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Summary 

• N=2 string theory admits multi-centered black holes. 

• Scaling black holes are multi-centered black holes, such that centers can come arbitrarily 
close. 
This near-coincident regime of scaling black holes is “similar” to single centered black holes. 

• Black hole degeneracies can be packed inside certain generating functions. 
These generating functions have interesting modular properties.  

• Scaling black holes give additional contribution to such generating functions.  

• We show for scaling black holes with 3-centers, this gives a depth 2 mock modular form and 
further compute its modular completion.  



Quick Recap of Black Holes in 
String Theory



black holes entropy puzzle 

• Classically black holes have no microstates  no entropy. 
What happened to the entropy of the collapsed star?    law is in danger !  

• Area of event horizon always increases, just like entropy  

   Bekenstein, Hawking 

• Puzzle: what are the underlying microstates? 


• Hint:  is the scale of quantum gravity  
       Ask a theory of quantum gravity.  

• A correct theory of Quantum gravity must explain black hole entropy. 

⇒
⇒ 2nd

⇒ SBH =
Area
4 l2

P

lP ∼ 1.6 × 10−35m
⇒
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Integrate arrows out

• Denef’s eqns:    

  

• Wall crossing: 
Solutions may or may not exist depending on moduli 

.

∑
i≠j

⟨γi, γj⟩
rij

= ci , ⟨γi, γj⟩ = Pi . Qj − Pj . Qi ,

ci = 2 Im (e−iαZ(γi, t)) |r=∞

ta = Ba + iJa

Coulomb branch   
D-branes

Strings stretched between

 D-branes

Denef, Moore



D4-D2-D0 Black Holes 

• Charge vector  
D6-brane charge 0, D4-brane charge P, D2-brane charge Q, D0-brane charge . 

• Let ,  be the triple intersection numbers of the Calabi-Yau 3-
fold X.  

• Magnetic charge P lives on a lattice ,  electric charge Q lives on dual lattice . 

•  has quadratic form , with signature .

γ = (0,P, Q, Q0)
Q0

Dabc a, b, c = 1,…, b2(X)

Λ Λ*

Λ Dab = DabcPc (1, b2 − 1)



attractor point 

• Irrespective of their values at infinity  , moduli fields flows to the “attractor values”  
 (determined by charge  of the black hole) at the event horizon of the black hole. 

 

         


• Denef’s eqns at the attractor point read  


• If for any given i, if all the -s have same sign, there is no solution.  
 many multi-centered black holes do not survive at the attractor point ! 

                                         

t∞
tγ γ

ta
γ = Ba + iJa = Qa + iPa

c*j = |Z(γ, tγ) |⟨γ, γi⟩ = − M∑
j≠i

γij

∑
j≠i

γij

|rij |
= − M∑

j≠i

γij

γij
⇒



 

attractor survivors 

• Note,  for a given i,  
all the only outgoing arrows  the node is a source.  
all the only incoming arrows  the node is a sink. 

• Quivers with no source/sink = quivers with loops. 

γij > 0 ⇒ ⇒
γij < 0 ⇒ ⇒

Examples of  
quivers with loops



large volume attractor point 

• Attractor point lives deep “inside” the moduli space,  
whereas certain simplifications occur in large volume regime of Kähler moduli space.  

• Best of both worlds:  “analog” of attractor point in large volume regime ? 

• Indeed, such a point exists and called large volume attractor point,  given by 
 

                                 

equivalent to attractor point, as far as survival is concerned. 
                                         

(tλ
γ )a = Qa + iλPa, λ → ∞

cλ
j = 2λ⟨γ, γj⟩ ∝ c*j ,



  Denef’s eqns      are invariant under   

• For  centers are arbitrarily close,  
provided (a,b,c) obey triangle inequalities. 
 
These are called scaling solutions.          
 Bena, Berkooz, de Boer, El-Showk, den Bleeken, Messamah, Wang, Warner, Denef, Moore 

• Scaling solutions exist for any value of , including attractor point. 

•  region, often dubbed deep scaling regime, is tricky.  
Beaujard, SM, Pioline 

a
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= c2

1
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1
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1
r23

→
1

r23
+

1
εb

,

1
r31

→
1

r31
+

1
εc

ε → 0,

{ci}

ε → 0

a b

c1 3

2

Simplest quiver 
with loop



On moduli space of Scaling solutions 

• Denef’s equations can be exactly solved  

 

the scaling parameter  is free. 

• Since distances are positive, there is an upper limit on , where 3 centers align and  
one has  or some permutation thereof. 

• There is no lower cutoff on . 
 region makes the solution space non-compact. 

 
Roughly, scaling solution space =    Manschot, Pioline, Sen; Beaujard, SM, Pioline


 

1
r12

=
1
aε

− M ,
1

r23
=

1
bε

− M ,
1

r31
=

1
cε

− M .

ε

ε
r12 + r23 = r13

ε
ε → 0

regular part

easy

∪ deep scaling part

tricky



Scaling (  region) vs single centered black holes 

• An asymptotic observer can’t tell them apart. 

• Both exist for any moduli 

• Gives zero angular momentum states (pure Higgs states), a trait of single single-centered black hole 
microstates.                        
                                                                                         Chowdhury, Garavuso, S.M , Sen


• Both develop a “near horizon ”  region.                          Mirfendereski, Raeymaekers, Van den Bleeken  

• Starting with 5-dimensional black holes, one can take a “decoupling limit”, upon which only objects of 
length scale  or less, survive and go over to .        de Boer, Denef, El-Showk, Messamah, Bleeken 
 
For vanishing D6 charge, this leaves only scaling and single centered black holes. 
 
This  is expected to be dual of the microscopic CFT. 
So CFT can’t differentiate between single centered and scaling black holes either.

ε → 0

AdS2

ℓ3
5 AdS3 × S2

AdS3



Modularity



2 avatars of modularity 
• Modular group is  and it appears in 2 avatars: 

1. In type IIB supergravity, it appears as S-dualtiy: 

                                         

type IIA supergravity is related by T-duality along time circle: 


2. In MSW CFT, is defined on . Modularity emerges as modular group of torus. 
                                                                                                 Maldacena,  Strominger, Witten 

• Note same  appears in both cases. E.g. 

  

 We can analyze modularity either in SUGRA or CFT. 

SL(2,ℤ)

τ →
aτ + b
cτ + d

, where τ = C0 +
i

gB

(C
B) → (a b

c d) (C
B),

J → |cτ + d |J ,
gA =

βA

ls
gB

T2 = S1
time × S1

M

τ

(τ2)CFT =
circumference of time circle

circumference of M theory circle
=

βA

gAls
= (τ2)SUGRA

⇒



Partition functions



 Supergravity partition function 

  In large volume regime, 
   

                  

 

𝒵SG(τ, C, t) = ∑
Q0,Qa

Ω̄(γ, t) (−1)P.Q e−2πτ2|Z(γ,t)|+2πiτ1(Q0 − Q . B + B2/2)+2πiC.(Q−B/2)

Z(γ, t) =
1
2

P . (J2 − B2) + Q . B − Q0 + i(Q − BP) . J

|Z(γ, t) | =
1
2

P . (J2 − B2) + Q . B − Q0 + ((Q − BP) . J)2

P . J2

:=Q̂2
+

+ 𝒪(1/J)



Spectral flow symmetry 

• In large volume limit, Supergravity has a  symmetry: 
 

                                         

 changes by a phase under spectral flow transformation. 

• This symmetry also shows up in MSW CFT, as symmetry of the algebra.  

• Some spectral flow invariant combinations:  and conjugacy class .  

• Degeneracies are spectral flow invariant. 

classical Black Hole entropy  

Sp(2b2 + 2,ℤ)

Qa → Qa + dabckbPc ,

Q0 → Q0 + kaQa +
1
2

dabckakbPc ,

ta → ta + ka .
𝒵SG

Q̂0̄ := − Q0+
1
2

Q2 , Q̂ := Q − B , μ

∼ P3Q̂0



attractor partition function 

• We work with C=0. 
 

• Attractor partition function:  but  
 

      

where 


              


𝒵SG(τ, C, t) = e−πτ2PJ2

∑
Q0,Q

Ω̄(P, Q, Q0; t) (−1)P.Q q̄Q̂0̄ − Q̂2
−/2 qQ̂2

+/2 , q = e2πiτ

Z(t∞) Ω(tγ)

𝒵λ
P(τ, C, t) = ∑

Q0,Q

Ω̄(γ, tλ
γ ) (−1)P.Q q̄Q̂0̄ − Q̂2

−/2 qQ̂2
+/2 = ∑

μ∈Λ*/Λ

hP,μ(τ) Θμ(τ, τ̄, C = 0,B) ,

Θμ(τ, τ̄, C = 0,B) = ∑
Q∈Λ*μ

(−1)P.Q qQ̂2
+/2 q̄−Q̂2

−/2 ,

hP,μ(τ):= ∑
Q0

Ω(γ; tλ
γ ) qQ̂0̄ ,

Note, both  and  
  are +ve,  

thus the sum converges  

Q2
+

−Q2
−



multi-center black hole 

• Degeneracies have the structure  

We try to get a  in the partition function.


• To this end, we note  
upon substituting this, yellow terms give  ,  

whereas green terms lead to  

• Problem: for fixed total charge, the exponent  has signature . 

It seems the Green sum may not converge! 
intuition: If f happens to vanish for -ve exponent, then the sum may converge.

Ω̄({Pi, Qi, Q0,i}) = f({Pi, Qi}) ∏
i

Ω̄i (Q̂0̄,i)

∏
i

hPi,μi

q̄Q̂0̄ = q̄
1
2 Q2 q̄∑i (Q̂0̄,i) q̄− 1

2 ∑i Q2
i

∏
i

hPi,μi

∑ f({Pi, Qi}) q̄− 1
2 ∑i Q2

i

−
1
2 ∑

i

Q2
i (n − 1,(n − 1)(b2 − 1))



specialize to n=3 

• Since we are at the (large volume) attractor point, only scaling black holes survive.  

• Scaling black holes exist only if  form a triangle.   

• Fact of life: unless (a,b,c) form a triangle, the following combination vanishes:  

                Manschot, Pioline, Sen;


• So the degeneracy must include a factor of . 
settle for a simpler problem: replace degeneracies by . 

•
We note                where              

(γ12, γ23, γ31) =: (a, b, c)

Ftotal(a, b, c) =
1
4 [1 + sgn(a + b − c) sgn(a + c − b)

+sgn(a + c − b) sgn(b + c − a) + sgn(b + c − a) sgn(a + b − c)]
Ftotal

Ftotal

a = P1 . Q2 − P2 . Q1 = Ca . ⃗Q

b = P2 . Q3 − P3 . Q2 = Cb . ⃗Q

c = P3 . Q1 − P1 . Q3 = Cc . ⃗Q

Ca = (−P2, P1,0) ,
Cb = (0, − P3, P2) ,
Cc = (P3,0, − P1) ,

⃗Q = (Q1, Q2, Q3) .



Condition for convergence 

The sum                 

converges, if the following Funke-Kudle conditions are satisfied 
 

                                                         Funke Kudla 

 
 It is checked that for these conditions are satisfied.

Θμ[𝒦](τ; L) = ∑
x∈L+μ

𝒦(x) q−B(x)/2

𝒦(x, {Vi}) =
1
4

w({Vi})

1 FAPP

+
N

∑
j=1

sgn(B(x, Vj))sgn(B(x, Vj+1))

w({Vi}) = −
N

∑
j=1

sgn(B(v, Vj))sgn(B(v, Vj+1)) v2 > 0 ,

B(Vj, Vj) > 0,

B(Vj, Vj) B(Vj+1, Vj+1) − B(Vj, Vj+1)2 > 0,
B(Vj, Vj) B(Vj−1, Vj+1) − B(Vj, Vj−1) B(Vj, Vj+1) < 0.

V1 = Ca + Cb − Cc, V2 = Ca + Cc − Cb, V3 = Cc + Cb − Ca,



modular completion 

  Replace product of  signs with error functions in the sum. 
            
 

                                                                                                                                                                          

where.        

sgn(V1, x)sgn(V2, x) → E2(α, 2τ2 u),

E2(α; u) = ∫ℝ2

e−π(u1−u′ 1)2−π(u2−u′ 2)2 sgn(u′ 2) sgn(u′ 1 + α u′ 2) du′ 1 du′ 2,

α = α(V1, V2) =
(V1, V2)

V2
1 V2

2 − (V1, V2)2
,

u = u(V1, V2; x) = (u1(V1, V2; x), u2(V1, V2; x)),

u1(V1, V2; x) =
(V1⊥2, x)

(V1⊥2, V1⊥2)
,

u2(V1, V2; x) =
(V2, x)
(V2, V2)



another representation of  

  We find another representation useful.  
            
                                                                                                                                                       

 

where,  are nasty expressions involving iterated integrals.      

E2

E2(α; u) = sgn(u2)sgn(u1 + αu2)+sgn(u1)M1(u2)

+sgn(u2 − αu1) M1 ( u1 + αu2

1 + α2 ) + M2(α; u1, u2) .

M1(u), M2(u)



Summary 

• We have computed 3-centered scaling contributions to , but with replacing bound state 
degeneracies (pure Higgs degeneracies) by 1.   

• We have also made some progress in computing the contribution of “regular part” of the scaling 
solution space. 

• Modularity can still be preserved, albeit at the cost of holomorphicity. 
 
                                             Future directions 
 


• Check same line of thought works for quivers with more nodes and more loops. 

• Compute the actual 3-centered scaling contributions to , i.e. by reinstating pure Higgs 
degeneracies.   
 

hP,μ

hP,μ



Thank You ! 

Go raibh maith agat !

Merci

Danke

Grazie 

Gracias 

bedankt
Kiitos

Спасибо ευχαριστώ

ধন#বাদ

धन्यवाद

ந"#

ಧನ#$ಾದಗಳ)

Diolch

eskerrik asko

Tapadh leat

Þakka þér fyrir

ଧନ#ବାଦ





S: Θμ(−1/τ, − 1/τ̄, − B, C) =
1

|Λ*/Λ |
(−iτ)b+

2 /2(iτ̄)b−
2 /2e−iπP2/2

× ∑
ν∈Λ*/Λ

e−2πiμ.νΘν(τ, τ̄, C, B) ,

T: Θμ(τ + 1,τ̄ + 1,C + B, B) = eiπ(μ+P/2)2Θμ(τ, τ̄, B, C) .

S: ̂h P,μ(−1/τ, − 1/τ̄) = −
1

|Λ*/Λ |
(−iτ)−b2/2−1ε(S)*e−iπP2/2 ∑

δ∈Λ*/Λ

e−2πiδ.μ ̂h P,δ(τ, τ̄) ,

T: ̂h P,μ(τ + 1,τ̄ + 1) = ε(T)*eiπ(μ+P/2)2 ̂h P,μ(τ, τ̄),



with [36]

E2(α;u) =

∫

R2

e−π(u1−u′
1)

2−π(u2−u′
2)

2
sgn(u′

2) sgn(u
′
1 + α u′

2) du
′
1 du

′
2, (4.74)

whose arguments are given in terms of V1, V2 and x by

α = α(V1, V2) =
(V1, V2)√

V 2
1 V 2

2 − (V1, V2)2
,

u = u(V1, V2; x) = (u1(V1, V2; x), u2(V1, V2; x)),

(4.75)

with

u1(V1, V2; x) =
(V1⊥2, x)√
(V1⊥2, V1⊥2)

, (4.76)

u2(V1, V2; x) =
(V2, x)√
(V2, V2)

(4.77)

and V1⊥2 the component of V1 orthogonal to V2,

V1⊥2 = V1 −
(V1, V2)

(V2, V2)
V2. (4.78)

To stress the dependance of E2 on the vectors V1, V2 and x, we will also use E2 with alternative
arguments,

E2(α,u) ≡ E2(V1, V2; x), (4.79)

with the identifications as in (4.75).

In addition to (4.74), another (equivalent) expression for E2 is in terms of Eichler integrals.
To this end, we first define the Eichler integrals M1,

M1(u) =





iu√
2τ2

q
u2

4τ2

∫ i∞
−τ̄

e
iπu2w
2τ2√

−i(w+τ)
dw, u $= 0,

0, u = 0.
(4.80)

and the (iterated) Eichler integral M2 and m2, for u1 $= 0, and u2 − αu1 $= 0,

m2(u1, u2) =





u1u2
2τ2

q
u21
4τ2

+
u22
4τ2

∫ i∞
−τ̄ dw2

∫ i∞
w2

dw1
e
πiu21w1

2τ2
+

πiu22w2
2τ2√

−(w1+τ)(w2+τ)
, u1 $= 0

0, u1 = 0.

M2(α; u1, u2) =






−m2(u1, u2)−m2

(
u2−αu1√

1+α2 ,
u1+αu2√

1+α2

)
u1 $= 0, u2 − αu1 $= 0 ,

−m2

(
u2−αu1√

1+α2 ,
u1+αu2√

1+α2

)
u1 = 0, u2 $= 0 ,

−m2(u1, u2) u1 $= 0, u2 − αu1 = 0 ,
2
π arctanα u1 = u2 = 0.

(4.81)
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With u = (u1, u2) as before, the double error function E2 is then defined as a linear

combination of M1 and M2 [36, 56]

E2(α;u) = sgn(u2) sgn(u1 + αu2) + sgn(u1)M1(u2)

+ sgn(u2 − αu1)M1

(
u1 + αu2√
1 + α2

)
+M2(α; u1, u2) .

(4.82)

See [36] for other representations of E2.
Thus E2 consists of the original sgn(V1, x) sgn(V2, x) plus four more terms. Noting that

u2(V2, x)− αu1(V1, V2, x)√
1 + α2

= u1(V2, V1, x) ,

u1(V1, V2, x) + αu2(V2, x)√
1 + α2

= u2(V1, x) , (4.83)

we can write

E2(α;u) = sgn (V1.x) sgn (V2.x) + sgn (u1(V1, V2, x))M1(u2(V2, x))

+ sgn (u1(V2, V1, x))M1(u2(V1, x)) (4.84)

−m2(u1(V1, V2, x), u2(V2, x))−m2(u1(V2, V1, x), u2(V1, x)) .

E2 satisfies an identity similar to (2.38). This reads

E2(V1, V1 + V2; x) + E2(V2, V1 + V2; x)− E2(V1, V2; x) = 1 (4.85)

and is valid for any choice of the arguments such that the corresponding α, u1 and u2’s are
in R.

The sum at hand (2.42) has the form

sgn (C1.x) sgn (C2.x) + sgn (C2.x) sgn (C3.x) + sgn (C3.x) sgn (C1.x) , (4.86)

with C1, C2, C3 given in (4.71). The modular completion Φ̂µ of Φµ (4.58) follows by the adding

to the coefficient fC (2.43) the following terms

1

4

∑

!=1,2,3

[
E2(C!, C!+1;

√
2τ2x)− sgn (C!.x) sgn (C!+1.x)−A! δ(C!.x) δ(C!+1.x)

]
. (4.87)

This essentially amounts to replacing fC by a linear combination of E2’s. Since the latter

satisfies Vignéras equation, modular transformation properties are ensured [55].
Our first aim is to determine the value of A! such that the completion is subleading,

i.e. it vanishes in the limit that Im(τ) = τ2 → ∞. This follows from realizing that the

difference E2(C!, C!+1;
√
2τ2x)−sgn (C!.x) sgn (C!+1.x) vanishes in this limit except if (C!.x) =

(C!+1.x) = 0, when it equals 2
π arctan(α!), α! = α(C!, C!+1) (4.75). Requiring that (4.87)

vanish, we thus arrive at

A! =
2

π
arctan(α!). (4.88)

Surprisingly this implies that A! can be irrational, as we will see in the explicit case studies

in Section 6. This of course obstructs an interpretation as a “counting” function for the

– 31 –

An alternative representation of E2


