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S-matrix Computation: Gravity is Hard

Yang-Mills

�abcµ⌫� = g f abc (⌘µ⌫(p1 � p2)� + cyclic perm.)

Gravity

�µ↵,⌫�,�� =
i 2Sym

�
�1

2P3(p1 · p2⌘µ↵⌘⌫�⌘��)� 1
2P6(p1⌫p2�⌘µ↵⌘��) + 9 terms

�
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Gravity is Hard, use Dualities

On-shell:

Yang-Mills
�abcµ⌫� = g f abc (⌘µ⌫(k � p)� + cyclic perm.)

Gravity
�µ↵,⌫�,�� =

�i 2 (⌘µ⌫(k � p)� + cyclic perm.) (⌘↵�(k � p)� + cyclic perm.)

Related through color-kinematics duality
Yang-Mills2=Gravity

Solve hard problems by starting with simpler ones:
Gravitational radiation Goldberger, Ridgway, Prabhu, Thompson Li, Shen

Conservative 2-body Hamiltonian Bern, Cheung, Luna, Roiban, Shen, Solon, Zeng,...

Explore range of applicability ! understand origin of duality
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Short Review of the Double Copy

The BCJ double copy
Bern, Carrasco, Johansson (2008)

Aa
µ : AYM =

X

i ✏ trivalent

cini
di

hµ⌫ , �, Bµ⌫ : MG =
X

i ✏ trivalent

nini
di

�a a0 : A�3 =
X

i ✏ trivalent

cici
di

Jacobi relations for

color-kinematics duality

ci + cj + ck = 0

ni + nj + nk = 0

Amplitudes and numerators invariant under generalized gauge

transformations

n12 ! n12 + s12�, n13 ! n13 + s13�, n14 ! n14 + s14� (1.1)
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BCJ for the 4-point Amplitude YM2=Gravity

AYM =

X

i ✏ trivalent

cini
di

MG =

X

i ✏ trivalent

nini
di

di = s , ci = �2f abc f cde ,

ni =
i

2

n
[(✏1 · ✏2)pµ1 + 2(✏1 · p2)✏µ2 � (1 $ 2)]⇥

[(✏3 · ✏4)p3µ + 2(✏3 · p4)✏4µ � (3 $ 4)]

+ s [(✏1 · ✏3)(✏2 · ✏4)� (✏1 · ✏4)(✏2 · ✏3)]
o

ci + cj + ck = 0 and ni + nj + nk = 0
Necessary for linearized gauge and di↵eomorphism invariance
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Including matter 












































BCJ Double Copy
Fee

Color kinematicsduality Mn 0

For Mn to use generalized gauge transformations
At A'm

n n In S.T apron O Mn Mnt MDM'T O

On DMTV
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BCJ Double Copy
Fea n i

n u

Color kinematicsduality Mri Mnt MDMtv 0
to
Invertible

D
Me n'pin t Mn MDM Mn

Ckdyglity
Onphysicalpoles anytheory

Previously observed in Massive case
1701.02519 BernCarrascoChen

GeneralizedD.d JohanssonRoiban Jim t IEIaratne



How to avoid spurious poles

D=4 special mass spectrum L. A. Johnson, C. R. T. Jones, S. Paranjape; 2020

AYM =

X

i ✏ s, t, u

cini
si +m2

i

Reduce rank of A:
Spectral condition at 4pt: A = m2

1 +m2
2 +m2

3 +m2
4 �m2

s �m2
t �m2

u = 0

Implies massive BCJ relations

At higher points, impose for all sub-4pt graphs

Satisfied by Kaluza Klein theories
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Avoiding unphysical poles

BEMDMT
Meat

DNDest
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MO É MIO 3D Kinematics
4 Spt BCJ relations Atmos
Mgmthasminimalr

pm get MDM O
SSB in supergravities

only 4 Spt BCJ relation
EbiggaroliGunaydinJohansson

Kaluza Klein theories No spurious poles tJohnsonEngelbrechtJonesParanjape Moment correct factorization
RombotisTolley Li Hang He

043 UNIX G Topologically
MCG Liang Trodden massive theories
Massdeformedminimal DF MCG Moment Rombotis

Burger Emond MoynihanJhanssonMogulTeng Menezes
Hang He Shen

Avoiding unphysical poles



Avoiding spurious poles in D = 3

MG = nTD�1n � UTA�1U

Let’s examine the matrix A (non-zero: MDMT
)

detA / det(pi · pj), i , j < 5 ! detAD=3
= 0

A has null vector e0 which implies BCJ relation: e0 · U = 0

U (non-zero: Mn) measures the violation of the CK algebra

Factorizes correctly when taking sij ! 0.

Residue of the spurious pole is zero.
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MINN ixIiEIyytAfgfM

det MDMTICMDMT.es o

Invert in space orthogonal to eo

MignuonadhinthadLgggypt space
t Mn Eo 0 A A BB JJ relator

2107.00611 DC

MCGMomentRombotis 3,415 pt
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Topologically massive theories

Topologically Massive Gravity

STMG =
1

2

Z
d3x

p
�g

✓
�R � 1

2m
"µ⌫⇢

✓
�
↵
µ�@⌫�

�
↵⇢ +

2

3
�
↵
µ��

�
⌫��

�
⇢↵

◆◆

Topologically Massive Yang-Mills

STMYM=

Z
d3x

 
�1

4
F aµ⌫Faµ⌫+"µ⌫⇢

m

12

⇣
6Aaµ@⌫A⇢

a + g
p
2fabcA

aµAb⌫Ac⇢
⌘!
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1 dof

4 dof
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Including matter




























































TMYMFTMGTI
formatter
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14

firm.tt nneisJ Ymimiit Sublead

m teethz 3 Fu channels
2112.08401 DC in

MCGMomentRumbotis eight Alsoobserved in
BurgerEmond Moynihan
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Mariana Carrillo González July, 2021 11 / 13































































Eikonal limit
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From Amplitudes to Classical Solutions




























































Pointparticlepropagating in background
ds 2 du du t kfoylSouldu t dy 2

UPEffy e
Ey E Kfar

ein
8191 4f

Boundary conditions
on guv

Choice of it prescription
in phase shift

Which b c it prescription D C in coordinate space
D

Useful for time delay computation
EdelsteinAribertGomezKiricarstanLeoniTekin2016
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Shockwaves




























































Serr Schild metric
Specialchoice

hav Kako 0 Kadxtda of b c
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Eikonal limit





























































Shockwaves
Can Mz tha whyDSatisfy

Look at linearized e om plane waves

Empt REIGER line E Ecr
B

call a ftp.yerfemer
06ps OCP OCP

Cotton Double Copy
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TM YM F TMG
Robust evidence Amplitudes Classical

Open Questions 8

Coupling to non eikonalized matter Anyons

Type D Squashed Ads

Origin via dimensional reduction

2



Conclusions and future directions
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Non trivial scalar EFT's

backgrounds
Classical

2 Y'Effy solutions
KK modesDouble

Copy
strings AmyAm hmtBm.to

80s

m Other massive
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