined by the magnetic field.
In the critical point, where µ = 2 and B = 0, the vac-
uum is maximally degenerate, i.e. all helical states (at
any latitude) source the same action.
Having identified all these global vacuum states of the

theory, we can now move on to determine the higher in-
stanton saddles associated to it. While these have already
been treated analytically [12], we will use this as a test
bed for our approach.

1. Domain walls

Let us first discuss the region of parameter space where
µ > 2. According to our previous discussion, in this
regime the global vacuum will either be spin-up if B < 0
or spin-down for B > 0. Therefore, if the magnetic field
vanishes, B = 0, we expect instantons that interpolate
between the spin-up and spin-down vacuum of the theory.
This can happen in the spatial as well as the temporal
direction. Intuitively, for the latter case, the simplest in-
stanton solutions withQ = 1 are called domain walls [12].
In order to obtain this solution within the MC ap-

proach, we minimize the loss function

L = S + �Q (Q� 1)2 , (8)

while at the same time we fix the boundary conditions to
n̂3 (⌧ ! ±1) = ⌥1. We show the resulting field config-
uration in Fig. 1. Note that, while all computations are
carried out in terms of the field n̂a, here we show the field
configuration for na that corresponds to the realization
of the one-dimensional spin chain.
It is clearly visible how the instanton domain wall in-

terpolates between the spin-up vacuum at ⌧ = �1 and
the spin-down vacuum at ⌧ = 1. The tunneling process
appears to be localized around ⌧ = 0 (hence the name
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FIG. 2. Meron field configuration with fractional charge Q =
1/2 at µ� 

2 = �1 and B = 1/2. Here, the field n
a (instead

of n̂a) is shown.

instanton) and is, to some extent, analogous to the typi-
cal tanh (mx) instanton profile of a domain wall in scalar
�4-theory.

2. Merons

In the regime where µ < 2, the global vacuum of the
theory is given by helical states, i.e. the vacuum man-
ifold topology is equivalent to a circle. The latitude
of this circle on the target space of the fields in turn
depends on the value of the magnetic field and reads
n3 =

p
(2 � µ+B) / (2 � µ�B) [12].

It was shown in [12] that in this regime, topologi-
cally non-trivial vacua are populated by instanton so-
lutions with fractional charges, so called merons (see,
e.g., [21, 22]). These can be interpreted as the con-
stituents of instantons, i.e. a single instanton is thought
to be composed of two merons. In this sense, merons
carry half-fractional charges, Q = ±1/2.

In practice, this means that our loss function takes the
form

L = S + �Q
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In addition, we impose the boundary condition condition
n3 (|x| ! 1) =

p
(2 � µ+B) / (2 � µ�B), i.e. the

vacuum is taken into account at the boundaries.
An example of such meron configuration found by our

MC approach is illustrated in Fig. 2. In particular, in
this example, we choose µ� = � 1 and B = 1/2.

3. Instantons in the critical point

We expect the richest topological structures to arise
in the critical point of the O(3) non-linear sigma model,
where µ = 2 and B = 0. Here, the theory corresponds
to a CFT with just a kinetic term, such that, in principle,
analytic solutions of the equations of motion can be found
(see, e.g., [21]). In particular, one can show that in each

FIG. 3. Single instanton (Q = 1) field configuration in the
critical point, µ = 

2 and B = 0. Here, the field configuration
for na is illustrated, that corresponds to the realization of the
one-dimensional spin chain.

topological sector of the theory the action is bounded
from below by
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where the right hand side is often identified as the Bo-
gomol’nyi–Prasad–Sommerfield (BPS) bound [23, 24]. If
the BPS bound is satisfied, the field configuration corre-
sponds to a BPS instanton solution, which we attempt
to find on the spin lattice.
However, when minimizing the loss function (7) on the

spin lattice, there are some subtleties that have to be
treated carefully. Most importantly, by construction we
are using a spin lattice of finite volume, thereby breaking
the scale invariance of the CFT in the critical point. At
the same time this means that the size of an instanton
obtains a physical meaning and we must ensure that it
can be suitably localized inside the finite volume. In par-
ticular, we want to enforce the instanton solution to be
a localized configuration in the centre of the spin lattice,
provided the latter is chosen large enough for the instan-
ton to be captured. For instance, this can be done by
imposing the following boundary conditions
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Essentially, this means that the field is required not to
source any dynamics at the boundaries of the spin lattice.
Therefore, the loss function to satisfy the BPS bound can
be written as

L = S+�Q (Q�Q0)
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An example is illustrated in Fig. 3.

IV. THE TWO-DIMENSIONAL SPIN FILM

Let us now turn to the two-dimensional case and con-
sider the magnetic spin texture of a thin surface. As
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a localized configuration in the centre of the spin lattice,
provided the latter is chosen large enough for the instan-
ton to be captured. For instance, this can be done by
imposing the following boundary conditions

@n̂a

@⌧

����
⌧=⌧±

= 0 ,
@n̂a

@⌧

����
x=x±

= 0 . (11)

Essentially, this means that the field is required not to
source any dynamics at the boundaries of the spin lattice.
Therefore, the loss function to satisfy the BPS bound can
be written as

L = S+�Q (Q�Q0)
2+�BC

 Z

@M
d⌧dx

1

2

✓
@n̂a

@⌧

◆2
!2

.

(12)
An example is illustrated in Fig. 3.

IV. THE TWO-DIMENSIONAL SPIN FILM

Let us now turn to the two-dimensional case and con-
sider the magnetic spin texture of a thin surface. As

4

FIG. 2. Meron field configuration with fractional charge Q =
1/2 at µ� 

2 = �1 and B = 1/2. Here, the field n
a (instead

of n̂a) is shown.

instanton) and is, to some extent, analogous to the typi-
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In the regime where µ < 2, the global vacuum of the
theory is given by helical states, i.e. the vacuum man-
ifold topology is equivalent to a circle. The latitude
of this circle on the target space of the fields in turn
depends on the value of the magnetic field and reads
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It was shown in [12] that in this regime, topologi-
cally non-trivial vacua are populated by instanton so-
lutions with fractional charges, so called merons (see,
e.g., [21, 22]). These can be interpreted as the con-
stituents of instantons, i.e. a single instanton is thought
to be composed of two merons. In this sense, merons
carry half-fractional charges, Q = ±1/2.

In practice, this means that our loss function takes the
form
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In addition, we impose the boundary condition condition
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vacuum is taken into account at the boundaries.
An example of such meron configuration found by our

MC approach is illustrated in Fig. 2. In particular, in
this example, we choose µ� = � 1 and B = 1/2.

3. Instantons in the critical point

We expect the richest topological structures to arise
in the critical point of the O(3) non-linear sigma model,
where µ = 2 and B = 0. Here, the theory corresponds
to a CFT with just a kinetic term, such that, in principle,
analytic solutions of the equations of motion can be found
(see, e.g., [21]). In particular, one can show that in each
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Figure 1: The thick-wall potential left (with ✏ = 0.3, and
true and false minima at �� = �1.12542 and �+ = 0.786483
respectively), and thin-wall potential right (with ✏ = 0.01).

Figure 2: Solutions for the thick- and thin-wall potentials.
The thin-wall solution computed using the hybrid quantum-
classical techniques as discussed later is overlaid on the right
panel.

II. SET-UP OF A SIMPLE PROBLEM

A useful potential to focus on is the following quartic
one:
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The potential is shown in Fig.1. On the left we show the
“thick-wall” regime where ✏ is large. This limit is when
the barrier is close to disappearing (or has disappeared
altogether) and the walls become comparable in size to
the bubble itself. For numerics we choose a = � = 1 and
✏ = 0.3. The opposite “thin-wall” regime (for which we
choose ✏ = 0.01) is the limit in which ✏ is small and is
approximately the difference in vacuum energy density
between the false and true minima.

We are interested in the situation where the system
starts in the false vacuum, and our objective is to study
the rate per unit volume of tunnelling out of it. The
analytic calculation of this rate is a classic problem, but
it is worth briefly recapping it in order to recast the result
in a form that can easily be compared with the results
from a quantum simulation. It proceeds as follows.

First let us remove the extraneous constant term
by working with U(�) = V (�) � V (�+), which has
U(�+) = 0. Using the well-known technique of [42–45],
the bubble profile is given by finding a “bounce solution”
to the following differential equation:
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where in four dimensions, c takes the value 2 or 3 for a
finite temperature O(3) symmetric bubble, or a purely

quantum tunnelling O(4) symmetric instanton, respec-
tively. The required “bounce” is subject to the boundary
condition that d�/d⇢ = 0 as ⇢ ! 0,1, which deter-
mines the starting value �(0), which is the field-value at
the centre of the radially symmetric bubble or instanton
(also called the escape-point). The resulting �(⇢) profile
for our particular choice of parameters is shown in Fig. 2.

Once such a solution is determined, the tunnelling rate
per unit volume can be estimated from its classical ac-
tion:

�4 = A4 e
�S4[�] ,

�3 = A3 Te
�S3[�]/T , (3)

respectively. The quantum determinant prefactors
A4, A3 are notoriously difficult to calculate, but for our
purposes it will be sufficient to focus on the influence of
the classical action.

The expressions for the action can be expressed in sim-
ple analytic terms in the two limits. In the thick wall
limit the bounce action can be accurately approximated
by expanding around the value ✏ = ✏0, above which the
barrier disappears (i.e. when the discriminant vanishes),
which gives a cubic potential about the false vacuum.
This critical value corresponds to ✏0 = 2�a4/3

p
3. Defin-
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Then following the rescaling procedure of [45], the tun-
nelling actions for the O(4) and O(3) symmetric solutions
can be written in terms of standard actions:

S4 =
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The thin-wall regime is somewhat easier to study numer-
ically, and semi-analytically the actions can be expressed
in terms of the action S1 for the one-dimensional c = 0
problem 1:

S4 =
27⇡2

S
4
1

2✏3
; S3 =

16⇡3
S
3
1

3✏2
. (6)

These limiting regimes give simple power-law be-
haviour for the tunnelling actions, against which the scal-
ing of the (logarithm of) tunnelling rates could be tested,
providing a useful laboratory for directly studying quan-
tum annealing results.

1 This is also the energy of the physical “domain wall” solution,
but for reasons that will become apparent it would be confusing
to use this terminology.

2

Figure 1: The thick-wall potential left (with ✏ = 0.3, and
true and false minima at �� = �1.12542 and �+ = 0.786483
respectively), and thin-wall potential right (with ✏ = 0.01).

Figure 2: Solutions for the thick- and thin-wall potentials.
The thin-wall solution computed using the hybrid quantum-
classical techniques as discussed later is overlaid on the right
panel.

II. SET-UP OF A SIMPLE PROBLEM

A useful potential to focus on is the following quartic
one:

V (�) =
�

8
(�2 � a

2)2 +
✏

2a
(�� a) . (1)

The potential is shown in Fig.1. On the left we show the
“thick-wall” regime where ✏ is large. This limit is when
the barrier is close to disappearing (or has disappeared
altogether) and the walls become comparable in size to
the bubble itself. For numerics we choose a = � = 1 and
✏ = 0.3. The opposite “thin-wall” regime (for which we
choose ✏ = 0.01) is the limit in which ✏ is small and is
approximately the difference in vacuum energy density
between the false and true minima.

We are interested in the situation where the system
starts in the false vacuum, and our objective is to study
the rate per unit volume of tunnelling out of it. The
analytic calculation of this rate is a classic problem, but
it is worth briefly recapping it in order to recast the result
in a form that can easily be compared with the results
from a quantum simulation. It proceeds as follows.

First let us remove the extraneous constant term
by working with U(�) = V (�) � V (�+), which has
U(�+) = 0. Using the well-known technique of [42–45],
the bubble profile is given by finding a “bounce solution”
to the following differential equation:

d
2
�

d⇢2
+

c

⇢

d�

d⇢
= U

0
, (2)

where in four dimensions, c takes the value 2 or 3 for a
finite temperature O(3) symmetric bubble, or a purely

quantum tunnelling O(4) symmetric instanton, respec-
tively. The required “bounce” is subject to the boundary
condition that d�/d⇢ = 0 as ⇢ ! 0,1, which deter-
mines the starting value �(0), which is the field-value at
the centre of the radially symmetric bubble or instanton
(also called the escape-point). The resulting �(⇢) profile
for our particular choice of parameters is shown in Fig. 2.

Once such a solution is determined, the tunnelling rate
per unit volume can be estimated from its classical ac-
tion:

�4 = A4 e
�S4[�] ,

�3 = A3 Te
�S3[�]/T , (3)

respectively. The quantum determinant prefactors
A4, A3 are notoriously difficult to calculate, but for our
purposes it will be sufficient to focus on the influence of
the classical action.

The expressions for the action can be expressed in sim-
ple analytic terms in the two limits. In the thick wall
limit the bounce action can be accurately approximated
by expanding around the value ✏ = ✏0, above which the
barrier disappears (i.e. when the discriminant vanishes),
which gives a cubic potential about the false vacuum.
This critical value corresponds to ✏0 = 2�a4/3

p
3. Defin-

ing ⇢ =
p

2/3(1� ✏/✏0), the location of the minima is

�+

a
=

1 + ⇢p
3

+O(⇢2) ,

��
a

= � 2p
3
+O(⇢2) . (4)

Then following the rescaling procedure of [45], the tun-
nelling actions for the O(4) and O(3) symmetric solutions
can be written in terms of standard actions:

S4 =
3⇢

�
S
0
4 ; S

0
4 = 91

S3 =
3a⇢3/2

�1/2
S
0
3 ; S

0
3 = 19.4 (5)

The thin-wall regime is somewhat easier to study numer-
ically, and semi-analytically the actions can be expressed
in terms of the action S1 for the one-dimensional c = 0
problem 1:

S4 =
27⇡2

S
4
1

2✏3
; S3 =

16⇡3
S
3
1

3✏2
. (6)

These limiting regimes give simple power-law be-
haviour for the tunnelling actions, against which the scal-
ing of the (logarithm of) tunnelling rates could be tested,
providing a useful laboratory for directly studying quan-
tum annealing results.

1 This is also the energy of the physical “domain wall” solution,
but for reasons that will become apparent it would be confusing
to use this terminology.

2

Figure 1: The thick-wall potential left (with ✏ = 0.3, and
true and false minima at �� = �1.12542 and �+ = 0.786483
respectively), and thin-wall potential right (with ✏ = 0.01).

Figure 2: Solutions for the thick- and thin-wall potentials.
The thin-wall solution computed using the hybrid quantum-
classical techniques as discussed later is overlaid on the right
panel.

II. SET-UP OF A SIMPLE PROBLEM

A useful potential to focus on is the following quartic
one:

V (�) =
�

8
(�2 � a

2)2 +
✏

2a
(�� a) . (1)

The potential is shown in Fig.1. On the left we show the
“thick-wall” regime where ✏ is large. This limit is when
the barrier is close to disappearing (or has disappeared
altogether) and the walls become comparable in size to
the bubble itself. For numerics we choose a = � = 1 and
✏ = 0.3. The opposite “thin-wall” regime (for which we
choose ✏ = 0.01) is the limit in which ✏ is small and is
approximately the difference in vacuum energy density
between the false and true minima.

We are interested in the situation where the system
starts in the false vacuum, and our objective is to study
the rate per unit volume of tunnelling out of it. The
analytic calculation of this rate is a classic problem, but
it is worth briefly recapping it in order to recast the result
in a form that can easily be compared with the results
from a quantum simulation. It proceeds as follows.

First let us remove the extraneous constant term
by working with U(�) = V (�) � V (�+), which has
U(�+) = 0. Using the well-known technique of [42–45],
the bubble profile is given by finding a “bounce solution”
to the following differential equation:

d
2
�

d⇢2
+

c

⇢

d�

d⇢
= U

0
, (2)

where in four dimensions, c takes the value 2 or 3 for a
finite temperature O(3) symmetric bubble, or a purely

quantum tunnelling O(4) symmetric instanton, respec-
tively. The required “bounce” is subject to the boundary
condition that d�/d⇢ = 0 as ⇢ ! 0,1, which deter-
mines the starting value �(0), which is the field-value at
the centre of the radially symmetric bubble or instanton
(also called the escape-point). The resulting �(⇢) profile
for our particular choice of parameters is shown in Fig. 2.

Once such a solution is determined, the tunnelling rate
per unit volume can be estimated from its classical ac-
tion:

�4 = A4 e
�S4[�] ,

�3 = A3 Te
�S3[�]/T , (3)

respectively. The quantum determinant prefactors
A4, A3 are notoriously difficult to calculate, but for our
purposes it will be sufficient to focus on the influence of
the classical action.

The expressions for the action can be expressed in sim-
ple analytic terms in the two limits. In the thick wall
limit the bounce action can be accurately approximated
by expanding around the value ✏ = ✏0, above which the
barrier disappears (i.e. when the discriminant vanishes),
which gives a cubic potential about the false vacuum.
This critical value corresponds to ✏0 = 2�a4/3

p
3. Defin-

ing ⇢ =
p

2/3(1� ✏/✏0), the location of the minima is

�+

a
=

1 + ⇢p
3

+O(⇢2) ,

��
a

= � 2p
3
+O(⇢2) . (4)

Then following the rescaling procedure of [45], the tun-
nelling actions for the O(4) and O(3) symmetric solutions
can be written in terms of standard actions:

S4 =
3⇢

�
S
0
4 ; S

0
4 = 91

S3 =
3a⇢3/2

�1/2
S
0
3 ; S

0
3 = 19.4 (5)

The thin-wall regime is somewhat easier to study numer-
ically, and semi-analytically the actions can be expressed
in terms of the action S1 for the one-dimensional c = 0
problem 1:

S4 =
27⇡2

S
4
1

2✏3
; S3 =

16⇡3
S
3
1

3✏2
. (6)

These limiting regimes give simple power-law be-
haviour for the tunnelling actions, against which the scal-
ing of the (logarithm of) tunnelling rates could be tested,
providing a useful laboratory for directly studying quan-
tum annealing results.

1 This is also the energy of the physical “domain wall” solution,
but for reasons that will become apparent it would be confusing
to use this terminology.

2

Figure 1: The thick-wall potential left (with ✏ = 0.3, and
true and false minima at �� = �1.12542 and �+ = 0.786483
respectively), and thin-wall potential right (with ✏ = 0.01).

Figure 2: Solutions for the thick- and thin-wall potentials.
The thin-wall solution computed using the hybrid quantum-
classical techniques as discussed later is overlaid on the right
panel.

II. SET-UP OF A SIMPLE PROBLEM

A useful potential to focus on is the following quartic
one:

V (�) =
�

8
(�2 � a

2)2 +
✏

2a
(�� a) . (1)

The potential is shown in Fig.1. On the left we show the
“thick-wall” regime where ✏ is large. This limit is when
the barrier is close to disappearing (or has disappeared
altogether) and the walls become comparable in size to
the bubble itself. For numerics we choose a = � = 1 and
✏ = 0.3. The opposite “thin-wall” regime (for which we
choose ✏ = 0.01) is the limit in which ✏ is small and is
approximately the difference in vacuum energy density
between the false and true minima.

We are interested in the situation where the system
starts in the false vacuum, and our objective is to study
the rate per unit volume of tunnelling out of it. The
analytic calculation of this rate is a classic problem, but
it is worth briefly recapping it in order to recast the result
in a form that can easily be compared with the results
from a quantum simulation. It proceeds as follows.

First let us remove the extraneous constant term
by working with U(�) = V (�) � V (�+), which has
U(�+) = 0. Using the well-known technique of [42–45],
the bubble profile is given by finding a “bounce solution”
to the following differential equation:

d
2
�

d⇢2
+

c

⇢

d�

d⇢
= U

0
, (2)

where in four dimensions, c takes the value 2 or 3 for a
finite temperature O(3) symmetric bubble, or a purely

quantum tunnelling O(4) symmetric instanton, respec-
tively. The required “bounce” is subject to the boundary
condition that d�/d⇢ = 0 as ⇢ ! 0,1, which deter-
mines the starting value �(0), which is the field-value at
the centre of the radially symmetric bubble or instanton
(also called the escape-point). The resulting �(⇢) profile
for our particular choice of parameters is shown in Fig. 2.

Once such a solution is determined, the tunnelling rate
per unit volume can be estimated from its classical ac-
tion:

�4 = A4 e
�S4[�] ,

�3 = A3 Te
�S3[�]/T , (3)

respectively. The quantum determinant prefactors
A4, A3 are notoriously difficult to calculate, but for our
purposes it will be sufficient to focus on the influence of
the classical action.

The expressions for the action can be expressed in sim-
ple analytic terms in the two limits. In the thick wall
limit the bounce action can be accurately approximated
by expanding around the value ✏ = ✏0, above which the
barrier disappears (i.e. when the discriminant vanishes),
which gives a cubic potential about the false vacuum.
This critical value corresponds to ✏0 = 2�a4/3

p
3. Defin-

ing ⇢ =
p

2/3(1� ✏/✏0), the location of the minima is

�+

a
=

1 + ⇢p
3

+O(⇢2) ,

��
a

= � 2p
3
+O(⇢2) . (4)

Then following the rescaling procedure of [45], the tun-
nelling actions for the O(4) and O(3) symmetric solutions
can be written in terms of standard actions:

S4 =
3⇢

�
S
0
4 ; S

0
4 = 91

S3 =
3a⇢3/2

�1/2
S
0
3 ; S

0
3 = 19.4 (5)

The thin-wall regime is somewhat easier to study numer-
ically, and semi-analytically the actions can be expressed
in terms of the action S1 for the one-dimensional c = 0
problem 1:

S4 =
27⇡2

S
4
1

2✏3
; S3 =

16⇡3
S
3
1

3✏2
. (6)

These limiting regimes give simple power-law be-
haviour for the tunnelling actions, against which the scal-
ing of the (logarithm of) tunnelling rates could be tested,
providing a useful laboratory for directly studying quan-
tum annealing results.

1 This is also the energy of the physical “domain wall” solution,
but for reasons that will become apparent it would be confusing
to use this terminology.

2

A field theory problem: Tunnelling in QFT

thick wall

thin wall

•  think of Ising model as a “universal QFT computer”

• Simple problem to demonstrate encoding QFT - quantum tunnelling in a scalar theory.

• Advantage 1: easy to prepare initial state (this non-pert. process easier to 
prepare than scattering states)

• Advantage 2: on a quantum annealer we could observe genuine tunnelling, rather 
than just simulate it
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The thin-wall solution computed using the hybrid quantum-
classical techniques as discussed later is overlaid on the right
panel.

II. SET-UP OF A SIMPLE PROBLEM

A useful potential to focus on is the following quartic
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The potential is shown in Fig.1. On the left we show the
“thick-wall” regime where ✏ is large. This limit is when
the barrier is close to disappearing (or has disappeared
altogether) and the walls become comparable in size to
the bubble itself. For numerics we choose a = � = 1 and
✏ = 0.3. The opposite “thin-wall” regime (for which we
choose ✏ = 0.01) is the limit in which ✏ is small and is
approximately the difference in vacuum energy density
between the false and true minima.

We are interested in the situation where the system
starts in the false vacuum, and our objective is to study
the rate per unit volume of tunnelling out of it. The
analytic calculation of this rate is a classic problem, but
it is worth briefly recapping it in order to recast the result
in a form that can easily be compared with the results
from a quantum simulation. It proceeds as follows.

First let us remove the extraneous constant term
by working with U(�) = V (�) � V (�+), which has
U(�+) = 0. Using the well-known technique of [42–45],
the bubble profile is given by finding a “bounce solution”
to the following differential equation:
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where in four dimensions, c takes the value 2 or 3 for a
finite temperature O(3) symmetric bubble, or a purely

quantum tunnelling O(4) symmetric instanton, respec-
tively. The required “bounce” is subject to the boundary
condition that d�/d⇢ = 0 as ⇢ ! 0,1, which deter-
mines the starting value �(0), which is the field-value at
the centre of the radially symmetric bubble or instanton
(also called the escape-point). The resulting �(⇢) profile
for our particular choice of parameters is shown in Fig. 2.

Once such a solution is determined, the tunnelling rate
per unit volume can be estimated from its classical ac-
tion:

�4 = A4 e
�S4[�] ,

�3 = A3 Te
�S3[�]/T , (3)

respectively. The quantum determinant prefactors
A4, A3 are notoriously difficult to calculate, but for our
purposes it will be sufficient to focus on the influence of
the classical action.

The expressions for the action can be expressed in sim-
ple analytic terms in the two limits. In the thick wall
limit the bounce action can be accurately approximated
by expanding around the value ✏ = ✏0, above which the
barrier disappears (i.e. when the discriminant vanishes),
which gives a cubic potential about the false vacuum.
This critical value corresponds to ✏0 = 2�a4/3
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Then following the rescaling procedure of [45], the tun-
nelling actions for the O(4) and O(3) symmetric solutions
can be written in terms of standard actions:
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The thin-wall regime is somewhat easier to study numer-
ically, and semi-analytically the actions can be expressed
in terms of the action S1 for the one-dimensional c = 0
problem 1:
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These limiting regimes give simple power-law be-
haviour for the tunnelling actions, against which the scal-
ing of the (logarithm of) tunnelling rates could be tested,
providing a useful laboratory for directly studying quan-
tum annealing results.

1 This is also the energy of the physical “domain wall” solution,
but for reasons that will become apparent it would be confusing
to use this terminology.
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• Solution for thin-wall approximation: action written in terms of c=0 action 

As we stated in the introduction, the purpose if this
study is not to recover these classical instanton solutions
for the tunnelling per se, as they are well-known, but
rather to demonstrate that the corresponding field-theory
configuration can be suitably encoded into a quantum
annealer. Once we have established this as a working
principle, one could even envisage testing for the above
behaviour directly. Therefore we will in what follows fo-
cus on using a quantum annealer to recover the simple
c = 0 solution required for the thin-wall regime, as a
proof of principle. We will therefore set ourselves the
task of minimising the corresponding action integral,

S1 =

Z 1

0
d⇢

1

2
�̇
2 + U(�) , (7)

which should yield a solution of the form shown in Fig.2b.

III. ENCODING THE FIELD THEORY

Let us start with the central problem, which is how
to formulate a continuous scalar field theory on quantum
annealers. A quantum annealer is based on the adia-
batic theorem of quantum mechanics, which implies that
a physical system will remain in the ground state if a
given perturbation acts slowly enough, and if there is a
gap between the ground state and the rest of the system’s
energy spectrum [24]. For the annealer to provide a so-
lution to a mathematical problem, e.g. the calculation
of �(⇢) for Eq. 7, we have to find a mapping such that
the expectation value of its Hamiltonian can be identi-
fied with its solution, i.e. that it allows in this example
to identify

�(⇢) () lim
t!0

hHQA(t)i . (8)

The form of the Hamiltonian available to a quantum
annealer is that of a general Ising model, in addition to
a time-dependent transverse field:

HQA(t) =
X

i

X

j

Jij�
Z
i �

Z
j +

X

i

hi�
Z
i +�(t)

X

i

�
X
i ,

(9)

where �
Z
i =

✓
1 0
0 �1

◆
(�Z |0i = |0i, �Z |1i = �|1i) is

the Pauli Z operator, with the subscript indicating which
spin it acts upon, and �

X is its friend pointing in the X-
direction. The gradual decrease of �(t) ! 0 from a large
value should drive the system into the ground state of
the time-independent part of the Hamiltonian, and this
is where we will put the field theory:

H =
X

i

X

j

Jij�
Z
i �

Z
j +

X

i

hi�
Z
i . (10)

It is worth noting that the couplings Jij and hi could
also be adiabatically adjusted in the annealing process,
and this could ultimately be used to adjust the potential

U(�) of a system in the quantum annealer so as to observe
tunnelling, assuming it can be encoded. We will further
split the Hamiltonian into three generic pieces, as

H = H(chain) +H(QFT) +H(BC)
. (11)

Here, H(QFT) is the Hamiltonian corresponding to the
minimisation of the action in Eq. 7 and H(BC) is a Hamil-
tonian that we add to enforce the boundary conditions2.

However our first task is to encode continuous field
values over a continuous domain, with only the discrete
Ising model to hand: this is what H(chain) is for. We begin
by splitting the radius variable ⇢ into M � 1 discrete
values and the field value at the `’th position into N � 1
discrete values:

⇢` = `⌫ = ⌫ . . .M⌫

�(⇢l) = �0 + ↵l⇠ = �0 + ⇠ . . . �0 +N⇠ ,

where in the present context one might for example take
a fiducial value �0 ⇡ �a and ⇠ = 2a/N , with M⌫ =
�⇢. Thus our Ising interaction Jij is an (MN)⇥ (MN)
matrix, while hi is an (NM)-vector.

We must now separate those spins in the annealer that
correspond to fields at different values of `, effectively
splitting Jij and hi into N ⇥ N sub-blocks. To do this
we will utilise the Ising-chain domain wall representation
introduced in [47]. That is for every position ` we add to
the Hamiltonian

H(chain)
` = �⇤

0

@
N�1X

j=1

�
Z
`N+j�

Z
`N+j+1 � �

Z
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Z
`N+N

1

A .

(12)
As shown in [47], taking ⇤ to be much larger than ev-
ery other energy scale in the overall Hamiltonian, these
terms will constrain the system to remain in the ground
subspace of the Hamiltonian, where exactly one spin po-
sition, ↵` say, is frustrated for each `. These states are
of the form

|11...100...0i` =) �(⇢`) = �0 + ↵`⇠ , (13)

where in the above the discretised field value is repre-
sented by the position ↵` of the frustrated domain wall.
Conversely the field value at the `’th position can be
found by making the measurement

�(⇢`) =
1

2

N�1X

j=1

(�0 + j⇠) h�Z
`N+j+1 � �

Z
`N+ji , (14)

which only receives a contribution from frustrated spin
position with j = ↵`. For later, it is useful to note that
this is equivalent to

�(⇢`) = �0 +
N⇠

2
� ⇠

2

NX

j=1

h�Z
`N+ji . (15)

2 For a classical neural network-based approach to solving Eq. 2
by treating it as an optimisation problem see [46].
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the Hamiltonian

H(chain)
` = �⇤
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As shown in [47], taking ⇤ to be much larger than ev-
ery other energy scale in the overall Hamiltonian, these
terms will constrain the system to remain in the ground
subspace of the Hamiltonian, where exactly one spin po-
sition, ↵` say, is frustrated for each `. These states are
of the form

|11...100...0i` =) �(⇢`) = �0 + ↵`⇠ , (13)

where in the above the discretised field value is repre-
sented by the position ↵` of the frustrated domain wall.
Conversely the field value at the `’th position can be
found by making the measurement

�(⇢`) =
1

2

N�1X

j=1

(�0 + j⇠) h�Z
`N+j+1 � �

Z
`N+ji , (14)

which only receives a contribution from frustrated spin
position with j = ↵`. For later, it is useful to note that
this is equivalent to

�(⇢`) = �0 +
N⇠

2
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2
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j=1

h�Z
`N+ji . (15)

2 For a classical neural network-based approach to solving Eq. 2
by treating it as an optimisation problem see [46].
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As we stated in the introduction, the purpose if this
study is not to recover these classical instanton solutions
for the tunnelling per se, as they are well-known, but
rather to demonstrate that the corresponding field-theory
configuration can be suitably encoded into a quantum
annealer. Once we have established this as a working
principle, one could even envisage testing for the above
behaviour directly. Therefore we will in what follows fo-
cus on using a quantum annealer to recover the simple
c = 0 solution required for the thin-wall regime, as a
proof of principle. We will therefore set ourselves the
task of minimising the corresponding action integral,

S1 =

Z 1

0
d⇢

1

2
�̇
2 + U(�) , (7)

which should yield a solution of the form shown in Fig.2b.

III. ENCODING THE FIELD THEORY

Let us start with the central problem, which is how
to formulate a continuous scalar field theory on quantum
annealers. A quantum annealer is based on the adia-
batic theorem of quantum mechanics, which implies that
a physical system will remain in the ground state if a
given perturbation acts slowly enough, and if there is a
gap between the ground state and the rest of the system’s
energy spectrum [24]. For the annealer to provide a so-
lution to a mathematical problem, e.g. the calculation
of �(⇢) for Eq. 7, we have to find a mapping such that
the expectation value of its Hamiltonian can be identi-
fied with its solution, i.e. that it allows in this example
to identify

�(⇢) () lim
t!0

hHQA(t)i . (8)

The form of the Hamiltonian available to a quantum
annealer is that of a general Ising model, in addition to
a time-dependent transverse field:

HQA(t) =
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where �
Z
i =

✓
1 0
0 �1

◆
(�Z |0i = |0i, �Z |1i = �|1i) is

the Pauli Z operator, with the subscript indicating which
spin it acts upon, and �

X is its friend pointing in the X-
direction. The gradual decrease of �(t) ! 0 from a large
value should drive the system into the ground state of
the time-independent part of the Hamiltonian, and this
is where we will put the field theory:

H =
X
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Z
i �

Z
j +

X

i

hi�
Z
i . (10)

It is worth noting that the couplings Jij and hi could
also be adiabatically adjusted in the annealing process,
and this could ultimately be used to adjust the potential

U(�) of a system in the quantum annealer so as to observe
tunnelling, assuming it can be encoded. We will further
split the Hamiltonian into three generic pieces, as

H = H(chain) +H(QFT) +H(BC)
. (11)

Here, H(QFT) is the Hamiltonian corresponding to the
minimisation of the action in Eq. 7 and H(BC) is a Hamil-
tonian that we add to enforce the boundary conditions2.

However our first task is to encode continuous field
values over a continuous domain, with only the discrete
Ising model to hand: this is what H(chain) is for. We begin
by splitting the radius variable ⇢ into M � 1 discrete
values and the field value at the `’th position into N � 1
discrete values:

⇢` = `⌫ = ⌫ . . .M⌫

�(⇢l) = �0 + ↵l⇠ = �0 + ⇠ . . . �0 +N⇠ ,

where in the present context one might for example take
a fiducial value �0 ⇡ �a and ⇠ = 2a/N , with M⌫ =
�⇢. Thus our Ising interaction Jij is an (MN)⇥ (MN)
matrix, while hi is an (NM)-vector.

We must now separate those spins in the annealer that
correspond to fields at different values of `, effectively
splitting Jij and hi into N ⇥ N sub-blocks. To do this
we will utilise the Ising-chain domain wall representation
introduced in [47]. That is for every position ` we add to
the Hamiltonian

H(chain)
` = �⇤

0
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As shown in [47], taking ⇤ to be much larger than ev-
ery other energy scale in the overall Hamiltonian, these
terms will constrain the system to remain in the ground
subspace of the Hamiltonian, where exactly one spin po-
sition, ↵` say, is frustrated for each `. These states are
of the form

|11...100...0i` =) �(⇢`) = �0 + ↵`⇠ , (13)

where in the above the discretised field value is repre-
sented by the position ↵` of the frustrated domain wall.
Conversely the field value at the `’th position can be
found by making the measurement

�(⇢`) =
1

2

N�1X

j=1

(�0 + j⇠) h�Z
`N+j+1 � �

Z
`N+ji , (14)

which only receives a contribution from frustrated spin
position with j = ↵`. For later, it is useful to note that
this is equivalent to

�(⇢`) = �0 +
N⇠
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2 For a classical neural network-based approach to solving Eq. 2
by treating it as an optimisation problem see [46].
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As we stated in the introduction, the purpose if this
study is not to recover these classical instanton solutions
for the tunnelling per se, as they are well-known, but
rather to demonstrate that the corresponding field-theory
configuration can be suitably encoded into a quantum
annealer. Once we have established this as a working
principle, one could even envisage testing for the above
behaviour directly. Therefore we will in what follows fo-
cus on using a quantum annealer to recover the simple
c = 0 solution required for the thin-wall regime, as a
proof of principle. We will therefore set ourselves the
task of minimising the corresponding action integral,

S1 =

Z 1

0
d⇢

1

2
�̇
2 + U(�) , (7)

which should yield a solution of the form shown in Fig.2b.

III. ENCODING THE FIELD THEORY

Let us start with the central problem, which is how
to formulate a continuous scalar field theory on quantum
annealers. A quantum annealer is based on the adia-
batic theorem of quantum mechanics, which implies that
a physical system will remain in the ground state if a
given perturbation acts slowly enough, and if there is a
gap between the ground state and the rest of the system’s
energy spectrum [24]. For the annealer to provide a so-
lution to a mathematical problem, e.g. the calculation
of �(⇢) for Eq. 7, we have to find a mapping such that
the expectation value of its Hamiltonian can be identi-
fied with its solution, i.e. that it allows in this example
to identify

�(⇢) () lim
t!0

hHQA(t)i . (8)

The form of the Hamiltonian available to a quantum
annealer is that of a general Ising model, in addition to
a time-dependent transverse field:

HQA(t) =
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where �
Z
i =
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1 0
0 �1

◆
(�Z |0i = |0i, �Z |1i = �|1i) is

the Pauli Z operator, with the subscript indicating which
spin it acts upon, and �

X is its friend pointing in the X-
direction. The gradual decrease of �(t) ! 0 from a large
value should drive the system into the ground state of
the time-independent part of the Hamiltonian, and this
is where we will put the field theory:

H =
X

i
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j

Jij�
Z
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Z
j +
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i
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Z
i . (10)

It is worth noting that the couplings Jij and hi could
also be adiabatically adjusted in the annealing process,
and this could ultimately be used to adjust the potential

U(�) of a system in the quantum annealer so as to observe
tunnelling, assuming it can be encoded. We will further
split the Hamiltonian into three generic pieces, as

H = H(chain) +H(QFT) +H(BC)
. (11)

Here, H(QFT) is the Hamiltonian corresponding to the
minimisation of the action in Eq. 7 and H(BC) is a Hamil-
tonian that we add to enforce the boundary conditions2.

However our first task is to encode continuous field
values over a continuous domain, with only the discrete
Ising model to hand: this is what H(chain) is for. We begin
by splitting the radius variable ⇢ into M � 1 discrete
values and the field value at the `’th position into N � 1
discrete values:

⇢` = `⌫ = ⌫ . . .M⌫

�(⇢l) = �0 + ↵l⇠ = �0 + ⇠ . . . �0 +N⇠ ,

where in the present context one might for example take
a fiducial value �0 ⇡ �a and ⇠ = 2a/N , with M⌫ =
�⇢. Thus our Ising interaction Jij is an (MN)⇥ (MN)
matrix, while hi is an (NM)-vector.

We must now separate those spins in the annealer that
correspond to fields at different values of `, effectively
splitting Jij and hi into N ⇥ N sub-blocks. To do this
we will utilise the Ising-chain domain wall representation
introduced in [47]. That is for every position ` we add to
the Hamiltonian

H(chain)
` = �⇤

0
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As shown in [47], taking ⇤ to be much larger than ev-
ery other energy scale in the overall Hamiltonian, these
terms will constrain the system to remain in the ground
subspace of the Hamiltonian, where exactly one spin po-
sition, ↵` say, is frustrated for each `. These states are
of the form

|11...100...0i` =) �(⇢`) = �0 + ↵`⇠ , (13)

where in the above the discretised field value is repre-
sented by the position ↵` of the frustrated domain wall.
Conversely the field value at the `’th position can be
found by making the measurement

�(⇢`) =
1

2

N�1X

j=1

(�0 + j⇠) h�Z
`N+j+1 � �

Z
`N+ji , (14)

which only receives a contribution from frustrated spin
position with j = ↵`. For later, it is useful to note that
this is equivalent to

�(⇢`) = �0 +
N⇠

2
� ⇠

2

NX

j=1

h�Z
`N+ji . (15)

2 For a classical neural network-based approach to solving Eq. 2
by treating it as an optimisation problem see [46].
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As we stated in the introduction, the purpose if this
study is not to recover these classical instanton solutions
for the tunnelling per se, as they are well-known, but
rather to demonstrate that the corresponding field-theory
configuration can be suitably encoded into a quantum
annealer. Once we have established this as a working
principle, one could even envisage testing for the above
behaviour directly. Therefore we will in what follows fo-
cus on using a quantum annealer to recover the simple
c = 0 solution required for the thin-wall regime, as a
proof of principle. We will therefore set ourselves the
task of minimising the corresponding action integral,

S1 =

Z 1

0
d⇢

1

2
�̇
2 + U(�) , (7)

which should yield a solution of the form shown in Fig.2b.

III. ENCODING THE FIELD THEORY

Let us start with the central problem, which is how
to formulate a continuous scalar field theory on quantum
annealers. A quantum annealer is based on the adia-
batic theorem of quantum mechanics, which implies that
a physical system will remain in the ground state if a
given perturbation acts slowly enough, and if there is a
gap between the ground state and the rest of the system’s
energy spectrum [24]. For the annealer to provide a so-
lution to a mathematical problem, e.g. the calculation
of �(⇢) for Eq. 7, we have to find a mapping such that
the expectation value of its Hamiltonian can be identi-
fied with its solution, i.e. that it allows in this example
to identify

�(⇢) () lim
t!0

hHQA(t)i . (8)

The form of the Hamiltonian available to a quantum
annealer is that of a general Ising model, in addition to
a time-dependent transverse field:

HQA(t) =
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i
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Z
i �

Z
j +

X

i

hi�
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i +�(t)
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i ,

(9)

where �
Z
i =

✓
1 0
0 �1

◆
(�Z |0i = |0i, �Z |1i = �|1i) is

the Pauli Z operator, with the subscript indicating which
spin it acts upon, and �

X is its friend pointing in the X-
direction. The gradual decrease of �(t) ! 0 from a large
value should drive the system into the ground state of
the time-independent part of the Hamiltonian, and this
is where we will put the field theory:

H =
X

i

X

j

Jij�
Z
i �

Z
j +

X

i

hi�
Z
i . (10)

It is worth noting that the couplings Jij and hi could
also be adiabatically adjusted in the annealing process,
and this could ultimately be used to adjust the potential

U(�) of a system in the quantum annealer so as to observe
tunnelling, assuming it can be encoded. We will further
split the Hamiltonian into three generic pieces, as

H = H(chain) +H(QFT) +H(BC)
. (11)

Here, H(QFT) is the Hamiltonian corresponding to the
minimisation of the action in Eq. 7 and H(BC) is a Hamil-
tonian that we add to enforce the boundary conditions2.

However our first task is to encode continuous field
values over a continuous domain, with only the discrete
Ising model to hand: this is what H(chain) is for. We begin
by splitting the radius variable ⇢ into M � 1 discrete
values and the field value at the `’th position into N � 1
discrete values:

⇢` = `⌫ = ⌫ . . .M⌫

�(⇢l) = �0 + ↵l⇠ = �0 + ⇠ . . . �0 +N⇠ ,

where in the present context one might for example take
a fiducial value �0 ⇡ �a and ⇠ = 2a/N , with M⌫ =
�⇢. Thus our Ising interaction Jij is an (MN)⇥ (MN)
matrix, while hi is an (NM)-vector.

We must now separate those spins in the annealer that
correspond to fields at different values of `, effectively
splitting Jij and hi into N ⇥ N sub-blocks. To do this
we will utilise the Ising-chain domain wall representation
introduced in [47]. That is for every position ` we add to
the Hamiltonian

H(chain)
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As shown in [47], taking ⇤ to be much larger than ev-
ery other energy scale in the overall Hamiltonian, these
terms will constrain the system to remain in the ground
subspace of the Hamiltonian, where exactly one spin po-
sition, ↵` say, is frustrated for each `. These states are
of the form

|11...100...0i` =) �(⇢`) = �0 + ↵`⇠ , (13)

where in the above the discretised field value is repre-
sented by the position ↵` of the frustrated domain wall.
Conversely the field value at the `’th position can be
found by making the measurement

�(⇢`) =
1

2

N�1X

j=1

(�0 + j⇠) h�Z
`N+j+1 � �

Z
`N+ji , (14)

which only receives a contribution from frustrated spin
position with j = ↵`. For later, it is useful to note that
this is equivalent to

�(⇢`) = �0 +
N⇠

2
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2

NX

j=1

h�Z
`N+ji . (15)

2 For a classical neural network-based approach to solving Eq. 2
by treating it as an optimisation problem see [46].
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As we stated in the introduction, the purpose if this
study is not to recover these classical instanton solutions
for the tunnelling per se, as they are well-known, but
rather to demonstrate that the corresponding field-theory
configuration can be suitably encoded into a quantum
annealer. Once we have established this as a working
principle, one could even envisage testing for the above
behaviour directly. Therefore we will in what follows fo-
cus on using a quantum annealer to recover the simple
c = 0 solution required for the thin-wall regime, as a
proof of principle. We will therefore set ourselves the
task of minimising the corresponding action integral,

S1 =

Z 1

0
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1

2
�̇
2 + U(�) , (7)

which should yield a solution of the form shown in Fig.2b.

III. ENCODING THE FIELD THEORY

Let us start with the central problem, which is how
to formulate a continuous scalar field theory on quantum
annealers. A quantum annealer is based on the adia-
batic theorem of quantum mechanics, which implies that
a physical system will remain in the ground state if a
given perturbation acts slowly enough, and if there is a
gap between the ground state and the rest of the system’s
energy spectrum [24]. For the annealer to provide a so-
lution to a mathematical problem, e.g. the calculation
of �(⇢) for Eq. 7, we have to find a mapping such that
the expectation value of its Hamiltonian can be identi-
fied with its solution, i.e. that it allows in this example
to identify

�(⇢) () lim
t!0

hHQA(t)i . (8)

The form of the Hamiltonian available to a quantum
annealer is that of a general Ising model, in addition to
a time-dependent transverse field:

HQA(t) =
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where �
Z
i =
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1 0
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◆
(�Z |0i = |0i, �Z |1i = �|1i) is

the Pauli Z operator, with the subscript indicating which
spin it acts upon, and �

X is its friend pointing in the X-
direction. The gradual decrease of �(t) ! 0 from a large
value should drive the system into the ground state of
the time-independent part of the Hamiltonian, and this
is where we will put the field theory:

H =
X
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It is worth noting that the couplings Jij and hi could
also be adiabatically adjusted in the annealing process,
and this could ultimately be used to adjust the potential

U(�) of a system in the quantum annealer so as to observe
tunnelling, assuming it can be encoded. We will further
split the Hamiltonian into three generic pieces, as

H = H(chain) +H(QFT) +H(BC)
. (11)

Here, H(QFT) is the Hamiltonian corresponding to the
minimisation of the action in Eq. 7 and H(BC) is a Hamil-
tonian that we add to enforce the boundary conditions2.

However our first task is to encode continuous field
values over a continuous domain, with only the discrete
Ising model to hand: this is what H(chain) is for. We begin
by splitting the radius variable ⇢ into M � 1 discrete
values and the field value at the `’th position into N � 1
discrete values:

⇢` = `⌫ = ⌫ . . .M⌫

�(⇢l) = �0 + ↵l⇠ = �0 + ⇠ . . . �0 +N⇠ ,

where in the present context one might for example take
a fiducial value �0 ⇡ �a and ⇠ = 2a/N , with M⌫ =
�⇢. Thus our Ising interaction Jij is an (MN)⇥ (MN)
matrix, while hi is an (NM)-vector.

We must now separate those spins in the annealer that
correspond to fields at different values of `, effectively
splitting Jij and hi into N ⇥ N sub-blocks. To do this
we will utilise the Ising-chain domain wall representation
introduced in [47]. That is for every position ` we add to
the Hamiltonian

H(chain)
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As shown in [47], taking ⇤ to be much larger than ev-
ery other energy scale in the overall Hamiltonian, these
terms will constrain the system to remain in the ground
subspace of the Hamiltonian, where exactly one spin po-
sition, ↵` say, is frustrated for each `. These states are
of the form

|11...100...0i` =) �(⇢`) = �0 + ↵`⇠ , (13)

where in the above the discretised field value is repre-
sented by the position ↵` of the frustrated domain wall.
Conversely the field value at the `’th position can be
found by making the measurement

�(⇢`) =
1

2

N�1X

j=1

(�0 + j⇠) h�Z
`N+j+1 � �

Z
`N+ji , (14)

which only receives a contribution from frustrated spin
position with j = ↵`. For later, it is useful to note that
this is equivalent to
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2 For a classical neural network-based approach to solving Eq. 2
by treating it as an optimisation problem see [46].
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As we stated in the introduction, the purpose if this
study is not to recover these classical instanton solutions
for the tunnelling per se, as they are well-known, but
rather to demonstrate that the corresponding field-theory
configuration can be suitably encoded into a quantum
annealer. Once we have established this as a working
principle, one could even envisage testing for the above
behaviour directly. Therefore we will in what follows fo-
cus on using a quantum annealer to recover the simple
c = 0 solution required for the thin-wall regime, as a
proof of principle. We will therefore set ourselves the
task of minimising the corresponding action integral,

S1 =

Z 1

0
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2
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2 + U(�) , (7)

which should yield a solution of the form shown in Fig.2b.

III. ENCODING THE FIELD THEORY

Let us start with the central problem, which is how
to formulate a continuous scalar field theory on quantum
annealers. A quantum annealer is based on the adia-
batic theorem of quantum mechanics, which implies that
a physical system will remain in the ground state if a
given perturbation acts slowly enough, and if there is a
gap between the ground state and the rest of the system’s
energy spectrum [24]. For the annealer to provide a so-
lution to a mathematical problem, e.g. the calculation
of �(⇢) for Eq. 7, we have to find a mapping such that
the expectation value of its Hamiltonian can be identi-
fied with its solution, i.e. that it allows in this example
to identify

�(⇢) () lim
t!0

hHQA(t)i . (8)

The form of the Hamiltonian available to a quantum
annealer is that of a general Ising model, in addition to
a time-dependent transverse field:
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where �
Z
i =
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(�Z |0i = |0i, �Z |1i = �|1i) is

the Pauli Z operator, with the subscript indicating which
spin it acts upon, and �

X is its friend pointing in the X-
direction. The gradual decrease of �(t) ! 0 from a large
value should drive the system into the ground state of
the time-independent part of the Hamiltonian, and this
is where we will put the field theory:

H =
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It is worth noting that the couplings Jij and hi could
also be adiabatically adjusted in the annealing process,
and this could ultimately be used to adjust the potential

U(�) of a system in the quantum annealer so as to observe
tunnelling, assuming it can be encoded. We will further
split the Hamiltonian into three generic pieces, as

H = H(chain) +H(QFT) +H(BC)
. (11)

Here, H(QFT) is the Hamiltonian corresponding to the
minimisation of the action in Eq. 7 and H(BC) is a Hamil-
tonian that we add to enforce the boundary conditions2.

However our first task is to encode continuous field
values over a continuous domain, with only the discrete
Ising model to hand: this is what H(chain) is for. We begin
by splitting the radius variable ⇢ into M � 1 discrete
values and the field value at the `’th position into N � 1
discrete values:
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a fiducial value �0 ⇡ �a and ⇠ = 2a/N , with M⌫ =
�⇢. Thus our Ising interaction Jij is an (MN)⇥ (MN)
matrix, while hi is an (NM)-vector.

We must now separate those spins in the annealer that
correspond to fields at different values of `, effectively
splitting Jij and hi into N ⇥ N sub-blocks. To do this
we will utilise the Ising-chain domain wall representation
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As shown in [47], taking ⇤ to be much larger than ev-
ery other energy scale in the overall Hamiltonian, these
terms will constrain the system to remain in the ground
subspace of the Hamiltonian, where exactly one spin po-
sition, ↵` say, is frustrated for each `. These states are
of the form

|11...100...0i` =) �(⇢`) = �0 + ↵`⇠ , (13)

where in the above the discretised field value is repre-
sented by the position ↵` of the frustrated domain wall.
Conversely the field value at the `’th position can be
found by making the measurement

�(⇢`) =
1

2

N�1X

j=1

(�0 + j⇠) h�Z
`N+j+1 � �

Z
`N+ji , (14)

which only receives a contribution from frustrated spin
position with j = ↵`. For later, it is useful to note that
this is equivalent to

�(⇢`) = �0 +
N⇠

2
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j=1

h�Z
`N+ji . (15)

2 For a classical neural network-based approach to solving Eq. 2
by treating it as an optimisation problem see [46].
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In terms of Jij and hi, adding the full set of Ising-chain
Hamiltonians given by Eq.(12) corresponds to
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and an h that is independent of `,

h
(chain)
`N+j = ⇤ (�j1 � �jN ) . (17)

This separates the system of spins into blocks of size N ,
each of which represents a field value.

Moving on to H(QFT ), the potential is somewhat eas-
ier to deal with than the kinetic terms, because it can
be encoded entirely in hi. This is only to be expected
because the �` are independent of each other in the po-
tential which gives entirely localised contributions to the
Hamiltonian. The value of U(�(⇢`)) at each point follows
directly from Eq.(14):
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This yields an additional contribution to the h which is
also independent of `: that is for all ` we have

h
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It can also be convenient to write this in terms of U

derivatives as
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which correctly gives �(⇢`) of Eq.(15) in the event that
we take U(�) = � (because we know that �Z

`N = 1). Note
that in a system with arbitrary c 6= 0, we would need to
evaluate h

(U) ⌘
R
d⇢⇢

c
U , so that h`N+i would acquire a

prefactor of (`⌫)c.
Up to this point the M -factors have been inert and

there has been no coupling between the fields at different
positions in ⇢`. At this stage the system would simply
relax to M decoupled values of �(⇢`) that minimise U in
either one of its two vacua. This changes once we include
the derivatives in the kinetic terms, which contribute to
the bilinear interactions, J . These terms are discretised
in ⇢ as
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where ⌫ = �⇢/M scales so as to keep �⇢ constant. In-
serting the discrete representation of the field values as
well using Eq.(15), we find
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Hence the bilinear terms receive the additional contribu-
tion:
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Now it is the N ⇥N indices that are inert, because every
i couples to every j.

Note that the diagonal parts of Eq.23 could be embed-
ded in the hi terms, using the fact that for valid single
domain wall states we have h�Z

`N+i�
Z
`N+ji = h�Z

`N+j �
�
Z
`N+i + 1i for j > i. As bilinear terms may be hard

to engineer on real devices, this may be desirable, but
for the present study it is more convenient to keep the
kinetic terms entirely.

Finally we must add terms to enforce a boundary con-
dition. In the c = 0 case it is sufficient to fix the end-
points of the solution in the two minima (so that, at the
risk of confusion, the instanton solution itself approxi-
mates a physical domain wall). This can be done by
adding a term H(BC) = ⇤0

2 (�(0) + a)2 + ⇤0

2 (�(⇢M )� a)2

with ⇤0 being some other large parameter. This is sim-
ply an extra contribution to h which follows directly from
Eq.(20), of the form

h
(BC)
N`+j =

(
�⇤0(�0 + j⇠ + a) ; ` = 1, 8j
�⇤0(�0 + j⇠ � a) ; ` = M � 1, 8j .

(24)

Together with Eqs.(16,17,20,23), this completes the en-
coding of the field theory problem of Eq.(7).

IV. IMPLEMENTATION

In Sec. III we have devised a method which encodes
the problem of finding a solution to a quantum field the-
oretical problem, i.e. of finding a solution to Eq. 7, into
finding the ground state of the Hamiltonian of an Ising
model. The latter can then be given an interpretation
as the solution to Eq. 7 through Eq. 13, for each ⇢l with
l 2 [1, ...,M ]. To show that our approach is valid and
converges to the correct solution �(⇢), we now implement
the method onto various annealing samplers, as provided
by D-Wave [48].
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As we stated in the introduction, the purpose if this
study is not to recover these classical instanton solutions
for the tunnelling per se, as they are well-known, but
rather to demonstrate that the corresponding field-theory
configuration can be suitably encoded into a quantum
annealer. Once we have established this as a working
principle, one could even envisage testing for the above
behaviour directly. Therefore we will in what follows fo-
cus on using a quantum annealer to recover the simple
c = 0 solution required for the thin-wall regime, as a
proof of principle. We will therefore set ourselves the
task of minimising the corresponding action integral,

S1 =

Z 1

0
d⇢

1

2
�̇
2 + U(�) , (7)

which should yield a solution of the form shown in Fig.2b.

III. ENCODING THE FIELD THEORY

Let us start with the central problem, which is how
to formulate a continuous scalar field theory on quantum
annealers. A quantum annealer is based on the adia-
batic theorem of quantum mechanics, which implies that
a physical system will remain in the ground state if a
given perturbation acts slowly enough, and if there is a
gap between the ground state and the rest of the system’s
energy spectrum [24]. For the annealer to provide a so-
lution to a mathematical problem, e.g. the calculation
of �(⇢) for Eq. 7, we have to find a mapping such that
the expectation value of its Hamiltonian can be identi-
fied with its solution, i.e. that it allows in this example
to identify

�(⇢) () lim
t!0

hHQA(t)i . (8)

The form of the Hamiltonian available to a quantum
annealer is that of a general Ising model, in addition to
a time-dependent transverse field:
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where �
Z
i =

✓
1 0
0 �1

◆
(�Z |0i = |0i, �Z |1i = �|1i) is

the Pauli Z operator, with the subscript indicating which
spin it acts upon, and �

X is its friend pointing in the X-
direction. The gradual decrease of �(t) ! 0 from a large
value should drive the system into the ground state of
the time-independent part of the Hamiltonian, and this
is where we will put the field theory:

H =
X

i

X

j

Jij�
Z
i �

Z
j +

X

i

hi�
Z
i . (10)

It is worth noting that the couplings Jij and hi could
also be adiabatically adjusted in the annealing process,
and this could ultimately be used to adjust the potential

U(�) of a system in the quantum annealer so as to observe
tunnelling, assuming it can be encoded. We will further
split the Hamiltonian into three generic pieces, as

H = H(chain) +H(QFT) +H(BC)
. (11)

Here, H(QFT) is the Hamiltonian corresponding to the
minimisation of the action in Eq. 7 and H(BC) is a Hamil-
tonian that we add to enforce the boundary conditions2.

However our first task is to encode continuous field
values over a continuous domain, with only the discrete
Ising model to hand: this is what H(chain) is for. We begin
by splitting the radius variable ⇢ into M � 1 discrete
values and the field value at the `’th position into N � 1
discrete values:

⇢` = `⌫ = ⌫ . . .M⌫

�(⇢l) = �0 + ↵l⇠ = �0 + ⇠ . . . �0 +N⇠ ,

where in the present context one might for example take
a fiducial value �0 ⇡ �a and ⇠ = 2a/N , with M⌫ =
�⇢. Thus our Ising interaction Jij is an (MN)⇥ (MN)
matrix, while hi is an (NM)-vector.

We must now separate those spins in the annealer that
correspond to fields at different values of `, effectively
splitting Jij and hi into N ⇥ N sub-blocks. To do this
we will utilise the Ising-chain domain wall representation
introduced in [47]. That is for every position ` we add to
the Hamiltonian

H(chain)
` = �⇤
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As shown in [47], taking ⇤ to be much larger than ev-
ery other energy scale in the overall Hamiltonian, these
terms will constrain the system to remain in the ground
subspace of the Hamiltonian, where exactly one spin po-
sition, ↵` say, is frustrated for each `. These states are
of the form

|11...100...0i` =) �(⇢`) = �0 + ↵`⇠ , (13)

where in the above the discretised field value is repre-
sented by the position ↵` of the frustrated domain wall.
Conversely the field value at the `’th position can be
found by making the measurement

�(⇢`) =
1

2

N�1X

j=1

(�0 + j⇠) h�Z
`N+j+1 � �

Z
`N+ji , (14)

which only receives a contribution from frustrated spin
position with j = ↵`. For later, it is useful to note that
this is equivalent to

�(⇢`) = �0 +
N⇠

2
� ⇠

2

NX

j=1

h�Z
`N+ji . (15)

2 For a classical neural network-based approach to solving Eq. 2
by treating it as an optimisation problem see [46].
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U(�) of a system in the quantum annealer so as to observe
tunnelling, assuming it can be encoded. We will further
split the Hamiltonian into three generic pieces, as

H = H(chain) +H(QFT) +H(BC)
. (11)

Here, H(QFT) is the Hamiltonian corresponding to the
minimisation of the action in Eq. 7 and H(BC) is a Hamil-
tonian that we add to enforce the boundary conditions2.

However our first task is to encode continuous field
values over a continuous domain, with only the discrete
Ising model to hand: this is what H(chain) is for. We begin
by splitting the radius variable ⇢ into M � 1 discrete
values and the field value at the `’th position into N � 1
discrete values:
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where in the present context one might for example take
a fiducial value �0 ⇡ �a and ⇠ = 2a/N , with M⌫ =
�⇢. Thus our Ising interaction Jij is an (MN)⇥ (MN)
matrix, while hi is an (NM)-vector.

We must now separate those spins in the annealer that
correspond to fields at different values of `, effectively
splitting Jij and hi into N ⇥ N sub-blocks. To do this
we will utilise the Ising-chain domain wall representation
introduced in [47]. That is for every position ` we add to
the Hamiltonian
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As shown in [47], taking ⇤ to be much larger than ev-
ery other energy scale in the overall Hamiltonian, these
terms will constrain the system to remain in the ground
subspace of the Hamiltonian, where exactly one spin po-
sition, ↵` say, is frustrated for each `. These states are
of the form

|11...100...0i` =) �(⇢`) = �0 + ↵`⇠ , (13)

where in the above the discretised field value is repre-
sented by the position ↵` of the frustrated domain wall.
Conversely the field value at the `’th position can be
found by making the measurement

�(⇢`) =
1

2

N�1X

j=1

(�0 + j⇠) h�Z
`N+j+1 � �

Z
`N+ji , (14)

which only receives a contribution from frustrated spin
position with j = ↵`. For later, it is useful to note that
this is equivalent to

�(⇢`) = �0 +
N⇠

2
� ⇠

2

NX

j=1

h�Z
`N+ji . (15)

2 For a classical neural network-based approach to solving Eq. 2
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Here, H(QFT) is the Hamiltonian corresponding to the
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tonian that we add to enforce the boundary conditions2.
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As shown in [47], taking ⇤ to be much larger than ev-
ery other energy scale in the overall Hamiltonian, these
terms will constrain the system to remain in the ground
subspace of the Hamiltonian, where exactly one spin po-
sition, ↵` say, is frustrated for each `. These states are
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each of which represents a field value.

Moving on to H(QFT ), the potential is somewhat eas-
ier to deal with than the kinetic terms, because it can
be encoded entirely in hi. This is only to be expected
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positions in ⇢`. At this stage the system would simply
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in ⇢ as
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where ⌫ = �⇢/M scales so as to keep �⇢ constant. In-
serting the discrete representation of the field values as
well using Eq.(15), we find
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Hence the bilinear terms receive the additional contribu-
tion:
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Now it is the N ⇥N indices that are inert, because every
i couples to every j.

Note that the diagonal parts of Eq.23 could be embed-
ded in the hi terms, using the fact that for valid single
domain wall states we have h�Z

`N+i�
Z
`N+ji = h�Z

`N+j �
�
Z
`N+i + 1i for j > i. As bilinear terms may be hard

to engineer on real devices, this may be desirable, but
for the present study it is more convenient to keep the
kinetic terms entirely.

Finally we must add terms to enforce a boundary con-
dition. In the c = 0 case it is sufficient to fix the end-
points of the solution in the two minima (so that, at the
risk of confusion, the instanton solution itself approxi-
mates a physical domain wall). This can be done by
adding a term H(BC) = ⇤0

2 (�(0) + a)2 + ⇤0

2 (�(⇢M )� a)2

with ⇤0 being some other large parameter. This is sim-
ply an extra contribution to h which follows directly from
Eq.(20), of the form

h
(BC)
N`+j =

(
�⇤0(�0 + j⇠ + a) ; ` = 1, 8j
�⇤0(�0 + j⇠ � a) ; ` = M � 1, 8j .

(24)

Together with Eqs.(16,17,20,23), this completes the en-
coding of the field theory problem of Eq.(7).

IV. IMPLEMENTATION

In Sec. III we have devised a method which encodes
the problem of finding a solution to a quantum field the-
oretical problem, i.e. of finding a solution to Eq. 7, into
finding the ground state of the Hamiltonian of an Ising
model. The latter can then be given an interpretation
as the solution to Eq. 7 through Eq. 13, for each ⇢l with
l 2 [1, ...,M ]. To show that our approach is valid and
converges to the correct solution �(⇢), we now implement
the method onto various annealing samplers, as provided
by D-Wave [48].
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In terms of Jij and hi, adding the full set of Ising-chain
Hamiltonians given by Eq.(12) corresponds to
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and an h that is independent of `,

h
(chain)
`N+j = ⇤ (�j1 � �jN ) . (17)

This separates the system of spins into blocks of size N ,
each of which represents a field value.

Moving on to H(QFT ), the potential is somewhat eas-
ier to deal with than the kinetic terms, because it can
be encoded entirely in hi. This is only to be expected
because the �` are independent of each other in the po-
tential which gives entirely localised contributions to the
Hamiltonian. The value of U(�(⇢`)) at each point follows
directly from Eq.(14):
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This yields an additional contribution to the h which is
also independent of `: that is for all ` we have
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It can also be convenient to write this in terms of U
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which correctly gives �(⇢`) of Eq.(15) in the event that
we take U(�) = � (because we know that �Z

`N = 1). Note
that in a system with arbitrary c 6= 0, we would need to
evaluate h

(U) ⌘
R
d⇢⇢

c
U , so that h`N+i would acquire a

prefactor of (`⌫)c.
Up to this point the M -factors have been inert and

there has been no coupling between the fields at different
positions in ⇢`. At this stage the system would simply
relax to M decoupled values of �(⇢`) that minimise U in
either one of its two vacua. This changes once we include
the derivatives in the kinetic terms, which contribute to
the bilinear interactions, J . These terms are discretised
in ⇢ as
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where ⌫ = �⇢/M scales so as to keep �⇢ constant. In-
serting the discrete representation of the field values as
well using Eq.(15), we find
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Hence the bilinear terms receive the additional contribu-
tion:
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Now it is the N ⇥N indices that are inert, because every
i couples to every j.

Note that the diagonal parts of Eq.23 could be embed-
ded in the hi terms, using the fact that for valid single
domain wall states we have h�Z

`N+i�
Z
`N+ji = h�Z

`N+j �
�
Z
`N+i + 1i for j > i. As bilinear terms may be hard

to engineer on real devices, this may be desirable, but
for the present study it is more convenient to keep the
kinetic terms entirely.

Finally we must add terms to enforce a boundary con-
dition. In the c = 0 case it is sufficient to fix the end-
points of the solution in the two minima (so that, at the
risk of confusion, the instanton solution itself approxi-
mates a physical domain wall). This can be done by
adding a term H(BC) = ⇤0

2 (�(0) + a)2 + ⇤0

2 (�(⇢M )� a)2

with ⇤0 being some other large parameter. This is sim-
ply an extra contribution to h which follows directly from
Eq.(20), of the form

h
(BC)
N`+j =

(
�⇤0(�0 + j⇠ + a) ; ` = 1, 8j
�⇤0(�0 + j⇠ � a) ; ` = M � 1, 8j .

(24)

Together with Eqs.(16,17,20,23), this completes the en-
coding of the field theory problem of Eq.(7).

IV. IMPLEMENTATION

In Sec. III we have devised a method which encodes
the problem of finding a solution to a quantum field the-
oretical problem, i.e. of finding a solution to Eq. 7, into
finding the ground state of the Hamiltonian of an Ising
model. The latter can then be given an interpretation
as the solution to Eq. 7 through Eq. 13, for each ⇢l with
l 2 [1, ...,M ]. To show that our approach is valid and
converges to the correct solution �(⇢), we now implement
the method onto various annealing samplers, as provided
by D-Wave [48].
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and an h that is independent of `,

h
(chain)
`N+j = ⇤ (�j1 � �jN ) . (17)

This separates the system of spins into blocks of size N ,
each of which represents a field value.

Moving on to H(QFT ), the potential is somewhat eas-
ier to deal with than the kinetic terms, because it can
be encoded entirely in hi. This is only to be expected
because the �` are independent of each other in the po-
tential which gives entirely localised contributions to the
Hamiltonian. The value of U(�(⇢`)) at each point follows
directly from Eq.(14):
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It can also be convenient to write this in terms of U
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which correctly gives �(⇢`) of Eq.(15) in the event that
we take U(�) = � (because we know that �Z

`N = 1). Note
that in a system with arbitrary c 6= 0, we would need to
evaluate h
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prefactor of (`⌫)c.
Up to this point the M -factors have been inert and

there has been no coupling between the fields at different
positions in ⇢`. At this stage the system would simply
relax to M decoupled values of �(⇢`) that minimise U in
either one of its two vacua. This changes once we include
the derivatives in the kinetic terms, which contribute to
the bilinear interactions, J . These terms are discretised
in ⇢ as
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where ⌫ = �⇢/M scales so as to keep �⇢ constant. In-
serting the discrete representation of the field values as
well using Eq.(15), we find
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Hence the bilinear terms receive the additional contribu-
tion:
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Now it is the N ⇥N indices that are inert, because every
i couples to every j.

Note that the diagonal parts of Eq.23 could be embed-
ded in the hi terms, using the fact that for valid single
domain wall states we have h�Z

`N+i�
Z
`N+ji = h�Z

`N+j �
�
Z
`N+i + 1i for j > i. As bilinear terms may be hard

to engineer on real devices, this may be desirable, but
for the present study it is more convenient to keep the
kinetic terms entirely.

Finally we must add terms to enforce a boundary con-
dition. In the c = 0 case it is sufficient to fix the end-
points of the solution in the two minima (so that, at the
risk of confusion, the instanton solution itself approxi-
mates a physical domain wall). This can be done by
adding a term H(BC) = ⇤0

2 (�(0) + a)2 + ⇤0

2 (�(⇢M )� a)2

with ⇤0 being some other large parameter. This is sim-
ply an extra contribution to h which follows directly from
Eq.(20), of the form

h
(BC)
N`+j =

(
�⇤0(�0 + j⇠ + a) ; ` = 1, 8j
�⇤0(�0 + j⇠ � a) ; ` = M � 1, 8j .

(24)

Together with Eqs.(16,17,20,23), this completes the en-
coding of the field theory problem of Eq.(7).

IV. IMPLEMENTATION

In Sec. III we have devised a method which encodes
the problem of finding a solution to a quantum field the-
oretical problem, i.e. of finding a solution to Eq. 7, into
finding the ground state of the Hamiltonian of an Ising
model. The latter can then be given an interpretation
as the solution to Eq. 7 through Eq. 13, for each ⇢l with
l 2 [1, ...,M ]. To show that our approach is valid and
converges to the correct solution �(⇢), we now implement
the method onto various annealing samplers, as provided
by D-Wave [48].
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and an h that is independent of `,
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This separates the system of spins into blocks of size N ,
each of which represents a field value.

Moving on to H(QFT ), the potential is somewhat eas-
ier to deal with than the kinetic terms, because it can
be encoded entirely in hi. This is only to be expected
because the �` are independent of each other in the po-
tential which gives entirely localised contributions to the
Hamiltonian. The value of U(�(⇢`)) at each point follows
directly from Eq.(14):
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which correctly gives �(⇢`) of Eq.(15) in the event that
we take U(�) = � (because we know that �Z

`N = 1). Note
that in a system with arbitrary c 6= 0, we would need to
evaluate h
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U , so that h`N+i would acquire a

prefactor of (`⌫)c.
Up to this point the M -factors have been inert and

there has been no coupling between the fields at different
positions in ⇢`. At this stage the system would simply
relax to M decoupled values of �(⇢`) that minimise U in
either one of its two vacua. This changes once we include
the derivatives in the kinetic terms, which contribute to
the bilinear interactions, J . These terms are discretised
in ⇢ as
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where ⌫ = �⇢/M scales so as to keep �⇢ constant. In-
serting the discrete representation of the field values as
well using Eq.(15), we find
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Now it is the N ⇥N indices that are inert, because every
i couples to every j.

Note that the diagonal parts of Eq.23 could be embed-
ded in the hi terms, using the fact that for valid single
domain wall states we have h�Z

`N+i�
Z
`N+ji = h�Z
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Z
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to engineer on real devices, this may be desirable, but
for the present study it is more convenient to keep the
kinetic terms entirely.

Finally we must add terms to enforce a boundary con-
dition. In the c = 0 case it is sufficient to fix the end-
points of the solution in the two minima (so that, at the
risk of confusion, the instanton solution itself approxi-
mates a physical domain wall). This can be done by
adding a term H(BC) = ⇤0

2 (�(0) + a)2 + ⇤0

2 (�(⇢M )� a)2

with ⇤0 being some other large parameter. This is sim-
ply an extra contribution to h which follows directly from
Eq.(20), of the form

h
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Together with Eqs.(16,17,20,23), this completes the en-
coding of the field theory problem of Eq.(7).

IV. IMPLEMENTATION

In Sec. III we have devised a method which encodes
the problem of finding a solution to a quantum field the-
oretical problem, i.e. of finding a solution to Eq. 7, into
finding the ground state of the Hamiltonian of an Ising
model. The latter can then be given an interpretation
as the solution to Eq. 7 through Eq. 13, for each ⇢l with
l 2 [1, ...,M ]. To show that our approach is valid and
converges to the correct solution �(⇢), we now implement
the method onto various annealing samplers, as provided
by D-Wave [48].
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Result for thin-wall limit

Can solve classical simulated annealing with Metropolis algorithm. 

Result depends on hyperparameters, e.g. temperature etc.

Too hot
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Result for thin-wall limit

Can solve classical simulated annealing with Metropolis algorithm. 

Result depends on hyperparameters, e.g. temperature etc.

(shock freezing)

Too cold
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Result for thin-wall limit

Can solve classical simulated annealing with Metropolis algorithm. 

Result depends on hyperparameters, e.g. temperature etc.

Just right
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Figure 1: The thick-wall potential left (with ✏ = 0.3, and
true and false minima at �� = �1.12542 and �+ = 0.786483
respectively), and thin-wall potential right (with ✏ = 0.01).

Figure 2: Solutions for the thick- and thin-wall potentials.
The thin-wall solution computed using the hybrid quantum-
classical techniques as discussed later is overlaid on the right
panel.

II. SET-UP OF A SIMPLE PROBLEM

A useful potential to focus on is the following quartic
one:

V (�) =
�

8
(�2 � a

2)2 +
✏

2a
(�� a) . (1)

The potential is shown in Fig.1. On the left we show the
“thick-wall” regime where ✏ is large. This limit is when
the barrier is close to disappearing (or has disappeared
altogether) and the walls become comparable in size to
the bubble itself. For numerics we choose a = � = 1 and
✏ = 0.3. The opposite “thin-wall” regime (for which we
choose ✏ = 0.01) is the limit in which ✏ is small and is
approximately the difference in vacuum energy density
between the false and true minima.

We are interested in the situation where the system
starts in the false vacuum, and our objective is to study
the rate per unit volume of tunnelling out of it. The
analytic calculation of this rate is a classic problem, but
it is worth briefly recapping it in order to recast the result
in a form that can easily be compared with the results
from a quantum simulation. It proceeds as follows.

First let us remove the extraneous constant term
by working with U(�) = V (�) � V (�+), which has
U(�+) = 0. Using the well-known technique of [42–45],
the bubble profile is given by finding a “bounce solution”
to the following differential equation:

d
2
�

d⇢2
+

c

⇢

d�

d⇢
= U

0
, (2)

where in four dimensions, c takes the value 2 or 3 for a
finite temperature O(3) symmetric bubble, or a purely

quantum tunnelling O(4) symmetric instanton, respec-
tively. The required “bounce” is subject to the boundary
condition that d�/d⇢ = 0 as ⇢ ! 0,1, which deter-
mines the starting value �(0), which is the field-value at
the centre of the radially symmetric bubble or instanton
(also called the escape-point). The resulting �(⇢) profile
for our particular choice of parameters is shown in Fig. 2.

Once such a solution is determined, the tunnelling rate
per unit volume can be estimated from its classical ac-
tion:

�4 = A4 e
�S4[�] ,

�3 = A3 Te
�S3[�]/T , (3)

respectively. The quantum determinant prefactors
A4, A3 are notoriously difficult to calculate, but for our
purposes it will be sufficient to focus on the influence of
the classical action.

The expressions for the action can be expressed in sim-
ple analytic terms in the two limits. In the thick wall
limit the bounce action can be accurately approximated
by expanding around the value ✏ = ✏0, above which the
barrier disappears (i.e. when the discriminant vanishes),
which gives a cubic potential about the false vacuum.
This critical value corresponds to ✏0 = 2�a4/3

p
3. Defin-

ing ⇢ =
p

2/3(1� ✏/✏0), the location of the minima is

�+

a
=

1 + ⇢p
3

+O(⇢2) ,

��
a

= � 2p
3
+O(⇢2) . (4)

Then following the rescaling procedure of [45], the tun-
nelling actions for the O(4) and O(3) symmetric solutions
can be written in terms of standard actions:

S4 =
3⇢

�
S
0
4 ; S

0
4 = 91

S3 =
3a⇢3/2

�1/2
S
0
3 ; S

0
3 = 19.4 (5)

The thin-wall regime is somewhat easier to study numer-
ically, and semi-analytically the actions can be expressed
in terms of the action S1 for the one-dimensional c = 0
problem 1:

S4 =
27⇡2

S
4
1

2✏3
; S3 =

16⇡3
S
3
1

3✏2
. (6)

These limiting regimes give simple power-law be-
haviour for the tunnelling actions, against which the scal-
ing of the (logarithm of) tunnelling rates could be tested,
providing a useful laboratory for directly studying quan-
tum annealing results.

1 This is also the energy of the physical “domain wall” solution,
but for reasons that will become apparent it would be confusing
to use this terminology.

2

Same result on D-Wave using hybrid quantum/classical Kerberos annealer 
(Finds best samples of parallelised tabu search + simulated annealing + D-Wave 

subproblem sampling)

blue dots

Kerberos hybrid algo is much more robust than pure simulated (thermal) annealing
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Why not pure Quantum annealer on D-Wave system?

The connectivity is not general enough for this problem (in 
particular encoding the kinetic terms) - due to Chimera structure

Embedding of the problem 
difficult, as mapping of 
spacetime and field 
discretisation challenging/
impossible if solution knows 
about relation between 
different spacetime values

But principle has been proven: we can encode a pure field theory 
potential chimera structure, so we an experiment with QFT tunnelling
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A quantum laboratory for QFTs

• Using the spin-chain approach for field theories discussed before, we can 
encode a QFT on a quantum annealer and study its dynamics directly.

• To show that the system is a true and genuine quantum system we 
investigate if the state can tunnel from a meta-stable vacuum into a the 
true vacuum.

of nonperturbative phenomena by studying them exper-
imentally. It may even be possible to observe new phe-
nomena that have not yet been anticipated. For this
study we will of course be limited by the hardware that is
available to us, so the discussion is necessarily restricted
to the simpler field theories that can exhibit instanton-
like behaviour, namely the aforementioned d = 1 scalar
field theory. Nevertheless, within this theory we will be
able to set-up a potential that we then manipulate by
hand so that it develops a non-trivial vacuum structure
that induces tunnelling. We believe this is the first time
that it has been possible to implement instanton pro-
cesses in a freely chosen quantum field theory and observe
such phenomena experimentally.

II. SET-UP FOR FALSE VACUUM DECAY

It will be convenient for several practical reasons to
set-up a physical system on the annealer that recreates
quantum decay in a potential of the form
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will convert it into a dimensionful field ⌘ by defining

� = ⌘/⌘0 , (2)

where ⌘0 is a constant. In the d = 1 field theory there
are of course no space dimensions, and at leading order
it is isomorphic to quantum mechanics (with � playing
the role of x). However the d = 1 field theory formalism
allows for particle creation and is the starting point for
generalisation to higher dimensions, as discussed in the
introduction.

The first term in U provides a potential-well around
� = 0 which in principle allows the system to begin as a
bound-state there. As mentioned this is one of the bene-
fits of annealers over discrete gate systems: in order first
to reach a ground state, a system has to dissipate. The
k-term will then be turned on adiabatically during the
anneal in order to allow tunnelling into the global mini-
mum that forms at � = v. For this study we shall mostly
take c = 1, so that the potential during the tunnelling
period will consist of equally sized potential wells. The
potential is plotted in Fig.1 for k = 1 and various values
of separation parameter v.

This function has several nice properties for our pur-
poses. One is that each individual well has the Pöschl-
Teller �sech2� form, which can be solved. Moreover
the potentials around each minimum decay exponentially.
This makes it possible to “turn on” the global true min-
imum by adjusting k without significantly altering the
profile of the potential around the false minimum (un-
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demanding to do (in terms of annealer time), and it is not
always obvious which is the value of �. We will instead
determine an estimate for � in the effective field theory
by studying the ground state of the simple-harmonic-
oscillator (SHO) potential, and fitting the wave-function
to the ground state. Either way it is unavoidable that
one must also determine � as an empirical parameter.

Let us now consider the tunnelling into the global min-
imum once k is turned on. The expected decay rate can
be computed using instanton methods. In d = 1 dimen-
sional field theory this means writing the path integral
for the non-relativistic propagation of the physical field
⌘ = ⌘0� as a worldline integral:

h⌘i|⌘f i =

Z ⌘(T )=⌘f

⌘(0)=⌘i

D⌘ e�i~�1 R T
0 dt( 1

2m⌘̇2�(U�E0)), (6)

where the path is between points ⌘i inside and ⌘f outside
the barrier and T is the time. As usual the integral is
dominated by the stationary phase contribution, but in
order to evaluate it efficiently we deform t in the complex
t plane by making a Wick rotation t ! �it and use the
Euclidean steepest-descent contour instead:

h⌘i|⌘f iE =

Z ⌘(T )=⌘f

⌘(0)=⌘i

D⌘ e
�~�1 R

dt
⇣

m⌘̇2

2 +U�E0

⌘

. (7)

This describes the propagator from ⌘i to the endpoint,
but we are most interested in the exponentially decay-
ing part. The steepest descent contour that determines
it corresponds to the classical solution of the Euclidean
equation of motion ⌘cl with endpoints at ⌘+, ⌘e, where ⌘e
is the escape point, namely the point where U = E0, with
the quantum fluctuations providing pre-factors. That is

�SE = 0 =) m⌘̈ = U⌘, (8)

which gives the usual classical solution

⌘̇cl = ±

p
2(U � E0)/m, (9)

corresponding to energy conservation for a ball rolling in
the inverted potential between turning points at ⌘+ and
⌘e. Substituting then gives the classical action

SE,cl =

Z ⌘e

⌘+

d⌘
p
2m(U � E0) , (10)

and letting ⌘ = ⌘cl + �⌘ yields a quantum prefactor;

h⌘i|⌘f iE =

Z
D�⌘ e

�~�1 R
dt

✓
m(⌘̇cl+�⌘̇)2

2 +U(⌘cl+�⌘)�E0

◆

,

= Ae�~�1SE,cl , (11)

with the decay rate � = |h⌘i|⌘f iE |2 becoming

� ⇡ e�2~�1SE,cl . (12)

In principle these solutions should then be matched on
to oscillating solutions at the turning points, but these

oscillating parts do not change the decay rate. Thus re-
gardless of the time T , the exponential decay in the am-
plitude between points either side of the barrier will be
dominated by this saddle point approximation, as one
would expect. As mentioned the d = 1 field theory is
isomorphic to the Schrödinger equation (SE) at leading
order and indeed the same result can be obtained us-
ing the WKB method. However the d = 1 system ac-
tually includes all the paraphernalia of field theory, in-
cluding loop corrections, particle pair production and so
forth. In principle then it presents a useful laboratory for
testing both perturbative and nonperturbative aspects of
quantum field theory, and future generalisation of our
discussion to higher dimensions could be performed very
straighforwardly by including discretised space derivative
terms. Only the limited dimensions and connectivity of
the annealer prevent us doing this.

How can we test this decay rate in a quantum annealer
directly? The assumption we will make is that the trans-
verse field component of the annealer induces an effec-
tive �̇2 term into any field theory we encode on it, with
some unknown coefficient. Therefore our method will be
to construct on the annealer a potential U as given in
Eq.(1) and, by observing its decay rates, test to see if
the annealer has indeed turned it into a d = 1 QFT. The
object of interest is therefore the exponent in the decay
rate:

~�1SE =

Z ⌘e

⌘+

r
2m(U � E0)

~2 d⌘ (13)

⇡ �� 1
2

Z �e

�+

r
3

4
tanh2 �� sech2(�� v) d� ,

where we have set c = 1. Obviously this integral becomes
linear in v at large values, but a second advantage of the
Pöschl-Teller potential barrier is that it remains so to a
very good approximation, even for values of v of order
one, as shown in Fig.2:

log� ⇡ �2~�1SE ⇡

r
3

�

✓
5

3
� v

◆
. (14)

Thus we expect exponential decay with an exponent
falling linearly with v. Crucially this behaviour is quali-
tatively different from thermal tunneling which has little
dependence on the barrier width v. For that one would
instead expect to recover the Arrhenius equation, with
� ⇠ e�Ea/kT , where Ea is the activation energy 3.

3 This can be seen using the same techniques [7], but now the finite-
temperature field theory is genuinely Euclidean, with compact-
ified time having periodicity given by the temperature, namely
tE = 1/kT . The instanton has to satisfy the periodicity con-
dition, and the time coordinate is rescaled accordingly with
� = 1/kT . For high temperatures there is effectively no room
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order to evaluate it efficiently we deform t in the complex
t plane by making a Wick rotation t ! �it and use the
Euclidean steepest-descent contour instead:

h⌘i|⌘f iE =
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This describes the propagator from ⌘i to the endpoint,
but we are most interested in the exponentially decay-
ing part. The steepest descent contour that determines
it corresponds to the classical solution of the Euclidean
equation of motion ⌘cl with endpoints at ⌘+, ⌘e, where ⌘e
is the escape point, namely the point where U = E0, with
the quantum fluctuations providing pre-factors. That is

�SE = 0 =) m⌘̈ = U⌘, (8)

which gives the usual classical solution

⌘̇cl = ±

p
2(U � E0)/m, (9)

corresponding to energy conservation for a ball rolling in
the inverted potential between turning points at ⌘+ and
⌘e. Substituting then gives the classical action

SE,cl =

Z ⌘e
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p
2m(U � E0) , (10)

and letting ⌘ = ⌘cl + �⌘ yields a quantum prefactor;
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with the decay rate � = |h⌘i|⌘f iE |2 becoming

� ⇡ e�2~�1SE,cl . (12)

In principle these solutions should then be matched on
to oscillating solutions at the turning points, but these

oscillating parts do not change the decay rate. Thus re-
gardless of the time T , the exponential decay in the am-
plitude between points either side of the barrier will be
dominated by this saddle point approximation, as one
would expect. As mentioned the d = 1 field theory is
isomorphic to the Schrödinger equation (SE) at leading
order and indeed the same result can be obtained us-
ing the WKB method. However the d = 1 system ac-
tually includes all the paraphernalia of field theory, in-
cluding loop corrections, particle pair production and so
forth. In principle then it presents a useful laboratory for
testing both perturbative and nonperturbative aspects of
quantum field theory, and future generalisation of our
discussion to higher dimensions could be performed very
straighforwardly by including discretised space derivative
terms. Only the limited dimensions and connectivity of
the annealer prevent us doing this.

How can we test this decay rate in a quantum annealer
directly? The assumption we will make is that the trans-
verse field component of the annealer induces an effec-
tive �̇2 term into any field theory we encode on it, with
some unknown coefficient. Therefore our method will be
to construct on the annealer a potential U as given in
Eq.(1) and, by observing its decay rates, test to see if
the annealer has indeed turned it into a d = 1 QFT. The
object of interest is therefore the exponent in the decay
rate:
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where we have set c = 1. Obviously this integral becomes
linear in v at large values, but a second advantage of the
Pöschl-Teller potential barrier is that it remains so to a
very good approximation, even for values of v of order
one, as shown in Fig.2:
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Thus we expect exponential decay with an exponent
falling linearly with v. Crucially this behaviour is quali-
tatively different from thermal tunneling which has little
dependence on the barrier width v. For that one would
instead expect to recover the Arrhenius equation, with
� ⇠ e�Ea/kT , where Ea is the activation energy 3.

3 This can be seen using the same techniques [7], but now the finite-
temperature field theory is genuinely Euclidean, with compact-
ified time having periodicity given by the temperature, namely
tE = 1/kT . The instanton has to satisfy the periodicity con-
dition, and the time coordinate is rescaled accordingly with
� = 1/kT . For high temperatures there is effectively no room
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always obvious which is the value of �. We will instead
determine an estimate for � in the effective field theory
by studying the ground state of the simple-harmonic-
oscillator (SHO) potential, and fitting the wave-function
to the ground state. Either way it is unavoidable that
one must also determine � as an empirical parameter.

Let us now consider the tunnelling into the global min-
imum once k is turned on. The expected decay rate can
be computed using instanton methods. In d = 1 dimen-
sional field theory this means writing the path integral
for the non-relativistic propagation of the physical field
⌘ = ⌘0� as a worldline integral:
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ing part. The steepest descent contour that determines
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is the escape point, namely the point where U = E0, with
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In principle these solutions should then be matched on
to oscillating solutions at the turning points, but these

oscillating parts do not change the decay rate. Thus re-
gardless of the time T , the exponential decay in the am-
plitude between points either side of the barrier will be
dominated by this saddle point approximation, as one
would expect. As mentioned the d = 1 field theory is
isomorphic to the Schrödinger equation (SE) at leading
order and indeed the same result can be obtained us-
ing the WKB method. However the d = 1 system ac-
tually includes all the paraphernalia of field theory, in-
cluding loop corrections, particle pair production and so
forth. In principle then it presents a useful laboratory for
testing both perturbative and nonperturbative aspects of
quantum field theory, and future generalisation of our
discussion to higher dimensions could be performed very
straighforwardly by including discretised space derivative
terms. Only the limited dimensions and connectivity of
the annealer prevent us doing this.

How can we test this decay rate in a quantum annealer
directly? The assumption we will make is that the trans-
verse field component of the annealer induces an effec-
tive �̇2 term into any field theory we encode on it, with
some unknown coefficient. Therefore our method will be
to construct on the annealer a potential U as given in
Eq.(1) and, by observing its decay rates, test to see if
the annealer has indeed turned it into a d = 1 QFT. The
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where we have set c = 1. Obviously this integral becomes
linear in v at large values, but a second advantage of the
Pöschl-Teller potential barrier is that it remains so to a
very good approximation, even for values of v of order
one, as shown in Fig.2:
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Thus we expect exponential decay with an exponent
falling linearly with v. Crucially this behaviour is quali-
tatively different from thermal tunneling which has little
dependence on the barrier width v. For that one would
instead expect to recover the Arrhenius equation, with
� ⇠ e�Ea/kT , where Ea is the activation energy 3.

3 This can be seen using the same techniques [7], but now the finite-
temperature field theory is genuinely Euclidean, with compact-
ified time having periodicity given by the temperature, namely
tE = 1/kT . The instanton has to satisfy the periodicity con-
dition, and the time coordinate is rescaled accordingly with
� = 1/kT . For high temperatures there is effectively no room
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The tunnelling probability in a QFT is calculated by evaluating the path-integral in Euclidean 
space around the action’s critical points using the steepest gradient-descent method
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determine an estimate for � in the effective field theory
by studying the ground state of the simple-harmonic-
oscillator (SHO) potential, and fitting the wave-function
to the ground state. Either way it is unavoidable that
one must also determine � as an empirical parameter.
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In principle these solutions should then be matched on
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oscillating parts do not change the decay rate. Thus re-
gardless of the time T , the exponential decay in the am-
plitude between points either side of the barrier will be
dominated by this saddle point approximation, as one
would expect. As mentioned the d = 1 field theory is
isomorphic to the Schrödinger equation (SE) at leading
order and indeed the same result can be obtained us-
ing the WKB method. However the d = 1 system ac-
tually includes all the paraphernalia of field theory, in-
cluding loop corrections, particle pair production and so
forth. In principle then it presents a useful laboratory for
testing both perturbative and nonperturbative aspects of
quantum field theory, and future generalisation of our
discussion to higher dimensions could be performed very
straighforwardly by including discretised space derivative
terms. Only the limited dimensions and connectivity of
the annealer prevent us doing this.

How can we test this decay rate in a quantum annealer
directly? The assumption we will make is that the trans-
verse field component of the annealer induces an effec-
tive �̇2 term into any field theory we encode on it, with
some unknown coefficient. Therefore our method will be
to construct on the annealer a potential U as given in
Eq.(1) and, by observing its decay rates, test to see if
the annealer has indeed turned it into a d = 1 QFT. The
object of interest is therefore the exponent in the decay
rate:

~�1SE =

Z ⌘e

⌘+

r
2m(U � E0)

~2 d⌘ (13)

⇡ �� 1
2

Z �e

�+

r
3

4
tanh2 �� sech2(�� v) d� ,

where we have set c = 1. Obviously this integral becomes
linear in v at large values, but a second advantage of the
Pöschl-Teller potential barrier is that it remains so to a
very good approximation, even for values of v of order
one, as shown in Fig.2:
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Thus we expect exponential decay with an exponent
falling linearly with v. Crucially this behaviour is quali-
tatively different from thermal tunneling which has little
dependence on the barrier width v. For that one would
instead expect to recover the Arrhenius equation, with
� ⇠ e�Ea/kT , where Ea is the activation energy 3.

3 This can be seen using the same techniques [7], but now the finite-
temperature field theory is genuinely Euclidean, with compact-
ified time having periodicity given by the temperature, namely
tE = 1/kT . The instanton has to satisfy the periodicity con-
dition, and the time coordinate is rescaled accordingly with
� = 1/kT . For high temperatures there is effectively no room
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For the tunnelling rate with

of nonperturbative phenomena by studying them exper-
imentally. It may even be possible to observe new phe-
nomena that have not yet been anticipated. For this
study we will of course be limited by the hardware that is
available to us, so the discussion is necessarily restricted
to the simpler field theories that can exhibit instanton-
like behaviour, namely the aforementioned d = 1 scalar
field theory. Nevertheless, within this theory we will be
able to set-up a potential that we then manipulate by
hand so that it develops a non-trivial vacuum structure
that induces tunnelling. We believe this is the first time
that it has been possible to implement instanton pro-
cesses in a freely chosen quantum field theory and observe
such phenomena experimentally.

II. SET-UP FOR FALSE VACUUM DECAY

It will be convenient for several practical reasons to
set-up a physical system on the annealer that recreates
quantum decay in a potential of the form

U(�) =
3

4
tanh2 �� k(t) sech2 (c(�� v)) , (1)

where c, v are constants while k is time-dependent, and
�(t) is the field. Note that � is the dimensionless object
that we will define on the annealer. When required we
will convert it into a dimensionful field ⌘ by defining

� = ⌘/⌘0 , (2)

where ⌘0 is a constant. In the d = 1 field theory there
are of course no space dimensions, and at leading order
it is isomorphic to quantum mechanics (with � playing
the role of x). However the d = 1 field theory formalism
allows for particle creation and is the starting point for
generalisation to higher dimensions, as discussed in the
introduction.

The first term in U provides a potential-well around
� = 0 which in principle allows the system to begin as a
bound-state there. As mentioned this is one of the bene-
fits of annealers over discrete gate systems: in order first
to reach a ground state, a system has to dissipate. The
k-term will then be turned on adiabatically during the
anneal in order to allow tunnelling into the global mini-
mum that forms at � = v. For this study we shall mostly
take c = 1, so that the potential during the tunnelling
period will consist of equally sized potential wells. The
potential is plotted in Fig.1 for k = 1 and various values
of separation parameter v.

This function has several nice properties for our pur-
poses. One is that each individual well has the Pöschl-
Teller �sech2� form, which can be solved. Moreover
the potentials around each minimum decay exponentially.
This makes it possible to “turn on” the global true min-
imum by adjusting k without significantly altering the
profile of the potential around the false minimum (un-
like the more commonly considered case of quartic po-

Figure 1: The double-Pöschl-Teller potential well for different
k and v. The system is initialised around � = 0 and allowed
to decay to the true minimum at � ⇡ v.

tentials). Other useful features of this choice will be dis-
cussed below when they become relevant.

We will begin the system with k = 0, such that it
falls into a Pöschl-Teller ground state. Assuming that
the completion of the potential into a d = 1 field the-
ory ultimately corresponds to the Schrödinger equation,
the ground state (and its excited friends) in such a po-
tential can be determined using factorisation and ladder-
operator methods (see for example [30, 31]). In a theory
where

2m⌘20
~2 U = �(�+ 1) tanh2�, (3)

the bound states are given by Legendre polynomials of
the form Pµ

� (tanh �), and the ground state, P�
� (tanh �),

is given by
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We will not know a priori the value of

�
def
= ~2/2m⌘20

in the effective field theory induced on the annealer, and
estimating it will essentially constitute our calibration.
In order to do this we could for example multiply U by
a constant, ↵ say, and by trial-and-error find a value for
↵ that yielded a ground state wave function of the form
 0 = sech(�)/

p
⇡ corresponding to � = 1/2. According

to (3) that value of ↵ would be equal to �. However this is
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demanding to do (in terms of annealer time), and it is not
always obvious which is the value of �. We will instead
determine an estimate for � in the effective field theory
by studying the ground state of the simple-harmonic-
oscillator (SHO) potential, and fitting the wave-function
to the ground state. Either way it is unavoidable that
one must also determine � as an empirical parameter.

Let us now consider the tunnelling into the global min-
imum once k is turned on. The expected decay rate can
be computed using instanton methods. In d = 1 dimen-
sional field theory this means writing the path integral
for the non-relativistic propagation of the physical field
⌘ = ⌘0� as a worldline integral:
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where the path is between points ⌘i inside and ⌘f outside
the barrier and T is the time. As usual the integral is
dominated by the stationary phase contribution, but in
order to evaluate it efficiently we deform t in the complex
t plane by making a Wick rotation t ! �it and use the
Euclidean steepest-descent contour instead:
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This describes the propagator from ⌘i to the endpoint,
but we are most interested in the exponentially decay-
ing part. The steepest descent contour that determines
it corresponds to the classical solution of the Euclidean
equation of motion ⌘cl with endpoints at ⌘+, ⌘e, where ⌘e
is the escape point, namely the point where U = E0, with
the quantum fluctuations providing pre-factors. That is

�SE = 0 =) m⌘̈ = U⌘, (8)

which gives the usual classical solution
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corresponding to energy conservation for a ball rolling in
the inverted potential between turning points at ⌘+ and
⌘e. Substituting then gives the classical action
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In principle these solutions should then be matched on
to oscillating solutions at the turning points, but these

oscillating parts do not change the decay rate. Thus re-
gardless of the time T , the exponential decay in the am-
plitude between points either side of the barrier will be
dominated by this saddle point approximation, as one
would expect. As mentioned the d = 1 field theory is
isomorphic to the Schrödinger equation (SE) at leading
order and indeed the same result can be obtained us-
ing the WKB method. However the d = 1 system ac-
tually includes all the paraphernalia of field theory, in-
cluding loop corrections, particle pair production and so
forth. In principle then it presents a useful laboratory for
testing both perturbative and nonperturbative aspects of
quantum field theory, and future generalisation of our
discussion to higher dimensions could be performed very
straighforwardly by including discretised space derivative
terms. Only the limited dimensions and connectivity of
the annealer prevent us doing this.

How can we test this decay rate in a quantum annealer
directly? The assumption we will make is that the trans-
verse field component of the annealer induces an effec-
tive �̇2 term into any field theory we encode on it, with
some unknown coefficient. Therefore our method will be
to construct on the annealer a potential U as given in
Eq.(1) and, by observing its decay rates, test to see if
the annealer has indeed turned it into a d = 1 QFT. The
object of interest is therefore the exponent in the decay
rate:
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where we have set c = 1. Obviously this integral becomes
linear in v at large values, but a second advantage of the
Pöschl-Teller potential barrier is that it remains so to a
very good approximation, even for values of v of order
one, as shown in Fig.2:
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Thus we expect exponential decay with an exponent
falling linearly with v. Crucially this behaviour is quali-
tatively different from thermal tunneling which has little
dependence on the barrier width v. For that one would
instead expect to recover the Arrhenius equation, with
� ⇠ e�Ea/kT , where Ea is the activation energy 3.

3 This can be seen using the same techniques [7], but now the finite-
temperature field theory is genuinely Euclidean, with compact-
ified time having periodicity given by the temperature, namely
tE = 1/kT . The instanton has to satisfy the periodicity con-
dition, and the time coordinate is rescaled accordingly with
� = 1/kT . For high temperatures there is effectively no room
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determine an estimate for � in the effective field theory
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This describes the propagator from ⌘i to the endpoint,
but we are most interested in the exponentially decay-
ing part. The steepest descent contour that determines
it corresponds to the classical solution of the Euclidean
equation of motion ⌘cl with endpoints at ⌘+, ⌘e, where ⌘e
is the escape point, namely the point where U = E0, with
the quantum fluctuations providing pre-factors. That is
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In principle these solutions should then be matched on
to oscillating solutions at the turning points, but these

oscillating parts do not change the decay rate. Thus re-
gardless of the time T , the exponential decay in the am-
plitude between points either side of the barrier will be
dominated by this saddle point approximation, as one
would expect. As mentioned the d = 1 field theory is
isomorphic to the Schrödinger equation (SE) at leading
order and indeed the same result can be obtained us-
ing the WKB method. However the d = 1 system ac-
tually includes all the paraphernalia of field theory, in-
cluding loop corrections, particle pair production and so
forth. In principle then it presents a useful laboratory for
testing both perturbative and nonperturbative aspects of
quantum field theory, and future generalisation of our
discussion to higher dimensions could be performed very
straighforwardly by including discretised space derivative
terms. Only the limited dimensions and connectivity of
the annealer prevent us doing this.

How can we test this decay rate in a quantum annealer
directly? The assumption we will make is that the trans-
verse field component of the annealer induces an effec-
tive �̇2 term into any field theory we encode on it, with
some unknown coefficient. Therefore our method will be
to construct on the annealer a potential U as given in
Eq.(1) and, by observing its decay rates, test to see if
the annealer has indeed turned it into a d = 1 QFT. The
object of interest is therefore the exponent in the decay
rate:
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where we have set c = 1. Obviously this integral becomes
linear in v at large values, but a second advantage of the
Pöschl-Teller potential barrier is that it remains so to a
very good approximation, even for values of v of order
one, as shown in Fig.2:
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Thus we expect exponential decay with an exponent
falling linearly with v. Crucially this behaviour is quali-
tatively different from thermal tunneling which has little
dependence on the barrier width v. For that one would
instead expect to recover the Arrhenius equation, with
� ⇠ e�Ea/kT , where Ea is the activation energy 3.

3 This can be seen using the same techniques [7], but now the finite-
temperature field theory is genuinely Euclidean, with compact-
ified time having periodicity given by the temperature, namely
tE = 1/kT . The instanton has to satisfy the periodicity con-
dition, and the time coordinate is rescaled accordingly with
� = 1/kT . For high temperatures there is effectively no room
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To show that the system behaves like a quantum system, we do reverse annealing as 
follows:

A. begin with system in a classical state, with just a single well potential, i.e. k=0

B. bring it to a quantum state and wait 50 microseconds for it to become stable

C. change the potential to introduce the second well

D. wait t microseconds and bring it back to a classical state to measure the sigmas

E. rinse and repeat 10k times

F. work out the tunnelling fraction

Figure 4: Anneal schedule parameters. The thermal contribu-
tion is shown as a solid line, while A and B are the coefficients
scaling the classical Ising and transverse field contributions
respectively

anneal the classical starting point is a pre-defined set of
�Z
i ’s. This implies that the initial wavefunction  (�) is a

position eigenstate (it is essentially a Dirac �-function),
containing superpositions of all energy eigenstates.

It is worth mentioning several moves that are required
to improve performance. For all our results we will us-
ing a minor-embedding on the Dwave annealer QPU, due
to its limited connectivity, with N = 200 qubits in our
effective Ising model (but obviously with more on the
physical machine due to the embedding). Performance
is improved by splitting the large number of reads into
smaller groups (of say 100) in order to reduce biasing
from each embedding. The states are re-initialised at the
bottom of the false vacuum in a classical state at the be-
ginning of each read. As mentioned one also has to be
careful to set the Ising chain parameters, namely ⇤,⇤0,
to be not much larger than the largest energy scale in
the problem. This is because as mentioned we wish to
avoid the annealer autoscaling the couplings to ĥ, Ĵ as
in (17). After such scaling, Ising chain parameters that
were very large, would imply couplings in the physical
potential that were very small. The effect of autoscal-
ing is actually an additional motivation for our favour-
ing of Pöschl-Teller potentials, because they go to a con-
stant at large field values and different � intervals do not
change the autoscaling: by contrast a quartic potential
would grow rapidly at large field values4. Conversely if
the Ising chain parameters are too small then the Ising
chain breaks and we no longer have a faithful represen-
tation of the field value. Such “wall-breaks” happen a
few percent of the time and can never be eliminated en-
tirely. Those results are simply discarded. Additionally
the minor-embedding itself (which ties qubits together in

4 It is also worth mentioning that the D-Wave annealer does
provide the possibility of turning off auto-scaling (by setting
auto�scale = False) but the performance is reduced unless the
couplings are tuned precisely anyway.

Figure 5: Typical reverse anneal schedule. The anneal pa-
rameter s increases the transverse field, and there is an initial
period of stabilisation in the minimum at the origin. The h-
gain parameter is then turned on to introduce metastability
and induce tunnelling.

a similar fashion to the Ising chain embedding in J) may
also fail. The parameters can usually be adjusted so that
these “chain-breaks” happen rarely however.

IV. RESULTS

A. Calibration on SHO ground states

We now turn to the results, and discuss the various
parameters and further interpretation as we proceed, be-
ginning by studying the system with no tunnelling. That
is we keep C(t) = C0 and set v to be very large, in or-
der to learn about the effective Planck’s constant, more
precisely the combination � = ~2/2m⌘20 . As mentioned
this amounts to our calibration of the experiment, and
to perform it in a systematic way, we will use the simple-
harmonic-oscillator (SHO). That is we take

U0(�) =


2
�2 . (25)

We show the result of 30K reads of the annealer with
 = 0.06 in Fig.6, presented as binned probability density
functions normalised to one. (In other words as N ! 1

this curve would be | |2). Note that the value of  is
chosen small enough to avoid autoscaling. For this run
we hold the annealer at sq = 0.7 for 75 µs (plus 5 µs of
ramp-up and 1 µs of ramp-down).

By inspecting this and similar curves one gains some
intuition about the behaviour of this system. First, apart
from some seemingly characteristic perturbation around
the peak it clearly appears to have reached the Gaussian
ground state, which is of the form
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Calibrating the system with a simple harmonic oscillator

Figure 4: Anneal schedule parameters. The thermal contribu-
tion is shown as a solid line, while A and B are the coefficients
scaling the classical Ising and transverse field contributions
respectively
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position eigenstate (it is essentially a Dirac �-function),
containing superpositions of all energy eigenstates.
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to improve performance. For all our results we will us-
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to its limited connectivity, with N = 200 qubits in our
effective Ising model (but obviously with more on the
physical machine due to the embedding). Performance
is improved by splitting the large number of reads into
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from each embedding. The states are re-initialised at the
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containing superpositions of all energy eigenstates.

It is worth mentioning several moves that are required
to improve performance. For all our results we will us-
ing a minor-embedding on the Dwave annealer QPU, due
to its limited connectivity, with N = 200 qubits in our
effective Ising model (but obviously with more on the
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is improved by splitting the large number of reads into
smaller groups (of say 100) in order to reduce biasing
from each embedding. The states are re-initialised at the
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ginning of each read. As mentioned one also has to be
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this amounts to our calibration of the experiment, and
to perform it in a systematic way, we will use the simple-
harmonic-oscillator (SHO). That is we take

U0(�) =


2
�2 . (25)

We show the result of 30K reads of the annealer with
 = 0.06 in Fig.6, presented as binned probability density
functions normalised to one. (In other words as N ! 1

this curve would be | |2). Note that the value of  is
chosen small enough to avoid autoscaling. For this run
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By inspecting this and similar curves one gains some
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from some seemingly characteristic perturbation around
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Figure 6: The probability density of the SHO with N = 200
and with sq = 0.7 after time t = 75µs and with  = 0.06.
The ground-states are measured with an interval �� = 13.
The probability density approximates the red line, which cor-
responds to � ⌘ ~2/2m⌘2

0 = 0.33.

so we can reasonably conclude that for this choice of pa-
rameters 75 µs is long enough for the required dissipation.
Note that the ⌘0 parameter cancels in the /� ratio. Sec-
ondly, this curve leads to an approximate estimation of
� = 0.33. Choosing different physical couplings appears
to yield similar values of �, so not only do the wave-
functions have the correct shape but they also have the
correct functional dependence on . By contrast the re-
sult for the inferred value of � does depend on the interval
we choose for �. This is because different intervals with
the same choice of N = 200 imply different ⇠, and not
surprisingly this affects the mass density m in the field
theory.

We stress that absolutely no dynamics was introduced
by hand into the annealer, and therefore this constitutes
a genuine measurement of the ground state wavefunction
of a quantum mechanical system.

It is also instructive to consider the fact that the an-
nealer returns a wave-function with different � depending
on the value of sq. When we choose sq we imbue the effec-
tive field theory with a kinetic �̇2 term that has a certain
value of ~2/2m we do not know. The ground state has
to adjust to have the matching value of �. Clearly as
we let sq ! 1 the value of ~2/2m in our effective theory
must go to zero because quantum effects turn off there.
Accordingly the ground state wave-function becomes in-
creasingly narrow until in the classical limit it approaches
a �-function, which in a reverse anneal is where it begins.
In other words the “classical” �-function position eigen-
state is simply the ground state wave function when there
is no transverse field component.

Figure 7: The probability distribution with v = 2.5, sq = 0.7
after ttunnel = 50, 100, 150mus, where N is the number of
events.

B. Tunnelling

We now adjust the h-gain schedule, so that for a pe-
riod, ttunnel, the second minimum appears and the sys-
tem is allowed to tunnel into it. One can perform the
same exercise as for the SHO ground state. The result
(now displayed as a probability distribution such that the
sum of the bin-counts is normalised to unity) is shown in
Fig.8, for the system when it is left for 50, 100, 150µs in
the presence of the second minimum, with k = 1 in the
potential of Eq,(1), where we take v = 2.5. The pres-
ence of tunnelling is clearly evident. Further evidence
in support of this being genuine quantum tunnelling can
be found by studying the decay rates as a function of v.
This is shown in Fig.8 for several values of v where the
expected exponential suppression of the decay rate with
increasing v is apparent. This exponential behaviour can
be fit to the approximation in (14), as in Fig.9. For
the measured value of � the theoretical expectation is
log� = 3.0 ⇥ (1.66 � v). The best fit value (given by
the red line in Fig.9) is log� = 2.29 ⇥ (1.71 � v). Per-
haps unsurprisingly, the overall parameter � remains one
of the most difficult aspects to determine precisely given
the limitations of the annealer for this study. Neverthe-
less the observed behaviour provides good support for the
presence of quantum tunnelling.

C. Quantum versus Thermal

It is important to definitively exclude the possibility
that what is being observed is thermal rather than quan-
tum tunnelling. More precisely we wish to establish that
the states are really tunnelling through the barrier rather
than being thermally excited over the top, noting for ex-
ample that an explanation for the drop-off with v ob-
served in the tunnelling rate above, could simply be due
to the height of the barrier (and hence the activation
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from each embedding. The states are re-initialised at the
bottom of the false vacuum in a classical state at the be-
ginning of each read. As mentioned one also has to be
careful to set the Ising chain parameters, namely ⇤,⇤0,
to be not much larger than the largest energy scale in
the problem. This is because as mentioned we wish to
avoid the annealer autoscaling the couplings to ĥ, Ĵ as
in (17). After such scaling, Ising chain parameters that
were very large, would imply couplings in the physical
potential that were very small. The effect of autoscal-
ing is actually an additional motivation for our favour-
ing of Pöschl-Teller potentials, because they go to a con-
stant at large field values and different � intervals do not
change the autoscaling: by contrast a quartic potential
would grow rapidly at large field values4. Conversely if
the Ising chain parameters are too small then the Ising
chain breaks and we no longer have a faithful represen-
tation of the field value. Such “wall-breaks” happen a
few percent of the time and can never be eliminated en-
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Figure 6: The probability density of the SHO with N = 200
and with sq = 0.7 after time t = 75µs and with  = 0.06.
The ground-states are measured with an interval �� = 13.
The probability density approximates the red line, which cor-
responds to � ⌘ ~2/2m⌘2

0 = 0.33.

so we can reasonably conclude that for this choice of pa-
rameters 75 µs is long enough for the required dissipation.
Note that the ⌘0 parameter cancels in the /� ratio. Sec-
ondly, this curve leads to an approximate estimation of
� = 0.33. Choosing different physical couplings appears
to yield similar values of �, so not only do the wave-
functions have the correct shape but they also have the
correct functional dependence on . By contrast the re-
sult for the inferred value of � does depend on the interval
we choose for �. This is because different intervals with
the same choice of N = 200 imply different ⇠, and not
surprisingly this affects the mass density m in the field
theory.

We stress that absolutely no dynamics was introduced
by hand into the annealer, and therefore this constitutes
a genuine measurement of the ground state wavefunction
of a quantum mechanical system.

It is also instructive to consider the fact that the an-
nealer returns a wave-function with different � depending
on the value of sq. When we choose sq we imbue the effec-
tive field theory with a kinetic �̇2 term that has a certain
value of ~2/2m we do not know. The ground state has
to adjust to have the matching value of �. Clearly as
we let sq ! 1 the value of ~2/2m in our effective theory
must go to zero because quantum effects turn off there.
Accordingly the ground state wave-function becomes in-
creasingly narrow until in the classical limit it approaches
a �-function, which in a reverse anneal is where it begins.
In other words the “classical” �-function position eigen-
state is simply the ground state wave function when there
is no transverse field component.

Figure 7: The probability distribution with v = 2.5, sq = 0.7
after ttunnel = 50, 100, 150mus, where N is the number of
events.

B. Tunnelling

We now adjust the h-gain schedule, so that for a pe-
riod, ttunnel, the second minimum appears and the sys-
tem is allowed to tunnel into it. One can perform the
same exercise as for the SHO ground state. The result
(now displayed as a probability distribution such that the
sum of the bin-counts is normalised to unity) is shown in
Fig.8, for the system when it is left for 50, 100, 150µs in
the presence of the second minimum, with k = 1 in the
potential of Eq,(1), where we take v = 2.5. The pres-
ence of tunnelling is clearly evident. Further evidence
in support of this being genuine quantum tunnelling can
be found by studying the decay rates as a function of v.
This is shown in Fig.8 for several values of v where the
expected exponential suppression of the decay rate with
increasing v is apparent. This exponential behaviour can
be fit to the approximation in (14), as in Fig.9. For
the measured value of � the theoretical expectation is
log� = 3.0 ⇥ (1.66 � v). The best fit value (given by
the red line in Fig.9) is log� = 2.29 ⇥ (1.71 � v). Per-
haps unsurprisingly, the overall parameter � remains one
of the most difficult aspects to determine precisely given
the limitations of the annealer for this study. Neverthe-
less the observed behaviour provides good support for the
presence of quantum tunnelling.

C. Quantum versus Thermal

It is important to definitively exclude the possibility
that what is being observed is thermal rather than quan-
tum tunnelling. More precisely we wish to establish that
the states are really tunnelling through the barrier rather
than being thermally excited over the top, noting for ex-
ample that an explanation for the drop-off with v ob-
served in the tunnelling rate above, could simply be due
to the height of the barrier (and hence the activation
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Figure 8: The transition probabilities for different v with sq =
0.7 after ttunnel = 100µs.

Figure 9: Best fit values for the tunnelling fraction P (v) =
ae�bv for varying vacuum expectation values v, with tun-
nelling time ttunnel = 100µs are a = 50.5 and b = 2.29.

energy Ea) increasing with v.
In order to probe this particular question, we will now

examine a potential that provides a cleaner separation
between quantum and thermal behaviour, as shown in
Figure 10. The potential is divided up more precisely
than before, in the manner described earlier, so that it is
of the form in (24) where we take C0 = 0.2 as our initial
h-gain parameter. In other words the terms in our new
potential can be written

U0 =
3

4
tanh2 �� C0 U1 ,

U1 = k0 tanh2 �� k sech2c(�� v) , (27)

with the potential at t = 0 being the single Pöschl-Teller
well, shown as the solid blue line. When C(t) ! 1, the
first term in U1 then raises the sides of the well by (1 �
C0)k0, while the second term introduces a new well at
� = v of width ⇠ 1/c and depth (1�C0)k. We will take
c = 3 and k0 = 1/2. We then consider k = k0 or k = 2.
For this study we will also choose sq = 0.65 which gives

Figure 10: Minimally disturbing the initial state in order to
test if the tunnelling exhibits quantum or thermal behaviour.
The initial potential is a single well, and additional terms
raise a barrier between it and a new well that is introduced
with either a minimum at either exactly the same height as
the original potential, or deeper than the original one.

more rapid tunnelling, allowing us choose values of v that
are in the flat region of the potential.

There are several reasons that this constitutes a clean
separation of quantum and thermal behaviour. First it
is notable from the study above that the bound state in
which the system begins has a rather high energy. As
such if we simply introduce a new minimum as we did
earlier then it is likely that some components of the wave-
function will be able to tunnel rapidly. The initial dip at v
that was present in our previous configuration would also
be able to capture states during the dissipation phase.
Neither of these two types of state could be very easily
distinguished from ones that had thermally tunnelled.

What do we expect the tunnelling behaviour to be
in the potential above? In the situation where k = k0

no new minimum is introduced that would be quantum
mechanically accessible to any component of the initial
bound state. Therefore in principle we should not find
any states in this minimum at all if the system is purely
quantum, although in practice this will depend on there
being no remaining continuous component in the spec-
trum at all. This is in contrast to the case where k = 2
shown as the dashed red line in Fig. 10, where the stan-
dard quantum tunnelling should take place. Moreover
according to (14) the observed tunnelling rate into this
minimum should again drop-off with increasing v, even if
we consider values of v in the region where barrier height
is constant.

Let us contrast this behaviour with what one would
expect for a thermally activated system. In this case
there would be little distinction between the k = 1/2
and k = 2 cases. Once thermal effects are large enough
to excite states over the barrier, roughly similar propor-
tions would be captured by the new minimum at � = v.
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more rapid tunnelling, allowing us choose values of v that
are in the flat region of the potential.

There are several reasons that this constitutes a clean
separation of quantum and thermal behaviour. First it
is notable from the study above that the bound state in
which the system begins has a rather high energy. As
such if we simply introduce a new minimum as we did
earlier then it is likely that some components of the wave-
function will be able to tunnel rapidly. The initial dip at v
that was present in our previous configuration would also
be able to capture states during the dissipation phase.
Neither of these two types of state could be very easily
distinguished from ones that had thermally tunnelled.

What do we expect the tunnelling behaviour to be
in the potential above? In the situation where k = k0

no new minimum is introduced that would be quantum
mechanically accessible to any component of the initial
bound state. Therefore in principle we should not find
any states in this minimum at all if the system is purely
quantum, although in practice this will depend on there
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trum at all. This is in contrast to the case where k = 2
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according to (14) the observed tunnelling rate into this
minimum should again drop-off with increasing v, even if
we consider values of v in the region where barrier height
is constant.

Let us contrast this behaviour with what one would
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to excite states over the barrier, roughly similar propor-
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Figure 6: The probability density of the SHO with N = 200
and with sq = 0.7 after time t = 75µs and with  = 0.06.
The ground-states are measured with an interval �� = 13.
The probability density approximates the red line, which cor-
responds to � ⌘ ~2/2m⌘2
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so we can reasonably conclude that for this choice of pa-
rameters 75 µs is long enough for the required dissipation.
Note that the ⌘0 parameter cancels in the /� ratio. Sec-
ondly, this curve leads to an approximate estimation of
� = 0.33. Choosing different physical couplings appears
to yield similar values of �, so not only do the wave-
functions have the correct shape but they also have the
correct functional dependence on . By contrast the re-
sult for the inferred value of � does depend on the interval
we choose for �. This is because different intervals with
the same choice of N = 200 imply different ⇠, and not
surprisingly this affects the mass density m in the field
theory.

We stress that absolutely no dynamics was introduced
by hand into the annealer, and therefore this constitutes
a genuine measurement of the ground state wavefunction
of a quantum mechanical system.

It is also instructive to consider the fact that the an-
nealer returns a wave-function with different � depending
on the value of sq. When we choose sq we imbue the effec-
tive field theory with a kinetic �̇2 term that has a certain
value of ~2/2m we do not know. The ground state has
to adjust to have the matching value of �. Clearly as
we let sq ! 1 the value of ~2/2m in our effective theory
must go to zero because quantum effects turn off there.
Accordingly the ground state wave-function becomes in-
creasingly narrow until in the classical limit it approaches
a �-function, which in a reverse anneal is where it begins.
In other words the “classical” �-function position eigen-
state is simply the ground state wave function when there
is no transverse field component.

Figure 7: The probability distribution with v = 2.5, sq = 0.7
after ttunnel = 50, 100, 150mus, where N is the number of
events.

B. Tunnelling

We now adjust the h-gain schedule, so that for a pe-
riod, ttunnel, the second minimum appears and the sys-
tem is allowed to tunnel into it. One can perform the
same exercise as for the SHO ground state. The result
(now displayed as a probability distribution such that the
sum of the bin-counts is normalised to unity) is shown in
Fig.8, for the system when it is left for 50, 100, 150µs in
the presence of the second minimum, with k = 1 in the
potential of Eq,(1), where we take v = 2.5. The pres-
ence of tunnelling is clearly evident. Further evidence
in support of this being genuine quantum tunnelling can
be found by studying the decay rates as a function of v.
This is shown in Fig.8 for several values of v where the
expected exponential suppression of the decay rate with
increasing v is apparent. This exponential behaviour can
be fit to the approximation in (14), as in Fig.9. For
the measured value of � the theoretical expectation is
log� = 3.0 ⇥ (1.66 � v). The best fit value (given by
the red line in Fig.9) is log� = 2.29 ⇥ (1.71 � v). Per-
haps unsurprisingly, the overall parameter � remains one
of the most difficult aspects to determine precisely given
the limitations of the annealer for this study. Neverthe-
less the observed behaviour provides good support for the
presence of quantum tunnelling.

C. Quantum versus Thermal

It is important to definitively exclude the possibility
that what is being observed is thermal rather than quan-
tum tunnelling. More precisely we wish to establish that
the states are really tunnelling through the barrier rather
than being thermally excited over the top, noting for ex-
ample that an explanation for the drop-off with v ob-
served in the tunnelling rate above, could simply be due
to the height of the barrier (and hence the activation
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Results: we see tunnelling, e.g. at v=2.5
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Quantum vs Thermal

Figure 8: The transition probabilities for different v with sq =
0.7 after ttunnel = 100µs.

Figure 9: Best fit values for the tunnelling fraction P (v) =
ae�bv for varying vacuum expectation values v, with tun-
nelling time ttunnel = 100µs are a = 50.5 and b = 2.29.

energy Ea) increasing with v.
In order to probe this particular question, we will now

examine a potential that provides a cleaner separation
between quantum and thermal behaviour, as shown in
Figure 10. The potential is divided up more precisely
than before, in the manner described earlier, so that it is
of the form in (24) where we take C0 = 0.2 as our initial
h-gain parameter. In other words the terms in our new
potential can be written

U0 =
3

4
tanh2 �� C0 U1 ,

U1 = k0 tanh2 �� k sech2c(�� v) , (27)

with the potential at t = 0 being the single Pöschl-Teller
well, shown as the solid blue line. When C(t) ! 1, the
first term in U1 then raises the sides of the well by (1 �
C0)k0, while the second term introduces a new well at
� = v of width ⇠ 1/c and depth (1�C0)k. We will take
c = 3 and k0 = 1/2. We then consider k = k0 or k = 2.
For this study we will also choose sq = 0.65 which gives

Figure 10: Minimally disturbing the initial state in order to
test if the tunnelling exhibits quantum or thermal behaviour.
The initial potential is a single well, and additional terms
raise a barrier between it and a new well that is introduced
with either a minimum at either exactly the same height as
the original potential, or deeper than the original one.

more rapid tunnelling, allowing us choose values of v that
are in the flat region of the potential.

There are several reasons that this constitutes a clean
separation of quantum and thermal behaviour. First it
is notable from the study above that the bound state in
which the system begins has a rather high energy. As
such if we simply introduce a new minimum as we did
earlier then it is likely that some components of the wave-
function will be able to tunnel rapidly. The initial dip at v
that was present in our previous configuration would also
be able to capture states during the dissipation phase.
Neither of these two types of state could be very easily
distinguished from ones that had thermally tunnelled.

What do we expect the tunnelling behaviour to be
in the potential above? In the situation where k = k0

no new minimum is introduced that would be quantum
mechanically accessible to any component of the initial
bound state. Therefore in principle we should not find
any states in this minimum at all if the system is purely
quantum, although in practice this will depend on there
being no remaining continuous component in the spec-
trum at all. This is in contrast to the case where k = 2
shown as the dashed red line in Fig. 10, where the stan-
dard quantum tunnelling should take place. Moreover
according to (14) the observed tunnelling rate into this
minimum should again drop-off with increasing v, even if
we consider values of v in the region where barrier height
is constant.

Let us contrast this behaviour with what one would
expect for a thermally activated system. In this case
there would be little distinction between the k = 1/2
and k = 2 cases. Once thermal effects are large enough
to excite states over the barrier, roughly similar propor-
tions would be captured by the new minimum at � = v.
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where

To test if process over or through barrier, we compare time-dependent 
potential, starting at U0 and going either to k=k’=0.5 or k=2,k’=0.5

U1=0

Note, only depth of well different, 
width of well is the same

Note also that energy eigenstate 
of tanh^2 potential (U1=0) is not 

at 0, but lowest energy eigenstate 
is ~0.41

Better not to have only 2 differently deep second potential wells, 
but to also raise the barrier to suppress thermal transitions
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Result: clear quantum behaviour

How much remains trapped there depends somewhat on
the temperature and whether the transitions are in equi-
librium. Calling the minima at 0 and v, A and B respec-
tively, and the height of the barrier Ea, ultimately such
a system would attempt to reach an equilibrium where
the transition rates are the same in both directions, i.e.
NA
NB

= eEa/kBT e�(Ea�EB))/kBT = eEB/kBT . If the system
were fully in equilibrium then the ratio of the numbers of
states found in the new minima would be independent of
the height of the barrier, and of order e(EB1�EB2 )/kBT ,
where 1, 2 labels the choice k = k0 or 2 respectively. How-
ever the difference in energies (EB1 �EB2) is of the same
order as the activation energy Ea itself. Therefore a sig-
nificant thermal tunnelling would result in similar num-
bers of states in the new minima. And the k = 2 and
k = k0 cases become only more similar if the transitions
begin to fall out of equilibrium, as the rate of tunnelling
in either direction would become very low: the number
count in the new minimum would then simply depend on
how many states had fallen into its domain of attraction,
and this would be virtually independent of the depth. Fi-
nally the tunnelling rate should not depend on v in this
potential if it proceeds by thermal activation: any ther-
mally activated state would be equally likely to fall into
the new minimum regardless of v.

Results from the two cases k = k0 and k = 2 are shown
in Figures 11 and 12 respectively. The former shows the
expected quantum tunnelling behaviour with a rapid fall
in tunnelling probability as v increases. The latter has
collected some of the energetic degrees of freedom but
only a fraction of the number that are able to tunnel
into the lower minimum. This behaviour provides further
support for the presence of quantum tunnelling. There
are other simple tests one could devise, and set-ups that
probe different aspects of the physics, which will be the
subject of future study. For example one could construct
a potential with a small but thin extra barrier in front of
the second well. Thermally excited transition would be
greatly reduced by such a barrier, while quantum transi-
tion would be virtually unaffected. A point we would like
to emphasise however is the ease with which our frame-
work allows one to formulate and address the question.

V. CONCLUSION

Barrier penetration is a manifestly quantum mechan-
ical property of a quantum field. While such tunnelling
processes have been observed and studied in quantum
mechanics and a selection of special quantum field the-
ories realised in nature, for instance in some condensed
matter systems, to our knowledge, such instanton pro-
cesses have never been observed and experimentally stud-
ied in a freely chosen quantum field theory.

For this purpose we outlined how to encode a quan-
tum field theory as an Ising model and probe it exper-
imentally. The quantum field is represented by a spin
chain and each node corresponds to a qubit on a quan-

Figure 11: The transition probabilities into the raised mini-
mum of Fig.10 for v = 4 with sq = 0.65 after ttunnel = 100µs.

Figure 12: The transition probabilities for different v in the
presence of the deep minima of Fig.10, with sq = 0.65 after
ttunnel = 100µs.

tum annealer. After initialising the quantum field with
a field value in the potential minimum, one can observe
it settle into a quantum eigenstate characteristic of the
potential profile imposed on the system. In a second
step we then modified the energy profile of the quantum
annealer across its qubits, such that the quantum field
was no longer in the global potential minimum, but in a
false vacuum. We then measured the probability for the
field to tunnel from the false to the true vacuum for var-
ious tunnelling times, vacuum displacements and poten-
tial profiles. It was then possible to compare the observed
tunnelling probabilities with that predicted theoretically
by the WKB method.

Thus a quantum annealer, as for example provided by
D-Wave, is a genuine quantum system that, following our
method, can be used as a quantum laboratory for gen-
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How much remains trapped there depends somewhat on
the temperature and whether the transitions are in equi-
librium. Calling the minima at 0 and v, A and B respec-
tively, and the height of the barrier Ea, ultimately such
a system would attempt to reach an equilibrium where
the transition rates are the same in both directions, i.e.
NA
NB

= eEa/kBT e�(Ea�EB))/kBT = eEB/kBT . If the system
were fully in equilibrium then the ratio of the numbers of
states found in the new minima would be independent of
the height of the barrier, and of order e(EB1�EB2 )/kBT ,
where 1, 2 labels the choice k = k0 or 2 respectively. How-
ever the difference in energies (EB1 �EB2) is of the same
order as the activation energy Ea itself. Therefore a sig-
nificant thermal tunnelling would result in similar num-
bers of states in the new minima. And the k = 2 and
k = k0 cases become only more similar if the transitions
begin to fall out of equilibrium, as the rate of tunnelling
in either direction would become very low: the number
count in the new minimum would then simply depend on
how many states had fallen into its domain of attraction,
and this would be virtually independent of the depth. Fi-
nally the tunnelling rate should not depend on v in this
potential if it proceeds by thermal activation: any ther-
mally activated state would be equally likely to fall into
the new minimum regardless of v.

Results from the two cases k = k0 and k = 2 are shown
in Figures 11 and 12 respectively. The former shows the
expected quantum tunnelling behaviour with a rapid fall
in tunnelling probability as v increases. The latter has
collected some of the energetic degrees of freedom but
only a fraction of the number that are able to tunnel
into the lower minimum. This behaviour provides further
support for the presence of quantum tunnelling. There
are other simple tests one could devise, and set-ups that
probe different aspects of the physics, which will be the
subject of future study. For example one could construct
a potential with a small but thin extra barrier in front of
the second well. Thermally excited transition would be
greatly reduced by such a barrier, while quantum transi-
tion would be virtually unaffected. A point we would like
to emphasise however is the ease with which our frame-
work allows one to formulate and address the question.

V. CONCLUSION

Barrier penetration is a manifestly quantum mechan-
ical property of a quantum field. While such tunnelling
processes have been observed and studied in quantum
mechanics and a selection of special quantum field the-
ories realised in nature, for instance in some condensed
matter systems, to our knowledge, such instanton pro-
cesses have never been observed and experimentally stud-
ied in a freely chosen quantum field theory.

For this purpose we outlined how to encode a quan-
tum field theory as an Ising model and probe it exper-
imentally. The quantum field is represented by a spin
chain and each node corresponds to a qubit on a quan-

Figure 11: The transition probabilities into the raised mini-
mum of Fig.10 for v = 4 with sq = 0.65 after ttunnel = 100µs.

Figure 12: The transition probabilities for different v in the
presence of the deep minima of Fig.10, with sq = 0.65 after
ttunnel = 100µs.

tum annealer. After initialising the quantum field with
a field value in the potential minimum, one can observe
it settle into a quantum eigenstate characteristic of the
potential profile imposed on the system. In a second
step we then modified the energy profile of the quantum
annealer across its qubits, such that the quantum field
was no longer in the global potential minimum, but in a
false vacuum. We then measured the probability for the
field to tunnel from the false to the true vacuum for var-
ious tunnelling times, vacuum displacements and poten-
tial profiles. It was then possible to compare the observed
tunnelling probabilities with that predicted theoretically
by the WKB method.

Thus a quantum annealer, as for example provided by
D-Wave, is a genuine quantum system that, following our
method, can be used as a quantum laboratory for gen-

9

Figure 8: The transition probabilities for different v with sq =
0.7 after ttunnel = 100µs.

Figure 9: Best fit values for the tunnelling fraction P (v) =
ae�bv for varying vacuum expectation values v, with tun-
nelling time ttunnel = 100µs are a = 50.5 and b = 2.29.

energy Ea) increasing with v.
In order to probe this particular question, we will now

examine a potential that provides a cleaner separation
between quantum and thermal behaviour, as shown in
Figure 10. The potential is divided up more precisely
than before, in the manner described earlier, so that it is
of the form in (24) where we take C0 = 0.2 as our initial
h-gain parameter. In other words the terms in our new
potential can be written

U0 =
3

4
tanh2 �� C0 U1 ,

U1 = k0 tanh2 �� k sech2c(�� v) , (27)

with the potential at t = 0 being the single Pöschl-Teller
well, shown as the solid blue line. When C(t) ! 1, the
first term in U1 then raises the sides of the well by (1 �
C0)k0, while the second term introduces a new well at
� = v of width ⇠ 1/c and depth (1�C0)k. We will take
c = 3 and k0 = 1/2. We then consider k = k0 or k = 2.
For this study we will also choose sq = 0.65 which gives

Figure 10: Minimally disturbing the initial state in order to
test if the tunnelling exhibits quantum or thermal behaviour.
The initial potential is a single well, and additional terms
raise a barrier between it and a new well that is introduced
with either a minimum at either exactly the same height as
the original potential, or deeper than the original one.

more rapid tunnelling, allowing us choose values of v that
are in the flat region of the potential.

There are several reasons that this constitutes a clean
separation of quantum and thermal behaviour. First it
is notable from the study above that the bound state in
which the system begins has a rather high energy. As
such if we simply introduce a new minimum as we did
earlier then it is likely that some components of the wave-
function will be able to tunnel rapidly. The initial dip at v
that was present in our previous configuration would also
be able to capture states during the dissipation phase.
Neither of these two types of state could be very easily
distinguished from ones that had thermally tunnelled.

What do we expect the tunnelling behaviour to be
in the potential above? In the situation where k = k0

no new minimum is introduced that would be quantum
mechanically accessible to any component of the initial
bound state. Therefore in principle we should not find
any states in this minimum at all if the system is purely
quantum, although in practice this will depend on there
being no remaining continuous component in the spec-
trum at all. This is in contrast to the case where k = 2
shown as the dashed red line in Fig. 10, where the stan-
dard quantum tunnelling should take place. Moreover
according to (14) the observed tunnelling rate into this
minimum should again drop-off with increasing v, even if
we consider values of v in the region where barrier height
is constant.

Let us contrast this behaviour with what one would
expect for a thermally activated system. In this case
there would be little distinction between the k = 1/2
and k = 2 cases. Once thermal effects are large enough
to excite states over the barrier, roughly similar propor-
tions would be captured by the new minimum at � = v.
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with 
varying v

Clearly dominant part of transition through barrier and not over barrier
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Also dynamics has characteristic behaviour. For example it still 
“tunnels” to the bottom of a potential even if there is no 
barrier: i.e. the wave function leaks across, rather than rolling 
as a lump —
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Numerically solving S.E. we find (this takes an hour!) 
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Also	dynamics	has	characteris1c	behaviour.	For	example	it	s1ll	“tunnels”	to	the	
bo;om	of	a	poten1al	even	if	there	is	no	barrier:	i.e.	the	wave	func1on	leaks	
across,	rather	than	rolling	as	a	lump	—	

Mul1ple	measurements	on	the	quantum	annealer:
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• Encoding the solution of a problem into the ground state of a 
complex system can be a fast and reliable way to calculate highly 
non-trivial problems. 

Summary

and 


Future directions

• Quantum computers are near-to-midterm future experiments that 
can be used to encode and solve questions in field theory

• Future research directions include: 

• We have achieved so far: 
➡ First instance of being able to build a QFT by hand in quantum lab

➡ First observation of instantons for freely chosen QFT (d=1)

➡ Study strongly-coupled systems
➡ Extend to more dimensions, gauge theories, condensed matter, etc etc
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